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Towards a UTP-style framework
to deal with probabilities

IRiccardo Bresciani, IAndrew Butterﬁeldlﬂ

Abstract We present an encoding of the semantics of the probabilistic
guarded command language (pGCL) in the Unifying Theories of Programming
(UTP) framework. Our contribution is a UTP encoding that captures pGCL pro-
grams as predicate-transformers, on predicates over probability distributions
on before- and after-states: these predicates capture the same information as
the models traditionally used to give semantics to pGCL; in addition our formu-
lation allows us to define a generic choice construct, that covers conditional,
probabilistic and non-deterministic choice. We introduce the concept of prob-
abilistic refinement in this framework. This technical report gives a rigourous
presentation of our framework, along with a variety of proofs and examples
(including the well-known Monty Hall problem), that help to explain it.
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1 Introduction

Formal program verification allows us to prove that a program complies with its specification and
that it does not generate faulty behaviour of any kind, and in general that certain properties hold
when a given program is run.

This aim is achieved by writing a model of the program and subsequently verifying the model.

Nonetheless this provides no information regarding the probability that a property will hold: some-
times it is more useful to know what are the odds that a property holds, rather than “simply” assert
that it does not always hold.

The purpose of this work is to develop a UTPE]-style framework where we can express probabilistic
programs, featuring both probabilistic choice and non-determinism: we aim at being able to do
in UTP all of the things that are feasible in pGClﬂ UTP is based on (state-)predicate transformers,
whereas probabilistic models typically involve distributions over states, and so the best way to
integrate probability into the UTP framework is not obvious.

We aim at constructing a theory of probabilistic programs that is expressed using predicate-transformerﬂ

1.1 UTP: general principles

The Unifying Theories of Programming (UTP) research activity seeks to bring models of a wide
range of programming and specification languages under a single semantic framework in order
to be able to reason formally about their integration But10} [QInI0]l. A success in
this area has been the development of the Circus language [OCWO09]|, which is a fusion of Z and
CSP, with a UTP semantics, providing specifications using a “state-rich” process algebra along with
a refinement calculus; recent extensions to Circus have included timed and synchronous
variants. Recent interest in aspects of the POSIX filestore case study in the Verification
Grand Challenge has led us to consider integrating probability into UTP, with a view to
eventually having a probabilistic variant of Circus .

Theories in UTP are expressed as second-order predicates [ﬂ over a pre-defined collection of free
observation variables, referred to as the alphabet of the theory. The predicates are generally used
to describe a relation between a before-state and an after-state, the latter typically characterised
by dashed versions of the observation variables. For example, a program using two variables x and
y might be characterised by having the set {x,x’,y,y’} as an alphabet, and the meaning of the
assignment x := y + 4 would be described by the predicate

X' =y+4ny =y.

In effect UTP uses predicate calculus in a disciplined way to build up a relational calculus for
reasoning about programs.

In addition to observations of the values of program variables, often we need to introduce obser-
vations of other aspects of program execution via so-called auxiliary variables. So, for example,
in order to reason about total correctness, we need to introduce boolean observations that record
the starting (0k) and termination (ok') of a program, resulting in the above assignment having the
following semantics:

ok = ok’ "X =y+4 Ay’ =y

(if started, it will terminate, and the final value of x will equal the initial value of y plus four, with
y unchanged).

A problem with allowing arbitrary predicate calculus statements to give semantics is that it is pos-
sible to write unhelpful predicates such as -ok = ok’, which describes a “program” that must ter-
minate when not started. In order to avoid assertions that are either nonsense or infeasible, UTP

LUnifying Theories of Programming. [[HJ98} [HehO6]
[Mvio4)

2probabilistic Guarded Command Language.

3S0 probabilistic programs are predicates too (with apologies to C.A.R. Hoare [Hoa85al]) !

4 Most definitions are in fact first-order, but we need second-order in order to handle the notion of “healthiness”, and
recursion.



abort = true failure/chaos
skip 2 ok=ok'AV =v do nothing
x:=e 2 okAaeisdefined=ok’Ax'=eArv' =v assignment
P1;P2 2 Jokym, Vi @ Pi[okm, Vin /oK', V'] A P2[0k, Vin/Ok, V] seq. comp.
Pi<dcecD>Py =2 cAPyv-cAPy conditional
PinP, 2 P;vP, non-det. choice
c*xP 2 uXe(P;X)d ¢ > skip while

Figure 1: UTP Design semantics of simplified GCL

adopts the notion of “healthiness conditions” which are monotonic idempotent predicate trans-
formers whose fixpoints characterise sensible (healthy) predicates. Collections of healthy pred-
icates typically form a sub-lattice of the original predicate lattice under the reverse implication
ordering Chp. 3]. Key in UTP is a general notion of program refinement as the universal
closure of reverse implicatio

SEP 2 [P=S]

Program P refines S if for all observations (free variables), S holds whenever P does. The UTP
framework also uses Galois connections to link different languages/theories with different alpha-
bets [[HJ98] Chp. 4], and often these manifest themselves as further modes of refinement.

Of interest to use here is the theory of “Designs” which characterises total correctness for imperative
programs. A UTP Design semantics of a variant of Dikstra’s guarded command language (GCL,

[Dij76]) is shown in Figure [1}

We note in passing that UTP follows the key principle that “programs are predicates” [[Hoa85al
and so does not distinguish between the syntax of some language and its semantics as alphabetised
predicates.

1.2 pGCL

The approach to probabilistic systems that is presented in and later in (and more
extensively in the book [[MMO4])) is the one of using expectation transformers of pGCL to reason
about probabilistic programs: this subsection is dedicated to briefly introduce this, as pGCL is the
most important reference for our work.

In Dijkstra’s GCL the weakest precondition is a predicate wp.prog.®Post that is true in those initial
states that guarantee that the postcondition Post will be reached after running prog.

PGCL is given a semantics that generalises this concept to what they term a weakest pre-expectation

semantics [[MM97} [MMO4} [MMOS} [NM10] .

An expectation is a function describing how much each program state is “worth” [MMO4] and
assigns a weight (a non-negative real number) to program states: it is therefore a random variable.
An expectation corresponding to a predicate can be defined as a random variable that maps a state
to 1 if it satisfies the predicate and to 0 otherwise. Arithmetic operators and relations are extended
pointwise to expectations, as is multiplication by a scalar.

If PostE is a (post-)expectation after running program prog, then wp.prog.PostE is the correspon-
dent weakest]| (pre-)expectation before the program runs: for each state it returns the minimum
expected final weight.

5Square brackets denote universal closure — [P] asserts that P is true for all values of its free variables.
%0One expectation is weaker than another if for all states it returns at most the same weight — it is the < relation lifted
pointwise.



wp.abort.PostE = 0
wp.sKip.PostE = PostE
wp.(x := €).PostE = PostE{e/x}
wp.(prog,; prog, ). PostE 2 wp.prog,.(wp.prog,.PostE)
wp.(prog] mn progz).fl’ostf = min{wp.pmg1 .PostE, wp.progz.i’ostf}
wp.(prog, ,® prog,).PostE = P - wp.prog, . PostE + (1 =) - wp.prog,.PostE
wp.(xxx o C).PostE is to be defined with usual concepts from the least-fixpoint theory

1>

1>

Figure 2: wp-semantics of pGCL, adapted from [[MMO4} p. 26]. The notation PostZ{¢/x} denotes the
expression describing PostE with all free occurrences of x replaced by e.

Here is the syntax of pGCL:
prog == abort

| skip

|x:=e

| progy; prog,

| prog @ prog,
| prog, M prog,
| (nxxxeC)

The probabilistic choice operator is the only one that is not present in Dijkstra’s original GCL: it
denotes a statement that executes prog, with probability p, and prog, with probability (1 -p).

Two models can be found in Mclver and Morgan’s book [[MMO4]: the first one is a probabilistic
predicate-transformer model, that uses the weakest pre-expectation semantics shown in Figure

From the assignment semantics, we can see that in some sense when computing the weakest pre-
expectation we are going backwards, as we are “translating” the meaning of a PostE in terms of the
states we have before it.

The key features to note in this semantics are that probabilistic choice is the obvious weighting of
its alternatives’ expectations, whereas demonic choice returns the pointwise minimum.
Non-determinism is crucial in order to define a sensible refinement relation:

spec € prog = VPostE e wp.spec.PostE < wp.prog.PostE

A program prog refines a specification spec if the minimum expected weight for each state after prog
has run is at least as much as we would get after spec has run.
More formally, in wp-semantics:

* when we talk about expectations, we talk about elements from the expectation spaaﬂ over
the state space S:
ES = (S —>R*,>)

* the expectation transformer model for programs is:

TS = (ES - ES,c)

* we can think of wp as a function that transforms a program into an expectation transformer:

wp : Programs — TS

7> is the ordering in R lifted pointwise and R* = [0, +c0).



So we have that:
* wp.prog € TS
* PostE € ES

* wp.prog.PostE € ES

An alternative is the probabilistic relational model [MMO04]|, which sees a program as a
relation from states to up-, convex- and Cauchy-closed sets of probability distributions over the
state space. It is possible to see programs as relations from probability distributions to sets of
probability distributions via the Kleisli composition of programs[[MMO04} Chp. 5]: we are going to
use a similar approach to port this work to the UTP framework.

A (demonic) probabilistic program takes an initial state to a (set of) fixed final probability distri-
butions over S:

* the set of sub-distributions over S is:
Sz {A:S-[0,1] | AT}
* the space of deterministic probabilistic programs over S is defined:
DS = (S - S,c)

* set of up-, convex- and Cauchy-closed sets of discrete distributions over the state space, i.e.
those which comply with some healthiness criteria:

CS c kS
* complete partial order of demonic probabilistic programs:

HS = (S - CS,c)

Summarizing in pGCL we have:

* a probabilistic predicate-transformer model, that takes a program and turns it into an ex-
pectation transformer. This can be applied to an expectation to derive the corresponding
pre-expectation:

ES TS ES
[pre—expectation}—(expectation transfonner}—(expectation]

wp

* a probabilistic relational model, that relates a state to a up-, convex- and Cauchy-closed set of
probability sub-distributions:

S HS CS

[Proﬂam%[uccc set of probability sub-distributions]

To conclude this brief presentation of pGCL, here is a representative sample of laws about proba-
bilistic programs, that it is possible to prove in this framework:

ANBcA @B
(AnB) @C=(A @2C)n(B @®C)
(AnC) ®(BnC)=(A @B)nC
(AnB);C=(A;C)n(B;C)
A;(BnC)e(A;B)n(A;C)

In we will see that we are able to state similar laws in our framework — they will have a
broader scope, as they will be covering a generic choice construct.




1.3 Probabilistic UTP

There has already been a certain amount of work looking at encoding probability in a UTP setting.
He and Sanders have presented an approach unifying probabilistic choice with standard constructs
[HS06], and this work provides an example of how the laws of pGCL could be captured in UTP as
predicates about program equivalence and refinement. However only an axiomatic semantics was
presented, and the laws were justified via a Galois connection to an expectation-based semantic
model.

Sanders and Chen then explored an approach that decomposed demonic choice into a combination
of pure probabilistic choice and a unary operator that accounted for demonic behaviour [[CS09].
There they commented on the lack of a satisfactory UTP theory, where probabilistic and demonic
choice coexist.

A probabilistic BPEL-like language has recently been described by He that gives a UTP-
style semantics for a web-based business semantics language. This language is GCL with extra
constructs to handle probabilistic choice and compensations and coordination operators, including
exception handling. The UTP model that is developed does not relate before- and after-variables
of the same type, but instead uses predicates to encode a relationship between an initial state and
a final probability distribution over states.

What is still missing is a presentation of pGCL in UTP that is defined in terms of a before/after
relation over the same observation space. We believe the ideal such presentation would use obser-
vations that corresponded to program variables and to other aspects of behaviour such as termina-
tion, in a manner analogous to our brief earlier presentation of GCL in UTP: here we present a UTP
encoding of pGCL semantics based on probability distributions over the set of possible states, re-
lating a before-distribution () to an after-one (§'), effectively making use of one observation. The
key contributions here are the fact that we provide a means by which reasoning can still be carried
out at program variable level, and we have uncovered a generic notion of choice that subsumes
probabilistic, demonic and conditional choices.

