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Statistical Hough Transform
Rozenn Dahyot

Abstract— Local descriptors of the image surface and their dis-
tributions are attributes used in many computer vision applica-
tions. Using additional information measuring their uncertainty,
a more accurate estimate of their probabilistic distribution can be
modelled. This concept is illustrated here by proposing two kernel
based representation of the distribution of the Hough variables
that is more robust than the standard Hough transform.

Index Terms— Hough transform, kernel probability density
function, uncertainty, line detection.

I. INTRODUCTION

CONSIDERING a set of points in a 2D plane, the Hough
transform maps each point of coordinates (x, y) to all the

variables (ρ, θ) in the Hough space with the relation:

ρ = x cos θ + y sin θ (1)

If a set of observations S = {(xi, yi)}i∈I is aligned on
one straight line with coefficient (θ̂, ρ̂), then the family of
curves {Ci(θ, ρ) : ρ = xi cos θ + yi sin θ,∀i ∈ I} intersects in
the Hough space at (θ̂, ρ̂). This property is used to robustly
perform the estimation of (θ̂, ρ̂) by incrementing a discrete 2-
dimensional histogram defined on the space of variables (θ, ρ) for
each point of the curves {Ci}. The highest bin of this histogram
allows us to estimate the parameters (θ̂, ρ̂) of the line. This
technique has been proposed to recover lines in images more than
four decades ago [1] and refined (as expressed here) in the early
seventies [2]. Many works have since been proposed to generalize
the Hough transform to more complex shapes than straight lines,
and also, to improve its computational efficiency [3]. The Hough
transform has also recently been proven to be a statistically robust
estimator for finding lines [4].

The Hough transform has however one main weakness: the
probability density function p̂θρ(θ, ρ) of the parameter (θ, ρ) in
the Hough space is estimated using a discrete two dimensional
histogram [5]. Therefore the trade off in between the number of
bins in the histogram and the number of available observations
is crucial. Too many bins for too few observations would lead
to a sparse representation of the density. Too few bins would
also reduce the resolution in the Hough space and therefore limit
the precision of the estimates. It is therefore important to extract
the most relevant information from all available observations to
model the distribution of (θ, ρ).

The focus of this article is to extend some recent developments
on the Hough transform [6], [7] that propose to encapsulate more
prior information on the variables (ρ, θ). This time, the available
set of observations includes not only the spatial positions but
also the spatial derivatives of the image. Using the gradients
of the image, both the magnitudes and directions, allows us to
estimate statistics of interest about the Hough variables θ and ρ.
After a short review in section II that sets the context of this
study, following [6], [7], we propose to infer some statistics of
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interest of the Hough variables in paragraph III. To overcome
the discrete modelling using histograms, an estimate of the
probability density function of the Hough variables using kernel
mixtures with a variable bandwidth [8], is proposed in section
V. The resulting density is continuous, and, thanks to the prior
information extracted from the spatial derivatives of the image,
the pre-segmentation of the edges of the image is shown to be
an unnecessary preliminary step for selecting observations. The
modelling of the probability density function p(θ, ρ) benefits then
from all available pixels in the image and not only from the edges.
The Standard Hough Transform is also presented as a particular
case of this new approach named Statistical Hough Transform.
The Hough transform has been used in many applications and
for illustration here, some results of line detection on real images
from snooker and tennis broadcasts [9], [10], and road scene
footage [11] are shown.

II. CONTEXT

A. Local appearance based measures

Schmid et al. [12] have defined local descriptors of the intensity
surface of images to detect interesting points (e.g. corners) and
to match images. Using similar local appearance based features,
Schiele et al. [13] have proposed to model their distributions
using multi-dimensional histograms, and detection and recogni-
tion of objects can then be performed by comparing histograms.
More recently, thanks to the increasing computational power of
computers, kernel modelling [14] succeeded histograms for the
modelling of the distribution of local descriptors and the Mean-
shift procedure, used for finding modes of kernel densities, has
found many applications in computer vision [15].