1.4 Other background material

Besides the works we have mentioned so far, which are our main reference, the foundation of this
work is also represented by all that has been done on probability and logic, in particular that part
concerning the interaction between these two topics.

There is a work dating back to 1990 by Fagin, Halpern, and Megiddo where the authors
present a logic to reason about probabilities (but still not to reason about formulas that can have
a value which is probabilistically true or false). This paper sets ideas that can be found in different
other papers, and among such ideas we can find the Dempster-Shafer belief theory and Bayesian net-
works, which are recurring topics in the literature of logic and probability — in particular Bayesian
networks are seen as an area with great potential for the development of probabilistic logic, at
least according to Wllliamson [[WII02]].

Halpern and Pucella [[HPO7]] have presented an axiomatization of probabilistic logic, characterizing
probabilistic and non-probabilistic expectation, and discussing about expressiveness and satisfia-
bility of such a system.

Argumentation is a technique closely related to logic, that aims at deducting facts starting from
given premises: a logic system for probabilistic argumentation, inspired by the Dempster-Shafer
belief theory can be found in — a probability is assigned to each proposition and the
purpose of the argumentation system is to aggregate these probabilities.

A survey on probabilistic argumentation can be found in [[Hae™01]] and [[KohO3]]: there have been
different developments of probabilistic argumentation systems and the one presented in these
papers is based both on logic and probability theory, where probability is used to weight arguments
for and against a particular conclusion. Haenni et al. state: “the strength of our method
comes certainly from this simple way of combining logic and probability theory”, and this results
in the existence of efficient computational methods.




An application of probabilistic argumentation can be seen in [[KJHO8]||, where it is used to make
trust evaluations.

The majority of approaches to merge logic and probability try to accomplish this task either by
defining a probability function on the sentences of logic, or by incorporating probabilities in logic
itself: a common framework to link probabilistic argumentation theory and other probabilistic

logics is proposed in [[Hae*08]].

An interesting approach is presented in [Jgs01]], which borrows ideas from the Dempster-Shafer
belief theory. It uses a belief functions to evaluate the probability of a state and makes use of sets of
substates to define elementary probabilities; it is somehow a three-value logic, as for each uncertain
predicate (opinion) there is a belief function, a disbelief function and an uncertainty function, which
sum up to 1.

Another example of a subject using probability and logic is probabilistic logic learning, that adds
also machine learning to the picture: in the authors present a probabilistic logic, by adding
probability to first order logic through Bayesian networks. The authors mention also the possibility
of modelling relations among objects: for this purpose Bayesian networks are not enough, and log-
ical/relational Markov models have to be exploited (eventually with some extension, as proposed

by Jain, Kirchlechner, and Beetz [JKBO7])).

On the side of process algebras, probabilistic CSP is obtained by adding probability to
Hoare’s CSP [[Hoa85D]]. Probability is defined in such a way that it distributes through all operators.
A refinement operator is also defined in this same paper: we have a definition of a probabilistic
refinement calculus.

We deal with a timed specification, that has a limited validity: this is in line with real-world sys-
tems, as they cannot possibly work forever (we simply have to wait long enough for their failure
probability to raise), and for this reason we can specify a time limit for which a specification has
to be satisfied.

There is a problem regarding the compositionality of probabilistic CSP, which is not straight-
forward: Morgan explains this using the metaphor of the colour of a child’s eye, knowing
the colour of the parents’ — too much information has to be brought forward if we want accu-
rate information, but simply a phenotypical description is unreliable and not sufficient, as what is
enough is to know colour and whether the allele is predominant or recessive. This same kind of
information is the one that has to be sought to have an accurate probabilistic compositionality: in
fact if we observe an event, we would want to be able to identify the facts that have led to that
event.

For example if we observe a failure (i.e. a composite event) during the run of a program, we want
to track down the reasons of this failure and to identify what factors (i.e. base events) have been
responsible for the happening.

Another ingredient of probabilistic systems is the choice operator, that can be instantiated in three
different ways:

* demonic choice, that picks the “worst-case” scenario for that choice;
* angelic choice, that picks the “best-case” scenario for that choice;

e probabilistic choice, that picks one of the two options with a given probability.

Interactions among demonic, angelic and probabilistic choices may be subtle. In fact a determinis-
tic (although probabilistic) program is characterised by monotonicity, conjunctivity and disjunctiv-
ity, when introducing demonic choice we drop disjunctivity; if demonic choice and angelic choice
coexist in the same program, we lose also conjunctivity and we remain only with monotonicity.

IMMOS]

Back in the early eighties Kozen [[Koz81}; [Koz85]| had proposed a model for probabilistic programs,
that featured probabilistic choice, but left out demonic choice.



Nonetheless it is crucial to retain demonic choice, as it is the basis of refinement calculus and
abstraction of programs. [[MMO4]

When composing processes we must be careful about the issue of duplication, which in presence of
probabilistic and non-deterministic choice may lead to incorrect results. [[Mor*95|]

An example is given by the issue of the idempotency of the demonic choice operator, which de-
pends on its definition: if the demonic choice operator can distribute through probabilistic choice
operators we can have the following behaviour[[Mis00]:

(A%EBB)H(A%@B):A%@((AHB) 13eB)

The reason for this is that two instances of the same program containing a demonic choice are
actually two different programs because of it, as every demonic choice is a unique element.

Another way of seeing this is that it is crucial to know when a choice is made, thus we have to be
very careful when we distribute choice operators.

We also need a probabilistic version of healthiness conditions — this is another contribution of
this same paper [[MisO0]: a probabilistic semantic link between action systems (these are sets of
guarded commands, here expressed in pGCL) and CSP is provided, and this induces probabilistic
versions of the healthiness conditions.

The problem of automatically checking properties involving real numbers (such as probabilities) is
a difficult one. A simplifying approach to the problem has been by Mclver and Weber via
a generalization of Kleene algebra: a probabilistic Kleene algebra treats probability implicitly, as it
is contained in the fragment of probabilistic programs on which it operates.

The idea is to leave an underlying probabilistic level to be examined once the problem has been
simplified through higher level proofs — this takes away non-necessary probabilistic reasoning
which is computationally very expensive.

Thus the ideal approach sees a qualitative proof as a first step in the verification process, and
subsequently the quantitative model-checking technique is applied [MCMO6]: this reduces the
problem of the state space explosion — which is a typical problem, especially in a larger setting,
such as the one of distributed probabilistic systems.

A model checker that has been tested for verification of probabilistic systems is PRISM [[McIO€]]:
this paper bases its approach to the analysis of probabilistic systems using pGCL and on the for-
malism of probabilistic action systems, used to describe an example of wireless communication;
the comparison of a process with a more refined one (in terms of details added to the description)
shows that there is a consistent increase in the number of transitions and states.

Another application of a probabilistic method to a real algorithm can be found in and is
the verification of the Miller-Rabin algorithm through pGCL and through a probabilistic extension
of Hoare logic by den Hartog (also relying on a variation of GCL, usually referred to as pH — pGCL
is easier to use, according to the authors).

The theory of probabilistic sequential programs is developed further by Ying [[YinO3]): the under-
lying logic is changed, i.e. a probabilistic logic is used instead of ordinary two-valued logic. The
paper discusses a different concept of refinement, that is obviously probabilistic, and gives seman-
tics for the language used. One remark about this paper: angelic and demonic choices are taken
into account, but it does not handle probabilistic choice.

On the topic of quantum computation, which is obviously closely related to probability issues, an
ad hoc language has been proposed, namely qGCL, which is a variation of pGCL.

It features demonic non-determinism and probabilistic choice and has an associated refinement
calculus that enables proof of algorithm correctness by formal reasoning. The difference with
respect to pGCL is the presence of three quantum procedures, namely initialisation, evolution and
finalization.

A different approach to reasoning about distributed probabilistic systems can be found in [NS09]:
the authors use PTSC, which is a language to describe systems from a perspective that merges prob-
ability, time and shared-variable-concurrency, that features a delay operator, guarded assignments,
a probabilistic choice operator and also a probabilistic parallel composition.



This work contributes to the theory by extending this language with constructs for interleaving and
handling of local scopes.

In recent times a paper by Jun Sun et al. has described a probabilistic analysis of the
likelihood of a program in a medical device satisfying a safety specification, given that random,
but hopefully unlikely events, can prevent the correct behaviour, even if the program is the best one
possible. Their probabilistic model checking directly corresponds to the probabilistic refinement

we are going to present in

Finally it is worth mentioning also [MMOZ2]], where the authors give a probabilistic extension of the
p-calculus, with an added probabilistic choice operator, and an interesting game interpretation of
this calculus is presented.

It is doubtless that a quantitative formal analysis offers great advantages compared to a qualitative
one: the challenge is to find a computationally feasible way of dealing with this.

2 States and distributions, informally

The purpose of this work is to develop a framework that integrates well into UTP and, at the
same time, offers an effective way to handle probabilistic choice and non-determinism together in
probabilistic programs.

More specifically the UTP approach implies that we treat program as predicates, that relate the
situation before the program is run to the situation after the program is run.

In UTP we usually talk about variables and the values they map to, so a naive (and quite straight-
forward) generalization to handle probability would simply consist in mapping variables to pairs
containing a values and corresponding probabilities; in this case we would be handling objects
with the following shapﬂ

vV~ (W~ [0.1])
Although such an easy generalization may look appealing, this yields wrong results: the reason is
that we lose the “entanglement” among the variables, and we should rather use objects with this
other shape:

(V- w) > [0.1]

To see this let us consider an example: from an initial situation where y is initialized to 0 with
probability 1/2 and to 1 with probability /2, after running the simple program x := y we obtain
these descriptions of the resulting situation, with obvious meaning of the notation:

0~ 1/2 0w 1/2 . .
X > (] o ]/2) Yo (] o 1/2) (first case — too naive, indeed)
x+—0 ] x 1 ;
Yy 0 > 1/2) e > 1/2 (second case — we keep the entanglement)

Now, what about the probability that x = y? Obviously this probability is 1, but clearly the first kind
of object does not provide enough information to give the appropriate answer, while the second
does — so this is the way we will be modelling things.

Let us now start with a few informal definitions for the foundational elements of this framework:
states and distributions.

A state o is a memory mapping, that associates a vector of variables » with a corresponding vector
w, whose components are the values contained by the variables in ».

czuvmw

8We underline whenever we talk about vectors or sets of vectors: A stands for a n-th dimensional vectorial space
A x A x---x A, for an appropriate n.
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The components of », which are the variables mentioned by a state, constitute its alphabet: for the
moment we will consider only states having a fixed alphabet 2 — let us note the set of all such
states as Sz.

Generally speaking we can define a distribution as a function x mapping states to real numbersﬂ
and if we restrict ourselves to the interval [0..1] we have a probability distribution 6, which as-
sociates states with probabilities (for the moment let us consider only those distributions which
mention every possible state in the finite set $;):

b2{o~p | 0eSa}

In a probability distribution § the sum of the probabilities of all states (noted as |5|) cannot
exceed 1.

It is possible to operate on distributions by pointwise lifting in an obvious way operators such as
addition, product and multiplication by a scalar number.

An interesting case is the one when we multiply a probability distribution by what we term a
weighting distribution, which is a distribution 7 mapping states to real numbers in the interval
[0..1], without the constraint |7t| < 1. The resulting probability distribution, noted &(r), has the
property of being pointwise smaller than 6, and will have an important role when defining choice
constructs:

d(m) 2 {o~m(0)-8(0) | 0 edom(d)}

Another example is when we want to select the subset of a distribution 5, which comprises only
states where a condition ¢ (which is a boolean expression) is satisfied: for reasons that will become
clear later on, we have chosen to overload the above notation and note this as 5{c).

8{(c) = {0~ 6(0) | oedom(d) satisfies c}

As the probability of a condition ¢ to be true on a distribution & can be computed by adding up
the probabilities relative to all states that satisfy such a condition, we can express this probability
using the notation introduced so far as [|§{c)]|.

Modifying the probability associated with a state is not the only operation we are interested in:
there are cases when we want to replace a pair (o — p) with a pair (¢’ ~ p).

Such an operation may seem a little unusual, but it is actually what happens when something
alters a state, transforming a before-state o into an after-state o’: the probability of the after-state
being o’ is the same as the before-state being o.

Given an assignment v := e, where e is a vector of expressions, if we perform this operation on
every state of a distribution 6 we obtain the distribution 5{¢/-}: the postfix operator {¢/-} modifies
b to reflect the modifications introduced by the assignment — the intuition behind this, roughly
speaking, is that all states 0 where the expression e evaluates to the same value w = eval,;(e) are
replaced by a single state 0’ = (v — w) that maps to a probability that is the sum of the probabilities
of the states it replaces.

8{efoft = {0’ > 25(0) | oedom(s) A evaly(e) =0'(2)}

Let us see this on the example we had before:
x>0 x>0 x> 1 x> 1
= 1 1 1 1
: (WO) /4’(%1) /4’(1491) /4’(1490) 4

AR {(;‘ w0 (i) 1/2}

In other words, it is a real-valued random variable — pGCL expectations are therefore distributions with the additional
constraint of having only non-negative values.

This is shown in Figure
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y /\ o = d{x/ul}

o0 /4 oo0 /2
oO—e oO—0
001 ]/4 001 0
oO—e oO—e
X

o0 /4 il o010 0
O——0 O——0
oy /4 opr /2

O——0

Figure 3: The assignment in the example.

If we had had the assignment x := 4 instead of x := y, the result would have been:

S5k = {(;‘ Zo) (i) 1/2}

3 Programs

Once we have these foundational elements, we can build predicatesEG] that talk about probability
distributions.

Dp Dp x Dp — {true, false} Dp

before-distribution after-distribution

A program A(6,8’) is a particular predicate that links a before-distribution &, that describes the d
situation before running the program (in terms of the probabilities associated with the possible

before-states), to an after-distribution &', that describes the situation after running the program (in

terms of the probabilities associated with the possible after-states).

8

The program image A((S)E is the set of all possible after-distributions &’ that satisfy the pro-
gram A(5,8").

The probability p of the condition ¢ being satisfied by the program image A(6) lies in the set |A(8){c})|,
wherd%}

A () ={18"{c) | 8" € A(8)}

We refer to this set as the weight of the program A with respect to the condition c.

3.1 Program constructs
We define the following program constructs:

° skip = ' =08 d:P:Skip

100rdinary logic predicates, featuring all standard logic operators and quantifiers.

Hwhen we have that V5,5, e A(51) = A(53), we may write simply A instead of A(3).

12Note that the operators |_|| and {_) have been lifted to sets of probability distributions: in both cases the result is a set,
whose elements are the results of applying the operator to each element of the set of probability distributions.
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cvime 2 8 =5{et

co=e 2§ =8{¢fu)

©A3B 2 35m @ A(5,8m) AB(5m, ")

*AdcD>B 2 304,65 ¢ A(0{(c),64) AB(8(-c),0) Ad' =0 + 05
*A @B 2 354,88 ¢ A(p-5,8a) AB((1-p)-8,08) Ad =5a +0p
* AnB 2 31, 64,05 @ A(8(m),64) AB(8{m),0p) A0 =6a + 0B
ccxA 2 puXe (A;X) < ¢ > skip

The failing program abort is represented by the predicate true, which captures the fact that it is
maximally unpredictable.

Program skip makes no changes and immediately terminates. Assignment remaps the distribution
as has already been discussed in the previous

Sequential composition is characterised by the existence of a “mid-point” distribution that is the
outcome of the first program, and is then fed into the second.

We characterise conditional choice by using the condition (and its negation) to filter the left- and
right-hand programs appropriately, and we simply sum the (now effectively disjoint) distributions.

Probabilistic choice simply uses the probability and its complement to scale the distributions for
merge — this definition preserves all usual properties.

Non-deterministic choice in UTP is obtained by existentially quantifying over all possible weighting
distributions, used to weight both sideﬂ In effect the predicate is only satisfied by any combina-
tion of left and right distributions that is pointwise larger than the minimum of both.

The definition of loop that we are proposing is somehow still incomplete, as we still have not
provided an ordering relation among programs: we will fix this in the following where we
define the refinement relation between two programs — so in a loop we take the least fixpoint with
respect to the ordering introduced by refinement.

We can see that all programs that mention 6 and &’ can be written as a predicate of the following

shapd™#

3Quant0f(A) e §’ = Body0f(A) o § A OtherCnd0f(A)

where:

* BodyO0f(A) is a sequence of modifications (i.e. interleaved restrictions and remapping opera-
tions) that are applied to & in order to obtain the corresponding &’;

* QuantOf(A) is a list of weighting distributions — all of the quantified probability distributions
can be eliminated via the one-point rule, so that &’ can be expressed as Body0f(A) o §;

* OtherCndOf(A) is a list of any other conditions that are asserted by the program — no
program constructs features other conditions so far, but we will have an extra condition in
the generic choice operator, which we will define later on.

In the next subsection we relate pGCL expectations to this framework; thereafter we discuss some
considerations on the topic of choice constructs.

I31f the weight of one side depends on 7, the weight of the other side will depend on (1 — 7r), here and later on noted
as 7.
14We can prove this by structural induction of the language syntax.

o
]
>
3

o
v
S

&
i)
>
%)
g
&

d:P:Seq
d:P:Ch:Cnd
d:P:Ch:Prb

d:P:Ch:Dmn

o
Y
=
3
S

d:P:Structure
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3.2 Deriving pre-expectations

As an expectation is a random variable (with non-negative real values), that can be represented
by a distribution in our framework. Then if x’ represents a post-expectation and A is a program,
we can define the corresponding pre-expectation x by computing the expected final weight of each
state before A is run:

x(0) =min({lx' -] | & ¢ A(no)})

where - is the pointwise multiplication of two distribution and we have used the notation 1, to
represent the distribution null everywhere with the exception of a single state ¢ mapping to 1:

Ne 2 eT{o~1}

3.3 More on choice constructs

Choice constructs deserve a bit more attention: we are now going to discuss some of the properties
of probabilistic and non-deterministic choice; later on we will define a generic choice construct
that covers conditional, probabilistic and non-deterministic choice (and more).

On probabilistic choice

First of all it is worth noticing that, from the above definition of probabilistic choice, we have the

following equivalence:
A p®B = B (1*P)®A

Moreover we have the following property:
AoB@C)=(A@B)@®CAp=1s A (1-5)=(1-p)(1-q)

A few words on the probability p, that parametrises this operator: this may be a number in the
range [0, 1] in the simplest setting, but in a more general case it is one of the possible values of a
stochastic variable P that follows a probability distribution, whose probability density function fp
has the property of being compact in the range [0, 1]:

[:o fp(p)dp = /;1 fp(p)dp=1

The distribution of this stochastic variable does not depend on the program variables, but in an
even more general case may depend on other parameters qi,q2,...,qn:

+0oo 1
[oo fPQ(p»qth)'--»qﬂ)dp:/(; fPQ(p)qth»--')qn)dp:fQ(q1>q2)-'-)qn)

On non-deterministic choice

Usually we talk about demonic non-determinism when we are expecting the worst-case behaviour,
to model something that behaves as bad as it can for any desired outcome.

Our definition of non-deterministic choice per se has no such behaviour, but it will show up with
the definition of refinement that we give in §4|or, more in general, whenever we explicitly choose
to focus on the worst-case scenario: for this reason we prefer to use the more refer it as to the
non-deterministic choice, rather than to the demonic choice.

The non-deterministic choice operator is idempotent according to the above definition: although
some definitions in the literature have this property, there are some other where this property does
not hold.

For example if on both sides we have the same program containing a probabilistic choice and this
choice is resolved independently on each side before the non-deterministic choice is performed,
then idempotency does not hold. Nonetheless idempotency does hold if the probabilistic choice is
triggered after the non-deterministic choice is made — this is the behaviour that we can find in our
framework.

p:P:Ch:Prb:Comm

p:P:Ch:Prb:Assoc
Gee rooB2)
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We can reproduce the other behaviour if we run the program twice with probabilistic choice on
local variables, and then we merge the outputs by means of a non-deterministic choice: this is
a behaviour that has nothing to do with idempotency — we keep the actions of one program
separate from the other’s, so we are actually dealing with two different programs that share the
same specification.

On a generic choice construct

Another remark that is worth making, is that we can see how all choice constructs look quite d:P:Ch
similar, or at least they follow a common pattern. The reason is that all choice constructs can be
seen as a specific instance of a generic choice construct:

choice(A,B,X) = 37,54,5p e e X AA(8(m),84) AB(8(7),85) NS =54 + 58
where X ¢ D,, and D,, is the set of all weighting distributions.
In fact we have that:

e for X = {1{c)} we have conditional choice: p:P:Ch:Cnd:Alt
AdcD>B= cﬁaice(A,B, {L{C}})

e for x = {p - .} we have probabilistic choice: p:P:Ch:Prb:Alt

A ®B= cﬁoice(A, B, {p- L})

e for X = D,, we have non-deterministic choice: p:P:Ch:Dmn:Alt

A B = choice(A, B, Dy,

Moreover we can see the disjunction of two programs as another kind of choice, where X = {¢, (}: p:P:Ch:Or:Alt
AV B = choice(A, B, {e,1})

Finally we can also use this generic construct to create new kinds of choices, other than the more
traditional ones:

* for X = {p-c)} we have the conditional probabilistic choice, which behaves like A with d:P:Ch:CndPrb
probability p and like B with probability (1 —p) in the case when ¢ holds, but it behaves like B if ¢
does not hold:

A4 cP>B= cﬁaice(A,B,{p . L{c}})

e for x = {p-{c) + q - 1{~c)} we have the switching probabilistic choice, which is equivalent to a p:P:Ch:SwPrb
probabilistic choice with parameter p if ¢ holds, with parameter q if ¢ does not hold:

A ®B = cﬁoice(A, B,{p-uc)+q- L{ﬁc)})

pdclq

e for x = D,,(c) we have the conditional non-deterministic choice, which behaves like An B if c d:P:Ch:CndDmn
holds, but it behaves like B if ¢ does not hold:

A.MNB= cﬁoice(A, B, Q)W{C})

e for x = {m | Yoep <7(0) <1-q}, where p+q < 1, we have the non-deterministic probabilistic p:P:Ch:DmnPrb
choice, which guarantees a probability p to behave like A and a probability q to behave like B:

Ap®yB = cﬁoice(A,B,{T[ | Voep<m(o)<1-— q})
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e for x = {p-t | pe[0..1]} we have the fair non-deterministic choice:

fair

A1 B = choice(A,B,Xx={p-t | pe[0.1]})=3peA ©B

It is worth noticing that this kind of choice is different from non-deterministic choice (we can view
it as a less general form of it), in fact from this definition we have that:

fair

V¥ 5e (AT B)S) c (ANB)(5)

These possibilities have to be explored further, as there can be many more — and potentially more
useful than these ones.
A few laws on choice operators

Here is a non-comprehensive list of interesting laws on choice operators, that hold in our frame-
work and that can also be found in pGCL:

Idempotency of choice operators : VX e cﬁoice(A, A, x) =A
Discarding right-hand option : c/ioice(A, B, {L}) =A

Distributivity of choice operators :

cﬁoice(A, (c/ioice(B, C,Xz)),)ﬁ ) = c/ioice((cﬁoice(/\, B, X )), (cﬁoice(A, C, X )),Xz)
Sequential composition : cﬁaice(A, B,x) ;C = cﬁoice(A; C,B; C,x)
Choice flipping : VX e cﬁoice(A, B,X) = cﬁoice(B,A,)_() A X=Unex T

Monotonicity of generic choice : ¥5 e Xy € X, = choice(A, B, X7 )(8) € choice(A, B, X2)(5)

4 Refinement

We are going to define the refinement relation between two programs through a relation between
the corresponding program images: we say that a program A is refined by a program B when for
all conditions and (before-)distributions, the minimal probability that an (after-)distribution from
A(d) satisfies a condition is less than that for B(5):

AcB = Vz,5 emin(|A(8)(z)]) < min(||B(8)(z)])

Informally, whatever condition z we are expecting, program B refines program A if it is at least “as
good” when it comes to the probability of satisfying it.