In [11], three local appearance based measures are defined:

‖∇I(x, y)‖ =
√
I2x(x, y) + I2y (x, y)

θ(x, y) = arctan
(
Iy(x,y)
Ix(x,y)

)
ρ(x, y) = x · Ix(x,y)

‖∇I(x,y)‖ + y · Iy(x,y)
‖∇I(x,y)‖

(2)

where ‖∇I(x, y)‖ is the magnitude of the gradient, ρ is the
alignment, and θ is the angle of the gradient at the position
(x, y). (θ(x, y), ρ(x, y)) gives locally an estimate of the Hough
parameters. No edge segmentation is performed in [11]: the
angle and alignment are computed everywhere in the image,
and their distribution (joint with the magnitude of the gradient)
is used to detect appearing, disappearing or changing objects
in a sequence [11]. The distribution p(θ, ρ, ‖∇I‖) is estimated
by a 3-dimensional histogram computed using the observations
{(θi, ρi, ‖∇I‖i)} measured for each pixel i [11]. Integrating this
3-D histogram w.r.t. the magnitude of the gradient gives an esti-
mate (2-D histogram) of the density function p(θ, ρ) that is noisy
since all pixels in the image have been used (e.g. see figure 1(c)).
Further analysis is performed in [16] to understand in particular
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the behaviour of the angle θ. Its variance is computed locally
and it is shown to be inversely proportional to the magnitude
of the gradient. When an edge occurs at the position (x, y), the
magnitude of the gradient is high, and the measure θ(x, y) is an
observation with a low variance (or low error). On the contrary
when no edge exists at the position (x, y), the magnitude of the
gradient is low, and the measure θ(x, y) is an observation with
a high variance (or high error). This approach is described and
extended in paragraph III.

B. Reliability, confidence and uncertainty of local features

As just illustrated with the local measure of the angle, image
content and noise can alter the quality of the computed or esti-
mated local features. The notion of uncertainty of a measurement
is the amount by which an observed value differs from its true
value. For instance, Steele et al. [17] studied the uncertainty of the
spatial localisation of a corner detector. The notion of repeata-
bility of a detector [12], defined by its robustness at detecting
image features independently from perturbations in the imaging
conditions, is closely related to uncertainty. A measurement with
high uncertainty under a particular perturbation is indeed unlikely
to be repeatable. In section III-B, the only perturbation considered
is a Gaussian noise on the image. The reliability or certainty of
the measure of the angle of the gradient and its alignment under
this perturbation, is then assessed.

C. Recent works on the Hough Transform

Many works have been published on the Hough Transform
since its first publication [1]. Recently, Aggarwal et al. proposed
to robustly detect lines in noisy environment in the Hough space
by adding prior modelling on the variables (θ, ρ) [18]. Several
probabilistic Hough transforms, related to the RANSAC approach
[19], have also been proposed [20], [21]. Of particular interest for
this article is the Meanshift clustering approach in the Hough
domain proposed by Bandera et al. [21], where a continuous
kernel based modelling of p(θ, ρ) with variable bandwidth is
introduced. However their modelling is deduced from a very
different approach and their resulting process requieres many
parameters to be manually tuned.

This short state of the art is focusing mainly on the works of
Ji and Haralick [6], and Bonci and Karl [7], pursuing the same
purpose as [20], [21], [18] of robustly estimating the lines.

Ji et al. [6] has proposed to locally approximate an image by
a plane:

I(x, y) = αx+ βy + γ + ν(x, y) (3)

Consequently, an estimate of the Hough parameters is given by:
θ̂(x, y) = α̂

β̂

ρ̂(x, y) = x cos θ̂(x, y) + y sin θ̂(x, y)

(4)

where α̂ and β̂ are locally estimated using least squares in
equation (3). Estimates of the variances σ2

θ , σ2
ρ and covariance

σθρ are also computed [6], [7]. Considering all available estimated
parameters {(θi, ρi, σ2

θi, σ
2
ρi, σθρi)}, a 2-dimensional weighted

histogram estimates the distribution p̂(θ, ρ) using the inverse of
the variances as weights.