The use of min here matches the use in pGCL of it to define demonic choice, so we can see how
this notion of refinement creates an order relation that is exactly the one created by the refinement

relation used for pGCL. [MMO04]]

The whole point of defining refinement this way was to show the similarity with pGCL; moving
further and taking advantage of the structure of our framework, we can give an alternative defini-
tion:

AcB = V5eB(8) < (A(5))"

where the refinement set (A((S))A is the (up-, convex- and Cauchy-closed) set defined as:

(AB)" 2 {8a | '<bacind= Y & AYm=4
51 eA(3(mi))

p:P:Ch:FDmn

p:P:Ch:Idem

See proof|B.24

p:P:Ch:Dscrd

See proof|B.

¥

p:P:Ch:Dst

See proof|B.26

l
.

p:P:Ch:Seq

See proof|B.

A
RS
5 :

d:P:Rfn:Alt

d:P:RfnSet
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This set includes all after-distributions that are at least as great as those obtainable because of
the non-determinism in the behaviour of A: a program whose image lies in this set for all & is a
refinement of A, and hence the term “refinement set”.

From the above definition(s) we can easily demonstrate familiar refinement relations:

AnB e A
AnB c B
AnB c APGBB

AnBc A<dc>B

n

This comes as no surprise, in fact:
A pEB B = E|7T,5A,63 OA(S{T[},SA) A B(é{f[},ég) A 5, = 6A + 5]3 ANT=p-L
Adcp>B = 3mda,0B OA(B{T[},BA) A B(é{f[},ég) Ad = da +0p A TT= L{C)
Concerning disjunction, we have that refinement fails to distinguish it from non-deterministic

choice, as their refinement sets are the same:

AnBc AvVBAAVBC AnB
or, for short, AnB < A VB.

This result is due to the definition we have used for refinement, as we have used the traditional
view of non-determinism as demonic non-determinism, i.e. that returning the worst possible result
for any desired outcome: this is in line with the traditional use of disjunction as a definition for
demonic choice.

Alternative definitions of refinement may take advantage of the possibility to distinguish between
the operators N and v — this is left for future work.

In general, from the definition of refinement and the monotonicity of generic choice, we can show p:P:Rfn:Ch
See proof]
that:

i

XX = cﬁaice(A, B,X]) = cﬁoice(A, B,Xz)

It is worth stressing that the reverse implication is false — a counterexample is given by the case p:P:Rfn:Dsj
of the disjunction operator, where we have that: SeeprooB2)
p:P:Rfn:Dsj2
A vV B C A p@ B See proof[B.32)
AvB c Adc>B
4.1 Probabilistic refinement
We want to generalise things even further, and introduce a notion of probabilistic refinement: d:P:PRfn

AEB = Vz,5ep-min(|A(8){z)]) < min(|B(8){z)])

We call this a p-accurate refinement, meaning that the refinement relation c is true in a fraction p
of the possible cases.

We can give this alternative definition as well, similarly as we did above: d:P:PRfn:Alt
AEB = V5eB(8) < (p-A(5))"
where p - A(9) is the set made of all elements of A(§) multiplied by p.

Let p* be the highest positive real number such that A € B: this is the accuracy with which B
refines A and is a measure of how “better” B is when compared to A in any possible case — and
of course p < 1 implies that B is not as “good” as A.
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It is immediate to see that the refinement relation we have defined before is a special case of this
more generic operator for p = 1, i.e. it is a 1-accurate reﬁnemen:

AcB - ACB

This definition makes it much more meaningful to have a deterministic program on the left-hand
side of the refinement relatio the utility of such a thing is for example that a deterministic
specification can be refined probabilistically by a (potentially) non-deterministic implementation,
and the implementation accuracy is a piece of information of great value.

This notion of refinement may seem like generalisation for its own sake, but it has useful real-world
applications — an example on medical devices can be found in [[SSL10]l.

5 States and distributions, formally

Now that we have presented the whole idea, let us go down to the details which have been ex-
plained informally or in a less general way (when not skipped) in

Examples relative to this part can be found in

5.1 States

A state o is a total function o : %/ — W that maps each variable z; in the memory to a value w;.
We use S to note the state space, which is the set of all possible states.

According to this definition we have:

dom(o) =V ={v1,02,...yUny...}

We refer to the domain of the state function also as the alphabet of that state:

alph(o) = dom(o)

W, is the type of the variable v, i.e. ; : W;. We note this also as:

type(z) = WicwW
where W is the set containing all types. For now we assume we have only booleans and integers
as types.

An expression on variables is a combination of constants and variables, combined by operators.
The set of all expressions is E.

An expression e can be evaluated in a state o by replacing each variable z; it mentions with the
value o(#;) that is contained by that variable in that state: doing the calculations with these values
returns the evaluation of the expression e on the state o, which is the value evals(e).

Here is a recursive definition, where k is a constant, # a n-ary function and x; an expression:

evaly(k) = k
evalo(m) = O'(T/i)

1>

evalo(F (x1,%2,...,xn)) 2 F(evalg(x1),evalg(xz),...,evalg(xn))

150r a 100%-accurate refinement, in case we prefer expressing p as a percentage.
161t is immediate to prove that a deterministic program A can be refined only by another program B, which has to be
equivalent to A, i.e. such that Ac B <= Bc A.
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As a shorthand notation for the evaluation function, we overload the function state:
o(e) = evaly(e)
When an expression e contains only values and operators, we have that its evaluation is the same

on any state, thus when the notation is clear from the context we will simply write e instead of
evals(e) (or o(e), using the shorthand notation).

Using this, we can write that:

o(e) = evalg(e{o(®)/s}) = o(ef{o())u}) = e{o()[n}
A condition is a boolean expression: we say that a state satisfies a condition ¢ when it evaluates to
true in that state.

An abstract state o € S is a set of states:

« 2 {01,02,...,0n,...}

The alphabet of an abstract state is defined as the set of all the different alphabets that appear in
the abstract state:
alph(a) 2 {4 |4 =alph(o) Ao e a}

We use S, to note the largest abstract state such that alph(«) = {4}:
Sa 2 {o]| alph(o) = 4}

We write it this way as it is the largest subset of 5, whose elements are all those states with
alphabet 4.

We say that an abstract state satisfies a condition ¢ when all its elements do.

We define the restriction of an abstract state through a condition c as a total function { ) : (£ x
E) — £, defined as follows:

afc) =2 {o|oea A o(c) = true}

We have that:

Clearly if the condition is true we have:
o(true) = &

And obviously if the condition is false we have:

o false) = @

5.2 Distributions
A distribution x is a partial function x : § » R, that maps some states to real numbers.
X 2 {01~ X1,027 X200y On P Xpyyenn |
We refer to x; as the weight of that state o; and we use D to note the set of all possible distributions.

The weight of a distribution ¥ is the sum over its domain of all the state weights:

IxI = > x(o)

oedom(x)

d:E:Ev:SH

p:E:Ev:VS

d:S:Sat

d

d:A:Alph

a R
S 2
: 8

d:A:Sat

d:A:Rst

p:A:Rst:Alt

See proof|B.

v
=
z
2

p:A:Rst:F

d:D:Wt
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This can be lifted to a set X ¢ D of distributions in an obvious way:

lxl= {lx] Ixex}

The alphabet of a distribution is defined as the set of all the different alphabets that appear in the
distribution domain:

alph(x) = alph(dom(x))

A particular distribution is the empty distribution € : S + R, which is a distribution such that
img(ey) = {0}, i.e. it maps each state in the abstract state « to O:

ex 2 {0~ 0|0ea}

Another particular distribution is the unity distribution i : § + R, which is a distribution such that
img(ey) = {1}, i.e. it maps each state in the abstract state « to 1:

o 2 {0~1|0€ca}

d:D:Wt:Lift

d:D:Alph

d:D:ED

d:D:UD

We define the following shorcuts: [d:D:E:SH / d:D:U:SH]
€q = €5, la = Ls,
€x = €dom(x) Lx = Ldom(x)
€20 (BE

We define the restriction of a distribution through a condition c as follows:
x(e) = {0 x(0) | o e dom(x)ic)}

From this definition we have:

x{c1 Acz) =x{cr){c2) = x{c2){c1)

Moreover:
Restriction through equivalent condition : (¢ < c2) = x{c1) =x{c2)
Restriction through implied condition (I) : (c2 = ¢1) < x{c1){c2) =x{c1)

Restriction through implied condition (II) : (¢1 = -c2) = X{ci){c2) =€

In case we have conditions ¢, and cy selecting respectively a single state ¢ and an abstract state
«, we simplify the notation as follows:

* 8(0) = 8(co)

* () = dfcq)

We define the point distribution (with domain «) as the restriction of a unity distribution to a single
state:

Moo = L(X{G}

Concerning the weights of the restricted distributions above we have that:

* [8{c) ] = X sedom(x)(c) ¥(0)

d:D:Rst

p:D:Rst:Cnj

p:D:Rst:EqC

See proo:

p:D:Rst:ImC1

See proof]|B.

1

p:D:Rst:ImC2

See proof|B.4

d:D:Pnt

(A
S|
= || B
© %)
=)@

p:D:Rst:Wt
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* [15(a}] = 8(0)
* 3} = Xgea 8(0)
¢ anr,cx” =1

We also define the restriction of a distribution through another distribution as follows:
xitx2) = {o=x1(0) - x2(0) | o € dom(x1) ndom(x2) }

From this definition we have:
x1{x2) = x2(x1)

The reason why we call these operations in a similar way is that if we can see that the restriction of
a distribution through a condition as a generalization to distributions of the restriction of abstract
states through a condition, the restriction of a distribution through a distribution can be seen as a
further generalization:

x{e) = x{u(c))
All of this can be lifted to a set X ¢ D of distributions in an obvious way:
* X{c) = {x{c) | x e X}

* X(x)={&(x) | £ x}

Operations on distributions

The sum of distributions is defined as:

x1+x2 2 {0 (x1(0) +x2(0))}

From this definition we have that:
* xa +xzl = Ixal + Ixz2|
* (x1 +x2){m) = x1 {7} + x2(7)

Thanks to the latter property we can split a distribution into two other distributions, where all the
elements of one satisy a given condition c, while the elements of the other do not:

x =x{c) +x{-c)

The multiplication by a scalar number is defined as:

n-x = {0‘|—> (n-x(c))}

The restriction of a distribution through another distribution may be regarded as a kind of product,
and sometimes it is easier to think of it in these terms, so we define the product of two distribution
as:

X1-x2 = xi{x2)

From this definition we have that:
X1-X2=X2"X1

p:D:RstS:Wt
p:D:RstA:Wt

p:D:Pnt:Wt

d:D:RstD

p:D:RstD:Cmm

p:D:Rst:Alt

See proo:

d:D:Rst:Lift

d:D:RstD:Lift

d:D:Sum

p:D:Sum:Rst

See proof|B.6,

d:D:Mul

d:D:Prod

=
i
2
3
5 S

p:D:Prod:Cmm
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Types of distributions

A weighting distribution 7 is a distribution such that img(7) ¢ [0..1].
We use D,, to note the subset of D of all weighting distributions.

Given a weigthing distribution 7, we define its complementary weighting distribution 7t as:

Restriction : 11 {m2) € Dy,

A probability distribution § is a weighting distribution such that ||§] < 1:
b = {0—1 = P1,02=>P2y...,0n '_)pn)-"}
We use D, to note the subset of D, of all probability distributions.

In this case we will refer to the weight p; as to the probabili of the state o;; likewise we will
talk of the probability of an abstract statﬂ rather than of its weight.

Restriction : 5(m) € D,

In the remainder of this document we will be talking mostly of probability distributions, so we will
usually be referring to them simply as “distributions”.

Whenever we want to use this term in the more general meaning we have used so far, we will
rather use “general distributions”.

6 Assignments

An assignment performed in a state ¢ is an operation z; := e;, that updates the value contained in
v; with o(e;).

In UTP we usually use a dash to mark a variable, in order to refer to the new value ¢/ it contains:
the same convention is adopted here. Moreover we will use dashes in a similar way to denote
after-states (o”) and after-distributions (5').