III. STATISTICS OF LOCAL HOUGH FEATURES

A. Prior hypotheses

Assuming a noisy image I(x) defined as:

I(x) = d(x) + b(x) (5)

with d(x) the deterministic clean signal, b(x) the noise and x =

(x, y) is the position on the image surface. We assume that the
distribution of the two derivatives of the image are normal:{

Ix(x, y) ∼ N (dx(x, y), σ
2)

Iy(x, y) ∼ N (dy(x, y), σ
2)

(6)

The position x = (x, y) is also modelled as a random variable
that has the distribution x ∼ N (µx, σ

2
x) and y ∼ N (µy, σ

2
y). In

the following paragraph, we derive statistical properties of the
angle of the gradient θ and the alignment ρ that are defined with
respect to Ix, Iy, x and y.

B. Statistical moments of θ

Let’s define the ratio variable z =
Iy
Ix

. Assuming bx
dx

<< 1, the
variable z can be approximated by:

z =
Iy
Ix
≈ dy+by

dx
(7)

The mean and the variance of z can then be inferred:
E[z] =

dy
dx

V[z] = σ2

d2x

(8)

Applying the Delta method (c.f. appendix I), the statistics of the
angle θ = arctan z are:

E[θ] = µθ ≈ arctan
(
dy
dx

)
V[θ] = σ2

θ ≈
σ2

d2x+d
2
y

(9)

In the case where Ix is small and Iy >> by , by defining θ =

arccotan IxIy , it is easy to show that the same result holds for the
variance of θ in equation (9):

E[θ] = µθ ≈ arccotan
(
dx
dy

)
V[θ] = σ2

θ ≈
σ2

d2x+d
2
y

(10)

Finally in the case when both variables (Ix, Iy) are centred on
dx = dy = 0, the resulting distribution of θ is uniform on the
interval [−π/2;π/2]. A short proof is given in appendix II. It
means that when the region of the image is flat, the measurement
of θ can take any value in the interval [−π/2;π/2]. It also means
that if we observed two instances of the same scene d(x, y)

(I1(x, y) = d(x, y) + b1(x, y) and I2(x, y) = d(x, y) + b2(x, y)),
then the measurements of θ in flat areas are going to be randomly
sampled from a uniform distribution. Therefore it is unlikely that
the measurements θ on flat areas are corresponding in both images
at the same position (x, y). The measure of the angle is not a
reliable measurement to match images when it has been computed
on uniform regions. On the contrary, when there is a contour
(dx 6= 0 or dy 6= 0), the variance of the measure θ is small and
therefore should accurately repeat itself from one instance of an
image I1 to another I2.
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C. Statistical moments of ρ

Using the relation in between ρ and θ (cf. equation (1)) and
the properties listed in appendix I, the alignment is a function of
three independent variables ρ = ρ(x, y, θ) and has the following
statistics:

E[ρ] = µρ ≈ µx · cos(µθ) + µy · sin(µθ) (11)

and the variance is:

σ2
ρ ≈ (cosµθ)

2 σ2
x + (sinµθ)

2 σ2
y + σ2

θ(µy cosµθ − µx sinµθ)
2

(12)

D. Remarks

The expression of the variances of θ and ρ are conformed to
the ones found by Ji and Haralick [6]. A similar result for the
variance of θ has also been found in [22]. This confirms the
intuition that the uncertainty of the estimated orientation increases
as the gradient magnitude decreases. Also, as noticed in [6], the
origin of the spatial coordinates is better chosen in the centre
of the image to limit the error done on the feature ρ, since its
variance (c.f. equation (12)) depends on the location (µx, µy).

IV. ESTIMATION OF THE STATISTICS

A. Estimation of the variance of the noise

Lets consider the magnitude of the gradient of the image as a
random variable:

‖∇I‖ =
√
I2x + I2y (13)

The distribution of ‖∇I‖ is a Rayleigh distribution when dx =

dy = 0 (i.e. when the gradient is computed on a locally constant
image surface). Assuming that a large proportion of the image
has flat regions (dx = dy = 0) then the estimation of the
standard deviation σ of the noise on the derivative can be robustly
performed by locating the maximum of the distribution of the
magnitude ‖∇I‖ computed on the image [23], [24].