We use the following notation for n simultaneous assignments of the expressions e, ez,...,en to
the variables v1, v2,... v € V:

Vi=€ = U1,02,...,Un = €1,€2,...,€n
where
7 el
v=|7|ev and e=|“|ez
7/.,1 e.n

Moreover, we also use the following shorthand notation:

o(z1)
ote) = |7

o(on)
By using this notation we can define a vectorial extension for the map operator:

vew 2 {pp~>w|1<i<n}

175(c) is a function of ¢ and is what is usually referred to as the probability mass function: it represents the way the
probability is distributed depending on o.
181f we see a state as an outcome, we can see an abstract state as an event (i.e. a set of outcomes).

d:D:WD

d:D:WD:Cmp

p:D:WD:Rst

See proo;

d:D:PD

p:D:PD:Rst

See proof|B.§

d:S:SA
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We can use this to give a compact definition of a state:
oc=vrw

where

w= ew

Wn

We use the following notation for simultaneous substitutions{jf] {f1/g:1 H{T2/g2}{Tn/gn}:

{#a} = {Mfa1}{f2/a2}{"n/an}

where
f1 g
f= f:Z and g= 9:2
i 9}1
When the substitution {f/g} is applied to a vector of expressions e, the meaning is the following:
e1{fq}
e(tls) = |20
en{¥fa}

The composition of two expression vectors f and e is defined as a particular substitution that
involves the variable vector v:
f1{¢/}

foe = (g - | ()
fn{efo}
We can read the notation f o e as f after e.

Concerning the evaluation of this vector we have

o(foe) = o(f{¢/o}) = o(f{(&)/s}) = {o(e)/s}
This is equivalent to evaluating f in a state ¢ such that {(») = o(e).

Now it should be clear why we intentionally use a symbol like o and the word “after”, which both
remind of functional composition: if for every expression and variable vectors e and » we define
an associated function e : W + W as:

e, (w) = eval,.,(e)
then for any state o = v —» w, we have that o(foe) = fl(gz(y)):

o(foe)=1f, (")
{ w" =e,(w)

When composing the same expression for k > 1 times, we use the following notation:

e“ 2 eoeo--oe

———
k times

We define that for k = 0 this notation has the following meaning:

=20

9For this to make sense, it must be the case that ¥i+j e g; # g;.

p:E:Ev:Comp

d:E:Comp:Iter



23

6.1 The inverse-image set

Let us now define the inverse-image set for a generic assignment v := e, after which the new mapping
of the variable vector is a state o”:

Inv(v:=¢e,0') 2 {G |o'(v)=0(e) A o€ 5a1ph(c,)}
We can generalize this to an abstract state «':

mnv(vi=e,&') 2 | J Inv(v:=¢,0")

olea!

The abstract state « is the set of all the possible states before the assignment that are compatible
with the result of the new mapping being in the abstract state o'.

Due to the fact that the evaluation of an expression is an injective function we have that:
Inv(v:=e,01)NInv(v:=e,02) =T < 01 %03
Thanks to this property, if the evaluation of an expression e is defined on all of the states belonging

to an abstract state «, we have that it is possible to partition « through e.
In fact if we have a relation R, defined as:

01 Re 02 <= o071(e) =02(e)

this is an equivalence relation among states belonging to an abstract state «, that is partitioned
into equivalence classes corresponding to inverse-image sets «’:

a=|J Inv(z:=¢e,0")

o’ea
where each class is represented by a state o such that o(e) = 0’(»).
Nested inverse-image set : Inz/(g =¢e, Inv(v:=1,{0}) ) = Inv(g = 1{e/u}, {G})

Examples relative to this subsection can be found in

6.2 The remap operator

The remap operator is defined as follows:
8c/ol = {0 > [8(1mo(z:=e,{o"}))| | alph(c’) e alph(s)}

Which is:
(8{¢/=l)(0") 2 {£8(0) | o' =0T {z~ evals(e)}

From the definition we can see that after applying the remap operator the alphabet of the resulting
distribution is the same as the alphabet of the original distribution:

alph(8{e¢/s]}) = alph(5)
We overload this notation to account for assignment to a single variable:
5{]21/'14[} = 6{|(ei)/(vi)l}

We define a compact notation for multiple application of the same operation:

8{efolt™ = & {efu e/l . {¢/2)

k times

d:S:Inv

&
>
=)
<

p:A:Inv:Dsj

p:A:Inv:EqQR

See proo

d:D:Rmp

p:D:Rmp:Alt

p:D:Rmp:Alph

d:D:Rmp:Sng

a
)

:D:Rmp:Iter
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A sequence of assignments causes the distribution to evolve and we want to keep track of changes.
In fact we have that after an assignment v := e when the distribution is 6, we have an evolution
towards a new &'.

We can write this as:
8" = 5{¢/]

Examples relative to this subsection can be found in

Properties

From the definitions of sum and multiplication, we have that the remap operator is a linear one:

(x - 8{/ul +y - 5{t/u ) {9/ol} = x - 8{e/u9fels +y - 8ol { /]

Here are some other properties:

Composition (I) : 8/u} {f/ol} = S{£{e/:}/o]

Composition (ID) : 5{e/u} {f/s} = 5{f /o]

Composition (II) : 8{¢fu} 7/} = 8(e e/ 1)/ (or o)}

Composition (IV) : 8{¢/u} 7/u} = S{t{e/}fus]}

Iteration : 5{e/o}}* = 8{e"/u}}

Commutativity (I) : 5{efoi[}{7/sy |} = STl oy [} /sy 1E 05 ¢ fo(e)
Commutativity (ID) : 5{¢fox} {1/ey} = 5{/os} {e/on 16E o1 ¢ o) A 95 ¢ o)
Expression substitution : 8(f = g){¢/s| = 5(f = g){e{/a}/]}

Contradiction : Yo e dom(8) e o(c{efe}) = false A &% ¢ < 8{e/o{c) = €
Assertion : Vo e dom(5) e o(c{e/s}) = true < 5{efo}{c) = 5{¢/o]
Remapping a condition : d{¢/s[}{c) = d(c{¢/2}){¢/]

Weight of a distribution after remapping : |5{¢/s}}| = |8 iff o(e) is defined in dom(5)

7 Conclusion and future work

We have provided an encoding of the semantics of pGCL in UTP, as a homogeneous relation on the
alphabet {8,6'}, where the before and after variables are distributions over program states. The
key is that our semantics models probabilistic programs as predicate transformers, so allowing us
to claim that “probabilistic programs are predicates too”!

Such programs may feature both demonic and probabilistic choice: this is non-trivial and at the
time of this writing there is still no satisfactory UTP theory that embeds such a feature — unifying
probabilism with other programming constructs in the style of Unifying Theories of Programming
is a so-far-unachieved goal, according to the aforementioned talk by Chen and Sanders [[CSO9] at
FMO09.

We hope that this is a step towards having a formalism that can deal with this issue properly.

We have shown that we can deal with variables by name, despite their being entangled in the
semantic domain, and that the laws of pGCL are provable from our semantics.

d:D:Dash

p:D:Rmp:Lin

See proof]
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In addition we have a formulated our semantics in such a way as to be able to view all choices as
instances of a generic choice construct, and even to be able to allow disjunction back in as a form
of choice. We have also shown that refinement meshes in effectively, not just with demonic choice
but in fact with all generic variants.

There are some steps forward that need to be taken. The first one is exploring the precise link-
ages between our semantic model and the two models that feature in [MMO4]|. This will
also lead to a formalization of the healthiness conditions, which characterise the predicates in
our framework: we need to show that we inherit all of the healthiness conditions, modulo an
appropriate generalization, which are valid for pGCL.

The second is to explore the role of auxiliary variables such as ok and ok’ that capture a behaviour
such as termination, and in particular whether they are necessary (non-termination leads to proba-
bility sub-distributions, similar to what happens in pGCL, so could we manage without?), and how
to introduce auxiliary variables such as wait and wait’, to move towards the encoding of reactive
systems in this framework.

This is important, as the long term focus of this work is on a probabilistic variant of Circus , which
requires semantic models for probabilistic process algebras like pCSP [[Mor* 96} [Den*08]| or PTSC
INSO9]l. These will then have to integrated with our pGCL semantics in much the same way that
the theory of Reactive Designs in UTP is the basis for the semantics of Circus -like languages.
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A Examples

A.1 Definitions

This section is meant to give some examples aimed at a better explanation of the basic definitions

given in §5/and

States and distributions

e States:
01 :{(7/1 '—>4)} 0'2={(7}1 '—>5,7/2 Hfa[se)} 0‘3:{(7/1 '—>6,7/3'—>true)}
0'4:{(711 '—>5,v3l—>true)} 0'5:{(7/] r—>—1,v3l—>true)} 01,02,03,04,05 €S
alphcn :{'{/1} alph(n :{7}1,’1/2} alph0'3={’1/],7}3}
alph64:{v1,7/3} alph0'5={7/],7}3}

* States satisfying a condition:

— All of these states satisfy the condition » > -10;
— all states with the exception of o5 satisfy the condition »; > 0;

- 03,04, 05 satisfy the condition o3 = true, but 07, 02 do not.
e Abstract states:
(28 :{0—1)0-2} 0(2:{0-3)0-4)0-5} 0(],OCZEPS

alph(x1) = {{=1}, {z1,22}} alph(az) = {{=1, v3}}

* Abstract states satisfying a condition:
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— Both « and «; satisfy the condition »; > -10;
— 7 satisfies the condition »; > 0, but «, does not;

— «; satisfies the condition v3 = true, but o¢; does not.

* Largest abstract state with a fixed alphabet:

S{or,02,03) = {(m > a,o~>boz—c)| aeZ,b,ce {true,fa[se}}

* Restriction of abstract states:

{1 >0)={(o1 = 4), (01 > 5,02 — false)} = xq

ax{v1 >0) = {(v1 = 6,03~ true) , (1 = 5,03 = true)} = ax N {(w1 = =1, 03 — true) }
v3 = true) = @

x1 (v
e Distributions:
={o1=»7,024,03> -2, 64’_’\/2) 05 = 7/18}
X2={0‘2'—>1,0‘3l—>€2,0‘4*—>8}
alph(x1) = {{=1}, {o1, 02}, {v1,03}}  alph(xz) = {{w1, 22}, {1, 03}}
e Restriction of distributions:
X]{Zlg = true} = {0“3 g —2, 04 = \/Z, O5 — 7/18}
X2{v3 = true) = {03 > €2, 04 > 8}

x1{x2) =x2tx1) = {o2 > 41, 03> -2-€*, 04~ 28}
* Weight of conditions, states and abstract states:

Ix1{z1 >0} =x1(01) +x1(02) +X1(03) +X1(04) =9+ V2
Ix1 (w3 = true)| =x1(03) +x1(04) +x1(05) = 2918+ /2
Ix1{z1 > =10} =x1(01) +X1(02) +x1(03) +Xx1(04) +X1(05) = 169/18 + V2

=[x
Ix1{on)| =x1(01) =7
Ixi{eoct}| =x1(o1) +x1(02) =7 +4 =11
Ix1{e2)] = x1(03) +x1(0a) +x1(05) = =2+ V2 +7/18 = =29/18 + /2
Ix2{x1) || =x2(02) =1
Ix2{o2} ] = x2(03) +x2(04) =€ +8

* Operations on distributions:

X1+X2:{0'1 D—>7,0'2D—>5,0'3D—>—2+€2,0‘4»—>8+\/§,0—5._>7/18}
\/7'X2={02'—>\/7,03»—>ez\/?,04»—>8\/7}

X1-X2=x1{x2) = {02~ 41, 03> -2-¢%, 04 > V2:8}

The inverse-image Set

no(vy = (v} ),01) ={(21 »2), (o = -2)}
Im/(v] :=4,cr1) ={(nn»1) | 1eZ}

)=9

) =

{(o1 » 2), (1 = 2.5,07 — false)}

Im/(vz = (7/1 < 10), 02

Inv(m =(2-01),00
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The remap operator
51 = {07~ 0.55,0, — 0.45}
S1{2w1fult = {{(v1 > 8)} = 0.55,{(v1 = 10,02 > false)} ~ 0.45 }
01{2/n ] = {{(7/1 ~2)} > 0.55,{(v1 — 2,v2 — false)} — 0.45}
S1{-2fu = {{(v1 = 5,02 = true)} = 0.45 }
Sy +1smmue) (o ,00)]} = { {(v1 ~ 6,07 — true)} — 0.45}

A.2 Interaction of probabilistic and non-deterministic choice
Let us take these two simple programs:
Azx=0nx:=1;y:=0,0y:=1
2
Bz2x=0®x:=1;y:=0ny:=1
2
We evaluate what is the probability that after each program has run we have x = 1, as well as the
probability of having x = y.
We start by examining A:
x=0nx:=1;y:=0:0y:=1
2
Translation: A
e 8" = S(m){O/xl + (RN I/xl 5 8 =12 8{0fyl + 1/2- {1 /u]
[d:P:Seq]
E|7T>6m *dm = ‘S{ﬂ)ﬂo/xl} + 5{7:[}{]1/’4} A& = 1/2 ‘Sm{lo/yl} + 1/2 5m{|]/y|}
One-point rule
3rte 8 =1/2- (S{re){O/xly + S(AN /xb )J%ul} + /2 - (S(rMIO/x] + S{rM T /xb )11 /ul
p:D:Rmp:Lin
e s =1/2- S{r) O/ {O/ul} + /2 (AN xE O ul} + /2 SO/ LM ult + /2 SR/ ult

The final distribution &'(7t) is parametric in the weighting distribution 7t: let us try to use this to
perform a worst-case analysis.