B. Estimation of µθ, σθ, µρ, σρ
Knowing one observation (xi, yi, Ixi , Iyi), assuming a Gaus-

sian distribution for the variable θ and using the result in equation
(9), the distribution of θ can be modelled by:

θ ∼ N (θi, σ̂
2
θi) with

 θi = arctan
Iyi
Ixi

σ̂2
θi

= σ̂2

I2xi
+I2yi

(14)

The derivatives (Ixi , Iyi) serve as an estimate of (dxi , dyi) since
E[Ixi ] = dxi and E[Iyi ] = dyi (c.f. equation (6) with Ixi =

Ix(xi, yi) and Iyi = Iy(xi, yi)). Similarly, the variable ρ can be
modelled by:

ρ ∼ N (ρi, σ
2
ρi) with

ρi = xi cos θi + yi sin θi

σ̂2
ρi = (cos θi)

2 σ2
xi + (sin θi)

2 σ2
yi

+σ̂2
θi

(yi cos θi − xi sin θi)2

(15)

where the position (xi, yi) serves as an estimate for (µxi , µyi).
The standard deviations (σxi , σyi) are manually set and chosen
equal to 1 in the experiments section VII, to account for the digital
image grid resolution.

V. STATISTICAL HOUGH TRANSFORM

From each observation (Ixi , Iyi , xi, yi), we can compute the
values (θi, ρi) and their variances as presented in the previous
section. We will define the following sets of observations:

• Sθρ = {(θi, ρi)}i=1···N with their respective standard devi-
ations {(σ̂θi , σ̂ρi)}i=1···N ,

• Sθxy = {(θi, xi, yi)}i=1···N with their respective standard
deviations {(σ̂θi , σ̂xi , σ̂yi)}i=1···N .

• Sxy = {(xi, yi)}i=1···N with their respective standard devi-
ations {(σ̂xi , σ̂yi)}i=1···N .

We can next estimate pθρ(θ, ρ) using kernels with those different
sets of observations.

A. Kernel density modelling of pθρ(θ, ρ|Sθρ)

Using the set of observations Sθρ with their estimated variances
{(σ̂θi , σ̂ρi)}i=1···N as variable bandwidths, we can model the
distribution using kernels by:

p̂θρ(θ, ρ|Sθρ) =
1

N

N∑
i=1

1

σ̂θi
kθ

(
θ − θi
σ̂θi

)
· 1

σ̂ρi
kρ

(
ρ− ρi
σ̂ρi

)
(16)

where N is the number of observations available. The kernels
kθ(·) and kρ(·) are naturally chosen Gaussians. Equation (16)
gives a continuous and smooth estimate of the density pθρ(θ, ρ).
However, using all available observations, we can estimate a more
precise probability density function pθρ(θ, ρ) as shown in the
following paragraphs.

B. Kernel density modelling of p̂θρ(θ, ρ|Sθxy)

In the previous paragraph, we have used a subset of the
observations leaving apart the location {(xi, yi)}i=1···N . We want
now to take into account those observations to model first the
density pθρxy(θ, ρ, x, y). Using the Bayes formula, we can write:

p̂θρxy(θ, ρ, x, y|Sθxy) = p̂ρ|θxy(ρ|θ, x, y,Sθxy)·p̂θxy(θ, x, y|Sθxy)
(17)

As noticed by Bonci et al. [7], when x, y, θ are known, the variable
ρ is deterministic by definition in equation (1), therefore equation
(17) becomes:

p̂θρxy(θ, ρ, x, y|Sθxy) = δ(ρ−x cos θ−y sin θ) · p̂θxy(θ, x, y|Sθxy)
(18)

where δ(·) is the dirac distribution. As a consequence, only
p̂θxy(θ, x, y) is to model using kernels:

p̂θρxy(θ, ρ, x, y|Sθxy) = δ(ρ− x cos θ − y sin θ) · 1

N
·∑

i

1

σ̂xi σ̂yi σ̂θi
kx

(
x− xi
σ̂xi

)
· ky

(
y − yi
σ̂yi

)
· kθ

(
θ − θi
σ̂θi

)
(19)