We can show that V7t e |3'(71){x = y}|| = /2, which implies that We can show that Ve |§'(7){x =
y)| = 1/2, which implies that V& e min(|A(8){x =y)||) = 1/2:
18" () (x =y = || (1/2- 8 rMors b0l + 12 - SR B )|
=2 8m) + 172 8(7)) | = 11/2-8] = 1/2

But if we choose 7t = 15/, we have &’ (1s/) = 1/2-0{0/x[-{ %y [} +1/2-8{/x[-{'/u[} and therefore [|§'(15/)(x =
1)| = 0 — so the minimum of the weight of program A is 0.
Likewise, we examine B:
x:=0 %®x::1 ;y=0ny:=1
Translation: B
O =12 8{0/xy +1/2-8{1/x]; 5 e & = S(mHful + (N V/ult
[d:P:Seq]
I, 8n @ 8 = 1/2- 80/ + 1/2-8{1/x} A 8" = S () {O/ult + Sm () {V/u]}
One-point rule
e s’ = (12 80/l + 12+ S{ b N {Ofult + (V2 840/xly + /2 S{ b A fult
p:D:Rmp:Lin
Srte 8 = 12 SOHmMODsl + 12+ ST (Il + /2 SIRMAM ol + Y2 SN )
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The final distribution &’(7t) is parametric in a weighting distribution 7 and very similar to the
resulting distribution after A, but with one crucial difference: (7) is put after the first occurrence
of the remap operator.

We can show that ||5(7r){x = 1) = /2.

But if we choose 7t = ts5/{(x = 1), we have &'(ts/(x = 1)) = 1/2- /[ { u[t + /2 - 8{"/x[}{°/y[} and
therefore ||6'(ts/(x = 1)){x =y)| =0

We have translated the programs and worked them out to express a predicate that links before-
distributions with after-distributions: with this we can easily compute the minimum guaranteed
probability that a condition will hold after the run of the program.

This is the same result we can achieve with pGCL, but:
* the notation is more general (and not as heavy as it would be with pGCL);

* we are not forced to stick with the minimum probability (“hard-linked” in the pGCL definition
of demonic choice), but we have a a set containing the probabilities of every branch of the
execution tree;

* it is straight forward to refine the demonic choice with any other kind of choice — we simply
have to constrain the existentially quantified 7.
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A.3 The Monty Hall program

In the Monty Hall game a player is challenged to guess behind which of the three doors in front of
him hides a car.

After having chosen a door among the three possible options, Monty Hall will open one of the
remaining two doors. Monty Hall knows where the car is, so he is going to open one of the other
two.

The player is given the chance to change his guess at this point.

It is known from the literatur that the player will maximize the probability of finding the car if
now he changes the door he has chosen (the probability will be 2/3).

In fact the player can lose only if his first choice — indicated with Z— was the i-th door, which
is hiding the car (and this happens with probability 1/3) so after Monty Hall has opened the k-th
door, that is one of the two hiding a goat, the switching strategy leads the player’s final choice —
indicated with — to be the j-th door, which is hiding a goat:

g

Nevertheless this is a winning strategy with probability 2/3, as the chances of winning equal the
chances of choosing a door hiding a goat, when all doors are closed. In fact choosing the j-th door
forces Monty Hall to open the k-th door, and switching makes the player choose the i-th door:

N
N
b

A short program, which uses the program constructs defined in to implement the game is the
following:

20Als0 back in 1935, it was known as Bertrand’s box paradox (1889). This problem is oftem used as an example: among

the papers cited as references, we can find it in McIver and Morgan [[MMO04] as well as in the more recent Chen and Sanders
[CS09]l.
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P 2 setup; player; host ; guess

Let us use three variables a, b and c with the following meaning:

1>

a 2 the position of the car

b

11>

the player’s guess
Monty Hall’s hint

11>

we can then define each instruction as follows:

setup = a:=1n(a:=2na:=3) [1]
player 2 b:=1 %GB(b =2 %®b::3) [2]

fiost 2 c:=8(a,b) < (a#b) > (c:=Hm(a)nc:=Hm(a)) (3]
guess = b:=8(b,c) [4]

Here is the definition of the functions mentioned in the program:

8(x,y) = min({1,2,3} ~ {x,y})
Hm(x) = min({1,2,3} \ {x})
Hm(x) = max({1,2,3}~ {x})

1>

Let v = (a,b,c) and type(a) = type(b) = type(c) = {1,2,3}: the state space is
5:{G| o=v+ wAwetype(a) x type(b) xtype(c)}
The initial distribution is a parameter of the problem: we assume its weight is 1, but make no

further assumptions on the individual weight of each state.

Let us now go through the first instruction:

a=1i 8" = 8{Y/al}
setup = Ay, 7z @8 = 8{7ty ) {/al} + 8(m2){?/al} + 8(v — 71 — 72){3/a]}

After the second instruction we have:
b:=1 6; = 5{i/v[}
player = &8 =1/3-8{1/o[ +1/3-8{2/v]} + 1/3-8{3/v]}

We have an if-statement in the third instruction, so we have:

c:=8(a,b) 8 = 8{8(a,b)/c|}
c:=Hm(a) 8 = 8{Hm(a)/c|}
c:=Hm(a) 8" = §{¥tm(a)/c]}
Cim Hon(@) e = Haa(a) = Friog o8 = BlreaehFom el + 51 - s P @)l
host Iy @ 8" = §{a = b){S(a,b)/ct+

+8(a = b{rrgc){Hm(@)c} + 8{a = b)(t — ac){Fm(@)/c[t

Finally the fourth instruction gives

b:=8(b,c) = & =5{8(b.0)fo]
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Let us now compose sequentially these constructs:

setup ; player ; host ; guess
Translation: setup; player — with the position 77, = 1 -1 — 712
Iy, 8" = 8(mi ) {/al + 8{m2){¥/al} + 8{712){3/al} ;
;3 8" =1/3-8{ /vt +1/3-8{2/v]} + 1/3-8{3/v]} ;host;guess
[d:P:Seq]
7y, 72, Om ®dm = 5{7‘(] }{]1/(1LL + 5{7’[2){]2/&'} + 5{7:[12}{]3/a|} A
A =138V folf +1/3-8m{2/ol + 1/3- Sm {3/b]} ; host ; guess
One-point rule
3y, 1z 08 = 1/3- (S{rm M /al + 8(m2){Zal} + 812} {3l ) {1/0}+
+1/3- (8¢ M V/al + 8(maaly + 8(7r2) {3/als ) {20 ]+
+1/3- (5{7[1 M /al} + 0{m2){2/a]} + 5{77[12}{|3/a|}){|3/b[} ; host ; guess
Translation: fost
3y, 1z 08 = 1/3- (S{rm M /alt + 8(me2){Zal} + {12} {3/l ) {1/} +
+1/3- (84ma M V/al + 8(ma Y aly + 8(7r2) {3/als ) {26 ]+
13- (8 M1 fal + () {al + 8(7 2 {3al ) I3/o) 5
; Itgc @ 8" = 5(a = b){S(ab)/ct+
+8{a = bp{rtge)FHm(@)/c|} + 8(a = b)(Trgc ) {Hm(@)/c|} ; guess
[d:P:Seq]
3701, 702, Ty, Orm @ S = 13- (87 ) {V/als + 8(me2) {2/als + 8(712) {3/ alt ) /6] +
+1/3- (8¢ M V/al + 8(ma{als + 8(7r2) {3/als ) {20 ]+
+1/3- (8{rma M "/al + 8(m2 )l al} + 84712 )3/l ) {3/0] A
A 8" =8m(a#b){S(aD)/c]+
+dm{a = b{rrgc ) {Fm(@)/c[} + 6 (a = b){7gc){Fm(a)/c]} ; guess
One-point rule
31, 72, Tigc 0 8' = (1/3+ (8¢ MV /al + 8(m2){2fal + 8(r12){3/al ) {1/6}+
+1/3- (8{ma M V/al + 8(ma Y als + 8(7tr2) {3/als ) {276 ]+
+1/3- (8{maa M '/al + 8(rr2}{Zal} + 5{7'112}{13/aﬂ)ﬂ3/b[%)4a # b) {8+
+ (13- (8 M /al} + 8(ra}{al} + 8(Fr2) 43/al} ) {1/} +
+1/3- (8(ra ) /al + 8(re2){2/al + 8(7tr12) {3/als ) {¥/ol}+
Vs (8m ) {1/l + 8{ma){3fal) + (12} 13a)) 3o ) = b} (roc) m (fc) +
+ (13- (8(ra M /al} + 8(ra}{al} + 8(Fr2) {3/al} ) {10} +
+1/3- (8{ma M V/al + 8(ma )Y als + 8(7tr12) {3/als ) {2/6 ]+
#1/3- (8} 1/aly + 8(rea) {2/aly + 8(712) 13/al) 13/0} (@ = DM FRoc 200 (e} 5 guess

{
{
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Iy, 1, g @ = (1/3 (Bl Haly + 8{ra ) alt + 8(7tr2) 3/al ) {1 o+

13+ (84t MV al} + 8 (e M2/l + 84712} 3l ) {20l +

13+ (841 )V /al} + 8(ra) {2l + (e 17T ) §3/0] (@ # Y8 (@ D) e+

+ (13- (8(ra M1 /al} + 8 HEaT + 8 (/e ) {1 ol +

13- (Sl + S(ra) {2/aly + Sl aT) {2/l +

13- (S el + S M/l + 842} 3l ) {376l ) (@ = DM o) {20 @+

+ (13- (8(miHYal + Slmap2faly + Sl 7)1 o+

13- (Sl + 8(ra) {2/aly + Bl el ) (2ol +

13- (S HETal + Sz M/l + 84 2 M3 ab )30l (@ = ) 700 (@)fely s guess

[[p:D:Rmp:Rst1]|— Rewrite

Iy, 1, T 08 = (1/3 . (6{712){]2/a|} + 6{7’112}{]3/aﬂ){|1/b|}+

+1/3- (8¢ ) {1/aly + 8(7t12) {3/aly) {2/0 ]+

13- (8 M /al + 8(rea) {2/al ) 3/o] ) (@ # b){S(@0 e+
+ (13- 8m M ab 4ol +1/3- 8(r2} 2 alt {20} -+
)
)

+1/3- (71 2) 3ol 3/o} ) (@ = DY o) {0m @]+
+ (13- 84 M al /ol +1/3- 8 () {3 a2l +

+1/3- 5{ﬁ12}ﬂ3/aﬂﬂ3/bﬂ){a = b(Tge {7 (@fel} ;s guess

Translation: guess
3y, 2, e 08 = (13- (8(m2 M2l + {723l ) {1 /ol +
13- (84 Yol + 8(Ra2) 3fab ) {2fo]+
13- (8(ra ) /al + S(r2}Z/al ) {3/ol )@ # DY@ 0)fc]+
+ (13- 8m M ab 4ol +1/3- S(ra} el {2/o] -+
+1/3- 82} 3fal 430 ) (@ = b e} J2em @]+
+ (V3-8 1 el {16l +1/3- (o) {2 al {20+

113 8(71 ) 3/al- 3/o} ) (@ = DM Rs 20 (@e])
5 8 = 53(0,0) vl
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[d:P:Seq]
370y, 02, T3¢y Ormy @ O = (1/3 . (5{712}{|2/a[} + 6{7%12}ﬂ3/a[}){]1/b[}+
13- (84 Mol + 8(Fr2) 3/al ) {20+
13- (8(ra ) /al + S(ra}Z/al ) {3/ol ) (@ # bY@ 0) e+
+1/3- (71 2) 3ol 3/o} ) (@ = DY o) {0m @]+
+ (138 M al {16l +1/3- S(ra} 2/ alt {20} -+
+1/3- (71203l 3o ) (@ = DYz Mo @fe] A

A 8" =8 {8(0:0) b}
One-point rule

3y, 72, Tigc 0 8 = (13- (8{r2){2fal + (12} 43/l ) {1 /o] +

13- (841 {1 al} + 8(Fr2 ) 3/al ) {20l +

13- (841 ) Val + 8(ma) {2/al ) {3/o] ){a = DY@ 0 e} 50l +
+ (13- 8m M al 4ol +1/3- 8(r2} 2/ alt {20} -+
)
)

113 8(712) /el 3/o} ) (@ = DY rmac) f20m @fel {500+
+ (13- 8mm M al {16l +1/3- S(ra} {2/ alt {20} -+
+1/3- (71 2){3al} {36l (@ = bYAs M @/el {800 /o]
371y, 70, Tige @ &' = 1/3- 872 ) { ¥ a1 /o]}{a % b){S(asb)/c|} {S(bsc)/b]}+

+1/3- (712} {3l {1/6l{a # bY{S(@ 0 e {50l +
13- 800 {40l (@ # bY{S @0 el {800 o]+
13- (712} {3alH {2/ol{a # DY@ L) e f8Co)fo] +
#1380 {1} {36l (@ # D)8 @D e} {800 o]+
13- 8(m2 ) {2} {36l (o # D)8 (@D e} {8 (00 o]+
+1/3- 8401/ a} {16} (@ = b {rese ) o0m (@)fely {50, oly+

( {

(

(

{

<

5
1

+1/3-8{m2) {2/a {2fol} (@ = D) ruac) {30 (@) {3(0.0)fol+
+1/3- 84120 3/al {36 o = b) (s {20 (@c] J30,0)o] +
13- 8{m ) {ab /ol

+ 13- {m2) {Hal {2/vlH{a = b)(Ttge) {7m (/e[ {50 e)u ]+

{
{a="b)
)t} 70 (@fc] {8 (0r0) o]+
M
+ 13- 8(2) ¥/ alH¥olHa = D) 7gc) {7 (e {50 )/o

Now that we that we have a statement describing the final distribution that results after the exe-
cution of the program, we can recognize two kind of terms:

* 5{i/a} {/oh{a = b}sCaLc} f50.0)fo]
* {i/al{i/ol(a = DUm){TE()/c ] {S(0re)fo]}
where i #j.

We can see that the ones of the first kind account for cases when the player wins, while those of
the second kind account for the cases when the player loses — let us see this by working out these
terms, under the winning condition, i.e. a = b.
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For terms of the first kind we have:
8{/al {i/eli(a = b){S(aL)/c[t{S(®:c)/v{a = b)
[[p:D:Rmp:Comp1l ||
&{i/alt {ifolt{a # b){S(a;b),8(b,e){s(a:®)c}/c vb[H{a = b)
= Substitution: ¢ = 8(a,b)
d{/alt{ifolt{a # b){8(a;b),8(b,8(a,b))/c, b {a = b)
= [p:D:Sum:CS]
3/ al{i/olH{a + b}{8(b,8(a,b)) = a){8(«,),8(b,8(a,b))/c,b[H{a = b)+
+0{Y/a[{i/o[{a = b){8(b,8(a,b)) # a){s(a,?),8(b,8(a,b))/c b[H{a = b)
p:D:Rmp:Rstl
3{/al i/l {a + b}{8(b,8(a,b)) = a){8(«,),8(b,8(a,b))/c,b[{a =b) + €
d:D:Sum
di/al- /ol {a + b}{8(b,8(a, b)) = a}{8(a;b),8(b,8(a,b))/c,b[}{a = b)
p:D:Rst:Rmp
5{Y/afH{i/el (a = DS(b,8(a,b)) = a){s(a,P),a/c b {a = b)
p:D:Rmp:Rst2
80al /o] a # b)S(b,S(a,b)) = a}{s(a0)./e,b]
= [p:D:Rst:ImC1]
5{Y/afH{i/ol (a = b}{S(a.) /e bf}
= [[p:D:Rmp:Compl ]|
3{bi/a,b{a # b){s(a,b),a/c b}
= [p:D:Rmp:Rst2]
d{bi/a, bt {S(ab)safc b

As both remapping operations use expressions defined everywhere, thanks to |[[p:D:Rmp:Wt]| we
have that:
18{+3/a,bft {802 a/c bl = 3]

For terms of the second kind we have:
ofY/al{vlH{a = bNm) {H(@)/c[} {S(®-e)/bl{a = b)
[[p:D:Rmp:Comp1 ]|
Y a{/oH{a = b){m){F(a),8(b,e){* (e} /c b[H{a = b)
Substitution: ¢ = H(a)
&{i/al} {i/o}{a = b)(m){H(a),8(b,H())/c,b[}{a = b)
-
8{/atH{ /ol {a = b)(m){?(a),8(a,3(a))/c,b}{a = b)
-
8{i/al}{i/o}{a = b)(m){F(a),8(a,3(a))/c,b]{a = b)
= p:D:Rmp:Rstl

Therefore we have:
16 (a =) =12 ("/3-8{m1) +/3-8{m2) +/3-8(m3))[ = /3-8

We have assumed that the weight of the initial distribution is 1, so the weight of all winning states
is 2/3 — it is now clear why we did not need to make any other assumption, as this is all that
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matters, as all the variables undergo at least an assignment during the run of the program. 2/3 is
also the expected value for each of the initial states, so the pre-expectation assigning this weight
to every state corresponds to the post-expectation of the predicate ({a = b).

B Proofs
B.1 Restriction of the state space afc) = S{c) N«

[[d:A:Rst] — §5.1]
{o|oea A o(c) = true}

- [@S]— 51

{o]oes noea A o(c) = true}

= Set theory

{o]oes A o(c)=true}n{oc|oeca}
= [d:A:Rst]

S{c)na

B.2 Restriction through equivalent condition (cy < c2) = x{c1) =x{c2) p:D:Rst:EqC

dom(x)(c1) = dom(x)(c2)

B.3 Restriction through implied condition (I) (c2 = c¢1) < x{ci){c2) =x{c1) p:D:Rst:ImC1

x{ci)cz)

[DRsECa] — 5.2
x{c1 Ac2)

[[p:D:Rst:EqQC]|— §B.2: (c2 = c1) A (c1AC2) <y
x{c1)

B.4 Restriction through implied condition (II) (c1 = —~c2) = x{ci){cz) =€

x{c1){c2)

- [pDRECH]— 2
x{c1 Ac2)

= —:(C] = -c2) A (C1 ACy) < false
x{false) = €
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B.5 Restriction through a restricted unitary distribution x({c) = x{tx{c)b

X{LX{CM
[d:D:RstD] —
{0 X (0) -1 (0) | 0 edom(x) N dom(tx{c})}
= Set theory: dom(t(c)) = dom(x(c)) ¢ dom(x)
{07 X(0) - 1x(0) | o e dom(x{c))}
= [d:D:UD] — §5.2
{0~ x(0) | o e dom(x(c))}
= [[d:D:Rst]| —
x{c)

B.6 Case Split x =x{c)+x{-c)

x{e) +x(-c)
[d:D:Sum] —

{0~ (x(c)(0) +x{=c)(0)) | 0 € dom(x(c})) udom(x{-c))}
= Set theory

{0~ (x{c)(0) +0) | 0 e dom(x(c)) } U {0 = (0+x(~c}(0)) | o « dom(x{~c))}
= [d:D:Rst] —

{0~ x(0) | o edom(x(c))} u{o = x(0) | o e dom(x{~c))}
= Set theory

{0~ x(0) | o« dom(x(c}) udom(x{-c))}
= Set theory

{0 ~x(0)]|oe dom(x)}

[d:D] — §5.2

X

B.7 Restriction 71{m2) € Dy, p:D:WD:Rst

m{rz2)(0) =7 (0) - m2(0) < 71 (0)

B.8 Restriction 8(m) € Dy

d{m)(o) =8(0)-7m(o) < 5(0)
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B.9 Nested inverse-image set Im/(g =e, Inv(v =1, {G})) = Inv(y = f{e/o}, {G})

(v :=e, mo(v:=f,{0’}))

[d5Tav] —
1no(z = &,{c | 0'(2) = 6(f) A O € Suph(o)})
= [d:S:Inv]

{C1T(2)=C(e) A CeSapn(er) )

’e{o | o/ (2)=0(f) A O€S,pn(o7) }
= Property of distributed union
{Clo(z)=(e)na'(2) = o(f) A 0,C€Supn(or)}
- [pEEv:Compl—
{C]0'(2) =C(foe) A C€Saphon }
- [dEComp]—
(€16 (2) = C(£{gfe}) A C€ Sapnion |
[d:S:Inv]
oz = £{ea), {0'))

O
B.10 Linearity of the remap operator  (x-8{¢/o} +y-8{/ul}){9/cl} = x - 8{&/slt{9/o] +y - 8{f/ol} {9/o]

(x - 8{¢/ely +y - 84t/ol ){9/2] (0)
- [T 62
| Cc- 8efel} +y - 8{/ely ) (o (w = g, {0}))]
- D 52
|x- 84efol {1nv(v = g, {0})) +y - 8{/u}{ v (v := g,{0}))]
= [d:D:Rmp]
x - 8¢/l {9/s (o) +y - 8{/e[{9/<] (o)
= [d:D:Sum]
(x- 8{¢/ob{9/2} +y - 8{/} {9/} ) (o)
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B.11 Composition (I)  8{e/of} {f/o}} = S{{/}/o]}

54/l 1/} (o)
- [d:DRmp] —
|54¢fol (1no(2 = £, {o}))]
- Tp-DeRSTAWE] —
> 8{¢/<[(0)

Cetnv(v:=f,{0})
- [d:D:Rmp]

> 8w =g, {C}))]

Celmv(v:=f,{c})

= [dATav]:  |J  1mw(z:=e,{C}) = Inv(z = ¢, Inv(2:=1,{c}))

Celno(z:=f,{0})
[8(mo(z:=e, oo =1, (o})))]
= [[p:S:Inv:Nest] —
[8(mo(o = £(efs3, (0})]

= [d:D:Rmp]
&{t{e/3 /o) (o)

B.12 Composition (II)  &{¢/o}{f/c} = d{foe/s}

Oefol 1/l

[[p:D:Rmp:Comp1] — §B.11
S{EL/ o]y

[&:EComp] — 6
5{5o¢/s)

B.13 Composition (II))  &{e/oi[ {f/v; ]} = 84t/ 1)/ or o)}

Special case of|B.11}, where v = (7/1)) e= (:) and f = (m).
J

7/j f

B.14 Composition (IV) = &{¢/v[}{ /=]t = 0{ L/} /]

Special case of[B.11}, where v = (v;), e = (e) and f = (f).
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B.15 Tteration &{e/o}}* = 5{e"/sf}

By induction, the base case is trivial for k = {0,1}.