By integrating with respect to the variables x = (x, y), an estimate
of the Hough transform pθρ(θ, ρ) can be computed. This is done
in the next paragraph considering two types of kernels for the
spatial coordinates.
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1) Modelling spatial variables x and y with dirac kernels:
We model the distribution of both spatial variables x and y with
dirac kernels, so for instance for x (similarly for y), we have:

1

σ̂xi
kx

(
x− xi
σ̂xi

)
= δ(x− xi) (20)

then the integral equation (19) w.r.t. (x, y) can be solved:

p̂θρ(θ, ρ|Sθxy) =
1

N

∑
i

1

σθi
kθ

(
θ − θi
σ̂θi

)
× δ(ρ− xi cos θ − yi sin θ) (21)

However, this result does not account for the uncertainty on the
spatial coordinates (i.e. the assumption of dirac kernels for the
spatial coordinates does not leave room for uncertainty on their
measurements).

2) Modelling spatial variables x and y with Gaussian kernels:
We assume Gaussian kernels for the spatial coordinates, for
instance for x:

1

σ̂xi
kx

(
x− xi
σ̂xi

)
=

1√
2πσ̂xi

exp−1

2

(
x− xi
σ̂xi

)2

(22)

The integration of equation (19) w.r.t. (x, y) is also feasible but
more complex:

p̂θρ(θ, ρ|Sθxy) =
1

N

∑
i

1

σ̂θi
kθ

(
θ − θi
σ̂θi

)
Ii(θ, ρ) (23)

with the function Ii(θ, ρ) defined in appendix III.

C. Standard Hough Transform p̂θρ(θ, ρ|Sxy)
Lets assume now that the only available observations are the set

of positions Sxy . No prior information is available on the variable
θ therefore its kernel can be replaced by the uniform distribution
such that:

kθ(θ − θi)
σ̂θi

=
1

π

So assuming dirac kernels for the spatial coordinates, equation
(21) becomes as expected:

p̂θρ(θ, ρ|Sxy) =
1

Nπ

∑
i

δ(ρ− xi cos θ − yi sin θ) (24)

We recognise in equation (24) the mathematical expression of the
process described in the introduction. Indeed each distribution
δ(ρ − xi cos θ − yi sin θ) modelled the probability of (θ, ρ) to
belong to the curve {Ci(θ, ρ) : ρ = xi cos θ + yi sin θ}.

Assuming Gaussian kernels for the spatial coordinates, equation
(23) then becomes:

p̂θρ(θ, ρ|Sxy) =
1

Nπ

∑
i

Ii(θ, ρ) (25)

with the function Ii(θ, ρ) defined in appendix III.

D. Remarks

We have considered two hypotheses for the distribution of
the spatial coordinates, dirac and Gaussian. Note that the dirac
distribution can be seen as the Gaussian one with a variance null.
Depending on the set of observations, we have shown that a con-
tinuous kernel modelling of the joint probability density function
of the variables (θ, ρ) can be proposed. Our statistical framework
also encapsulates nicely the Standard Hough Transform.

We are mainly interested here in the assessment of the estimates
p̂θρ(θ, ρ|Sθρ) defined equation (16) and p̂θρ(θ, ρ|Sθxy) defined
equation (23). One major difference can already be spotted:
the variance of ρ as defined in equation (15) and used as
variable bandwidth in p̂θρ(θ, ρ|Sθρ), is depending on the spatial
coordinates (x, y). This variance is then going to vary according
to the distance of the observation from the origin, and points that
are located far from the origin will have less impact on the overall
distribution. This has already been noticed in section III-D and
has motivated the choice of the origin of the coordinate system at
the centre of the image to reduce the uncertainty on the variable
ρ.

However the variance of ρ in p̂θρ(θ, ρ|Sθxy), defined in equa-
tion (23), is not anymore dependent on the coordinates (x, y). As
can be seen in the definition of the kernel Ii(θ, ρ) in equation
(35), the variance of ρ is now equal to σ2

yi sin2 θ + σ2
xi cos2 θ

and using the hypothesis σyi = σxi = σx, ∀i, it can then be
simplified to σ2

x, the uncertainty on the spatial coordinates. The
modelling of the distribution p̂θρ(θ, ρ|Sθxy), defined in equation
(23), is therefore not dependent on the choice of the origin
of the coordinate system. This is a major difference with the
p̂θρ(θ, ρ|Sθρ) defined in equation (16).

VI. ESTIMATION OF THE MODES

The modes of p̂θρ(θ, ρ) indicate straight edges present in the
picture. A natural way of finding the modes of the density function
p̂(θ, ρ) would be to apply a Meanshift search with the set of
observations [8], [21]. Another approach used here, is to compute
a discrete representation of p̂(θ, ρ) on a fine grid θ ∈]− π

2 : δθ : π2 [

and ρ ∈ [−lρ : δρ : +lρ]. δθ represents the resolution of the
discrete density on the axis θ and δρ is the resolution in the
direction ρ. Those have been chosen δθ = π/180 and δρ = 1

in the experiments section VII. lρ is the maximum limit of ρ.
Assuming an image of size w × h with the origin of the spatial
coordinates in the middle of the image, then

lρ =
w

2
cos

(
arctan

h

w

)
+
h

2
sin

(
arctan

h

w

)
(26)

The process to detect lines in images is summarized as follows:
1) Compute the derivatives of the image Ix, Iy . Here, we

choose Gaussian filters with variance σ2
g . Influence of the

parameter σg will be shown in the next section.
2) Estimate the variance of the noise σ2 from the distribution

of the magnitude of the gradient.
3) Compute θi, ρi, σθi , σρi for each observation i in the image.
4) Compute the continuous densities p̂θρ(θ, ρ|Sθρ), as defined

in equation (16), and p̂θρ(θ, ρ|Sθxy), as defined in equation
(23), on a discrete grid. One important characteristic of
the angle is that it is defined modulo π and there is
a discontinuity at the limit of the discrete space −π/2
and π/2. Indeed a horizontal edge can have points with
either Hough coordinates (−π/2, ρ) and (π/2,−ρ). More
generally, the point (θ, ρ) is equivalent to (θ + π,−ρ) and
(θ−π,−ρ). Even if θ+π and θ−π are outside the discrete
space, it is important to take into account the influence of
their Gaussian kernel in the estimated mixture p̂θρ(θ, ρ).
In practice, this is achieved by duplicating all observations
(θi, ρi) with (θi + π,−ρi) and (θi − π,−ρi) increasing
artificially the cardinal of the set of observations from N

to 3N .
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5) Detect the local maxima of the surfaces p̂θρ(θ, ρ|Sθρ) and
p̂θρ(θ, ρ|Sθxy), rank them in descending order and select
the most significative ones to infer the corresponding lines.

VII. EXPERIMENTAL RESULTS

In the following experiments, we have set a priori the variance
of the spatial coordinates σ2

xi = σ2
yi = 1 ∀i. This choice is

motivated by the natural grid of pixels in digital images. Also
no particular pixels are selected in the image to compute the
distributions, i.e. no contour segmentation has been performed to
select observations: all the pixels in the images are used.

A. Synthetic image

The image diamond used in [7] is used here to compare
the two distributions: p̂θρ(θ, ρ|Sθρ) is represented in figure 1(e)
and p̂θρ(θ, ρ|Sθxy) is shown in figure 1(f). Those two can be
compared with a standard 2-dimensional histogram 1(c) and a
weighted histogram 1(d) using 1

2πσθiσρi
as weights as in [6],

both computed on the observations Sθρ. The discrete sampling
of the Hough space is the same for all the distribution. The
continuous distributions are as expected, far smoother than the
histograms and, p̂θρ(θ, ρ|Sθxy) gives higher and sharper peaks
than p̂θρ(θ, ρ|Sθρ). This can also be noticed in figure 5 where
p̂θρ(θ, ρ|Sθxy) gives finer information than p̂θρ(θ, ρ|Sθρ). Also
despite the fact that all the pixels in the image have been used
to compute these distributions, all the peaks corresponding to the
straight edges are well detectable. Figure 1(b) shows the lines
estimated using the maxima of the statistical Hough transform
shown in figure 1(e).