Inductive hypothesis: 5{¢/-}™ = §{e"/«}

5{Ig/gﬂn+1

= [d:D:Rmp:Iter] —
Ofe/ol} ™ e/l

= Inductive hypothesis
Sfe” /ol {le/ol}

= [[p:D:Rmp:Comp1] — §B.11
5{ele" =} /u]}

- [EComp]— 6
5eoe/s}

- [d:E:Comp:Trer] — §6
5™}

B.16 Commutativity () 8{¢/u[ {7} = S{L 1} us [ {efusl} iff w5 ¢ fo(e)

S{e/u /1t

= [[p:D:Rmp:Comp3]|— §B.13
S Ll (orop) )

= Substitution: v ¢ fv(e) = e{*/s;} = ¢
(G GGR S BTV

= Substitution: x = y{*/y}
STy} (05 D) (o) )

= [[p:D:Rmp:Comp3]|
BP0 oy

B.17 Commutativity (I1)  8{e/u[}{7x} = 8o} {e/onl} iff o1 ¢ fo(£) A 05 ¢ fo(e)

/o /1t

= [[p:D:Rmp:Cmm1] — §B.16
8L/} oy H{ /i ]}

= Substitution: v ¢ fo(f) = f{¢/v;} =f
O /ws{1e/wi

B.18 Expression substitution &(f = g){¢/s]} = 8(f = g){e{*/a}/s]}

0(f = gM{etal/u]t
. EEE-63
8(f = g){¢/}
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B.19 Contradiction Vo edom(d)eo(c{e¢/s})=false A d+€ < &{¢/s[{c)=¢

Vo edom(d) e o(c{¢/s}) = false A S+ €
[d:D:Rmp] —

Vo' e dom(8{¢/s}) @ 0'(c) = false A S+ €
[d:D:Rst] —

5{efelc) - e

B.20 Assertion Voedom(d)e o(c{e/s}) = true < 6{¢/s[}{(c) = 5{¢/}

Vo edom(d) e o(c{e/s}) = true
[d:D:Ramp]|—

Vo' e dom(5{¢/s[}) ® 0’(c) = true
[[d:D:Rst]| — §5.2

8{l¢/al{c) = 8{¢/s[}

B.21 Remapping a condition §{¢/s}{c) = d{c{¢/=}){¢/}}

{l/sfH{c)
- [pDmumcs]— §BH
B(c{sfe ) eblc) + Sf-c{efe} Hiebfc)

d{c{efu}Me/el(c) + e
= [p:D:Rmp:Rst2] — §B.20
d(c{e/u} )/l
O
B.22 Weight of a distribution after remapping ||5{]§/z|}|| = ”6” iff o(e) is defined in dom(9)

[o </}
[d:D:Wt] —
> 8{e/uh (o)

o’edom d{¢/s]}
[E:D:Rinp] — §62
> [8{me(z=e (D)

o’edom &{¢/s]}
p:D:RstA:Wt] —
5(c))
o’edom b{¢/s} oemmv(v:=e,{0’})

[[p:A:Inv:EqR]| — §6.1): U Inv(v :=e,{0'}) = dom§ iff o(e) is defined in dom(?)

o’edom {e/s}
>, 8(0)

oedom &
[d:D:Wt]
15
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B.23 Pseudo-associativity of probabilistic choice

ApB@C)=(A®B)@CAap=rsAr(1-s5)=1-p)(1-q)

A (B @C)
[[d:P:Ch:Prb]| — §3.1
35A,88c ¢ A(p-8,84) A (B @C)((1-p)-8,88c) Ad =8 +dpC
[d:P:Ch:Prb]|A 8¢ = 6 + 8¢ (One-point rule)
35A,08,8c @ A(p-8,84) AB(q(1-p)-8,88) AC((1-q)(1-p)-8,8c) A8 =8a+0p+5c
(1-p)A-q)=0-s) Ap=rs=q(1-p)=(-7)s
I5A,08,0c @ A(15:8,04) AB((1-7)s-8,88) AC((1-5)-8,8c) A8 =5a+0p+5c
[d:P:Ch:Prb]|An 8o = 54 + &g (One-point rule)
I5A8,0c ¢ (A ®B)(s-8,8a8) AC((1-5)-8,8c) A8 =dap +dc
[d:P:Ch:Prb]
(A@B)@&C

B.24 Idempotency of choice operators VX e cﬁoice(A, A,x) =A

cﬁoice(A, A, X)
[[d:P:Ch] —

I, 64,84 emme X AA(S(1),84) AA(S(TT),54) A =0a +84
[[d:P:Structure] —

I, 84,04, QuantOf(A) e e X A da = BodyOf(A) o §{m) A5 = BodyOf(A) o d(7t) Ad' =8a +04
One-point rule

37, Quant0f(A) e e X A S’ = BodyOf(A) o §{mt) + BodyOf(A) o &{7)
[pD:Sum:Cs] —

37, Quant0f(A) et e X A S = BodyOf(A) o b
[@P]— 3

A

B.25 Discarding right-hand option choice(A, B, {1}) = A

choice( A, B, {L})
[d:P:Ch] — §3.3

I, 84,0 e1we {L} AA(8(m),04) AB(8(7),08) A8 =08a + 0B
One-point rule

354,65 AA((L),54) AB(5(€),55) A8 =54 + 55
[d:D:Rst]| — §5.2

384,08 AA(5,04) AB(e,05) A =84a + 0B
One-point rule

A

p:P:Ch:Prb:Assoc

p:P:Ch:Idem

p:P:Ch:Dscrd
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B.26 Distributivity of choice operators

cﬁoice(A, (cﬁaice(B, C,Xz)),)ﬁ ) = cﬁoice((cﬁaiae(A, B, X3 )), (cﬁoice(A, C,x )),Xz)

cﬁoice(A, (cﬁoice(B, C,Xz)),)ﬁ )
[[d:P:Ch]|— §3.3

311,84, 08c @ T € Xg A A(8(m1),84) A (choice(B, C, X)) (8(7t1),85c) AS = 8a +Spc
[[d:P:Ch]|A 8gc = 8p + 8¢ (One-point rule)

3711, 72,84, 08,8C 71 € Xy A A(8(m1),04) A B(8(71 ){72),88) A C(8(71 }{7t2),6¢)
AS =8A +0p +0¢
[p:DSum:Cs] — §6

371,72, 04,08, 0¢c o i € X A A(8{mt1 ){72) + &{m1 {72}, 64 ) A B(8{71 ){m2),d8)A
A C(8(7t1 )(7t2),8c) A8 =8a +8p + 8¢
Linearity

371, 72,0A,04,08,0c o Ty € X5 A A(d(m1 ){712),04) A A(S{TT1 ){TT2), 5 5)A
AB(8(7t1 ){72), 88) A C(8{Tt1 [{72),8¢) Ad' =84 +84 + 88 + 8¢
[d:P:Ch]IA8aB =0a + 88 A Sz =04 + ¢ (One-point rule)

31, 0AB, 04 ® T2 € X5 A (cﬁoice(A,B,)ﬁ ))(é{ﬂz},é;\g) A (choice(A, C, X1))(8(72), 8 5¢)
AN =8aB +O4¢

cﬁoice((cﬁoice(A, B, Xy )), (cﬁoice(A, C,x )), Xz)

B.27 Sequential composition c/ioice(A,B,X);CEcﬁoice((A;C),(B;C),x)

cﬁoice(/\, B,X) ;C
[dP:Seq]— 5.1

38.m @ choice(A, B, X)(8,8m) A C(8m,8")
[[d:P:Ch]|— §3.3]

371, 84,08,0m eme X AA(8{T),54) AB(8(7),88) Adm =0a + 85 AC(6m,8")
One-point rule

37, 84,0 e e X AA(8{m),54) AB(8(7),58) A C(8a + 55,8")
Linearity

I, 8a,08,8¢,0c @me X AA(8(m),04) AB(8(7),d8) A C(8a,8¢) AC(8B,8e) A8 =8¢ +0¢
[d:P:Seq]

37, 5¢,8c e e X A (A;C)(8(m),5¢) A (B;C)(8(),5¢) A8 =8¢ + ¢
[d:P:Ch]

choice((A;C), (B;C), X)
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B.28 Choice flipping VX e choice(A, B, X) = choice(B, A, X) A X = Upex 7t

cfwice(A, B, X)
[d:P-Ch] — §33

3, 6/\,53 07T€X/\A(6{7T},6A) A B(é{ﬁf},ég) Ao = Oa + 08B
%-Un

TIEX

37:[, 6/\,63 Oﬁe)_(/\A(é{TC},éA) A B(é{ﬁ},ég) A = 5A + 6]3
[d:P:Ch]

cﬁoice(B,A,)_C)

B.29 Monotonicity of generic choice Vbe X7 € X = cﬁoice(A, B, X )(6) c c/ioice(A, B,Xz)(é)

choice(A, B, X2 ) (8)
= [d:P:Ch] — §3.3

(37,64, 85 e 7€ X2 A A(8(m),52) AB(8(7),88) A8’ = 8a + 58 ) (5)
= Set theory A X7 € X5

(371, Sa,0p @7re Xy U (X~ X1) AA(S(T), 54) AB(8(7),55) A8 = 5a + 53)(5)
=

choice(A, B, X1 )(8) U choice(A, B, X2 \ X1)(5)

O
B.30 Refinement relation for choices involving Xo ¢ X7 X2 € X3 = cﬁoice(A, B,X1) E cﬁoice(A, B,Xz)

choice(A, B, X1 ) € choice(A, B, X2)
[[d:P:Rfn:Alt] — §4

V5 o choice( A, B, X2 ) (8) < (choice( A, B, X1 )(5))"
[[p:P:Ch:Mntn]|— §B.29 A VXeXxC ()()A

Vo e true

O
B.31 Refinement of the disjunction of two programs AvB:=A @B

AvBcA o8B

= [d:P:Rfn:Alt] — §4
V5e (A @B)(8)c ((AVB)())”

= Set theory
V5,508 € (A ®B)(8) A &' ¢ ((AVB)(5))”

= ([d:P:Ch:Prb]| — §3.1]

V5,8, 8%, 5l S € A(8),85 € B(8) A 8 = (p-8n+(1-p)-85) A & e ((AvB)(5))”
[[d:P:RfnSet] — §4

Vo e true
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B.32 Refinement of the disjunction of two programs AvBc A< c >B

AVBEAQcD>B
[[d:P:Rfn:Alt] — §4
Vse (A< c>B)(8) < ((AvB)(s))”
Set theory
V5,5 08 € (A< c >B)(8) A 8 € ((AvB)(5))”
[d:P:Ch:Cnd]|— §3.1]
V5,8, 8%, 8l @ 8% € A(5(c)), 85 € B(8(~c)) A & =8h + 85 A 8 e ((AvB)(3))”
[[d:P:RfnSet] — §4

Vo e true

C Notation

C.1 Logic
- : logical negation

A : logical conjunction

v : logical disjunction
= : implication

<> : double implication
true : logical true
false : logical false

C.2 Relations and functions
: maps to

N
T : ovverride
— : total function
+ : partial function
R : relation
dom : domain operator
codom : codomain operator
img : image operator

C.3 Probability
P, q,T,s : probability

P, Q : stochastic variable
fp : probability density function
Fp : cumulative density function
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C.4 Variables, values and expressions

: assignment
: variable

: value

: expression

¢,d,z : boolean expression

: vector of variables

w : vector of values

: vector of expressions

: set of variables

{V
W : set of values

E : set of expressions

eval : expression evaluation operator

type : variable type operator

fv : free variable operator

C.5 States and distributions

0,(:

: abstract state

bv : bound variable operator

state

: set of all states (state space)
: alphabet

: alphabet operator

: distribution

: empty distribution

: unitary distribution

: weighting distribution

: complementary weighting distribution
: probability distribution

: set of distributions

: set of all distributions

: set of all weighting distributions
: set of all probability distributions
: weight

: restriction

: inverse-image set

: remap
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C.6 Programs

skip
abort :
miracle :

* 1

skip
abort
miracle

iteration

: conditional choice

u : angelic choice

n : demonic choice

P #B(1-p)
cﬁoice(_, , )
C

: probabilistic choice
: choice
: refinement

: refinement set
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