B. Comparison of p̂θρ(θ, ρ|Sθρ) with simulation

To verify our model, 100 instances of the image 1(a) were
generated with different instance of the noise on the derivatives
(σ = 10). It means that for each pixel i, we can compute 100
times the values of the angle and the alignment from which we
compute their average values (µθi , µρi) and variances (σθi , σρi)

using standard formula of statistics. Using these estimates in
equation (16) gives the probability density function represented
in figure 2. This is to be compared with p̂θρ(θ, ρ|Sθρ) in figure
1(e) estimated with only one instance of the image. Peaks in
the simulated distribution 2 are slightly higher and narrower than
in the estimated distribution 1(e). It shows that the computed
variances of θ and ρ are slightly over-estimated. One major
difference appears at the peaks at −π/2 and π/2. Since the angle
is modulo π, its occurrences swap randomly in between −π/2
and π/2 on the horizontal edge that splits the diamond in two.
Consequently the simulated variance for this line is very large
which flattens the peaks located at θ = −π/2 and θ = π/2.

C. Resistance to noise

Figure 3 presents the statistical Hough transform p̂θρ(θ, ρ|Sθρ)
computed on the image 1(a) with different size of Gaussian
filters. σg , the standard deviation of the filter, controls the size
of the template used to compute the spatial derivative Ix and
Iy . It is related to the size of the neighbourhood used by Ji
et al. in [6] for their local least square estimation of Ix(x, y)
and Iy(x, y). The larger this neighbourhood, the more numerous
the observations used to perform the estimation that becomes

Fig. 2. Simulated statistical Hough transform (read paragraph VII-B).

more accurate and more reliable. The Gaussian filter offers the
advantage over the least square estimation of weighting the
neighbourhood according to the their relative position from the
centre (x, y) of the window. If the neighbourhood (or σg) is too
small, the statistical Hough transform is more sensitive to noise.
Since the uncertainty increases with the noise, the distribution gets
closer to a uniform distribution, drowning the relevant peaks.

Figure 4 shows the influence of both the noise level and the
choice of the filter for the detection of the peaks. Very good
resistance to noise can be observed with σg = 1.

The Hough transform is used in many applications such as
sport video analysis. Figure 5 shows the result of line detection
performed using our method on real images. No pre-selection
of the observations has been performed before the computation
of the statistical Hough transform. More natural scenes such as
road scene images [11] show more texture that generate spurious
peaks in the Hough space. However the first maxima are very
informative on the geometry of the road and also for detecting the
vanishing point. All the important straight edges are well detected
in images of the tennis court and the snooker table, and even the
very close parallels are distinguishable on the snooker table. One
can also notice that, as expected, the estimate p̂θρ(θ, ρ|Sθxy) gives
finer details than p̂θρ(θ, ρ|Sθρ).

D. Computation

The computation of the Statistical Hough Transform is more
intensive than the standard one, mainly because there is no prior
selection of the observations (i.e. segmentation of the edges) and
consequently the number of observations is far more important.
Current implementation to compute p̂θρ(θ, ρ|Sθρ) in Matlab needs
approximately 70s for a 290 × 290 (equivalent to 290 × 290 ×
3 kernels in the density functions) image on a computer with
the following spec: CPU Intel Pentium(R) M processor 1.73GHz
and 2GB memory. The matlab function is giving the possibility
to split the image into several part to compute the probability
density function into several lower memory demanding steps. This
method is in fact very suitable for speed optimisation with parallel
computing on multicore architecture.

VIII. CONCLUSION AND FUTURE WORK

In this paper, it has been shown that using local appearance-
based measures of angle and alignment computed with their vari-
ances, two probability density functions of the Hough parameters
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(θ, ρ) can be modelled using kernels with variable bandwidths.
Those distributions are continuous and smooth by nature. The
detection of the maxima is easy and robust to noise. This new
estimates require more time for computation but eliminate the
prior need of edge segmentation.

The density p̂θρ(θ, ρ|Sθρ) gives accurate results for detection
of lines in images. However this can be improved by using
p̂θρ(θ, ρ|Sθxy) that has the advantage of not being sensitive to the
choice of the origin of the spatial coordinate system. Gaussian
kernels have been used in this paper, however the proposed
framework can easily be extended to other standard ones (e.g.
Epanechnikov or Triangular kernels).

APPENDIX I
THE DELTA METHOD

Let x and y be two random variables linked by the relation y =

f(x) with f a smooth function that accepts a Taylor expansion.
Knowing the first moments of x, mean µx and variance σ2

x, the
Delta method defines the moments of y [25]:

E[y = f(x)] = µy ≈ f(µx)

V[y = f(x)] = σ2
y ≈ (f ′(µx))

2 σ2
x

(27)

It is generalisable to y = f(x1, x2, · · · , xn) with {xi}i=1,··· ,n, n
independent random variables:

E[y = f(x1, · · · , xn)] = µy ≈ f(µx1 , · · · , µxn)

V[y = f(x1, · · · , xn)] = σ2
y ≈

∑n
i=1(

∂f
∂xi

(µx1 , · · · , µxn))2 σ2
xi

(28)

APPENDIX II
UNIFORM REGIONS dx = dy = 0

Considering the variable z =
Iy
Ix

, by definition [16], [26] , the
probability density function of z is :

pz(z) =

∫ ∫
Dz

pIx,Iy (Ix, Iy) dIxdIy (29)

where Dz = {(Ix, Iy)| IyIx ≤ z} and pIx,Iy (., .) is the joint
probability density function of (Ix, Iy). By changing variable,
equation (29) becomes:

pz(z) =

∫
|Ix| pIx,Iy (Ix, zIx)dIx (30)

Assuming the derivatives Ix and Iy independent, then we have
pIx,Iy (Ix, Iy) = pIx · (Ix) pIy (Iy) with pIx(Ix) = N (0, σ2) and
pIy (Iy) = N (0, σ2). So

pz(z) = 1
2πσ2

∫
|Ix| exp−

(1+z2)I2x
2σ2 dIx

= 1
π(1+z2)

(31)

pz(z) is then the Cauchy distribution. Since the angle is defined
as θ = arctan z and pθ(θ) = pz(tan θ)| tan′ θ|, then

pθ(θ) =
1

π
, ∀θ ∈

[
−π

2
;
π

2

]
(32)

APPENDIX III
INTEGRAL Ii(θ, ρ)

The integral to solve is:

Ii(θ, ρ) =
1

2πσ̂xi σ̂yi

∫ ∫ +∞

−∞
δ(ρ− x cos θ − y sin θ)

exp− (x− xi)2

2σ̂2
xi

exp− (y − yi)2

2σ̂2
yi

dxdy (33)

By integration on x we get:

Ii(θ, ρ) =
1

2πσ̂xi σ̂yi cos θ∫ +∞

−∞
exp−

(ρ−y sin θ
cos θ − xi)2

2σ̂2
xi

exp− (y − yi)2

2σ̂2
yi

dy (34)

By integrating w.r.t. y:

Ii(θ, ρ) =
1√

2π(σ̂2
yi sin2 θ + σ̂2

xi cos2 θ)

exp

(
−(ρ− (xi cos θ + yi sin θ))

2

2(σ̂2
yi sin2 θ + σ̂2

xi cos2 θ)

)
(35)
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Fig. 1. Different estimates of the probability density function pθρ(θ, ρ) on the image diamond 1(a) used in [7] with noise σ = 10.
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σg = 0.5, σ = 0 σg = 0.5, σ = 20

σg = 1, σ = 0 σg = 1, σ = 20

σg = 1.5, σ = 0 σg = 1.5, σ = 20

σg = 2, σ = 0 σg = 2, σ = 20

Fig. 3. Probability density function p̂θρ(θ, ρ|Sθρ) computed on the image 1(a) with different noise level (σ) and different filters (σg).
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Legend: σ = 0, σ = 5, σ = 10, σ = 15 σ = 20.

Fig. 4. Localisation of the first 19 maxima corresponding to the lines in image 1(a) for different filters (σg) and different noise level (σ).
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Fig. 5. Line detection. From top to bottom: real colour images, corresponding density p̂θρ(θ, ρ|Sθρ), p̂θρ(θ, ρ|Sθxy) and detected lines superimposed on
the images.


