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AsstracT. We develop a version of the picalculB&ost where channels are interpreted@sources
which have costs associated with them. Code runs under tecfad responsibility obwners they
must pay taiseresources, but may profit lgrovidingthem.

We provide a proof methodology for processes describdidost based on bisimulations. The
underlying behavioural theory is justified via a contextci@racterisation. We also demonstrate its
usefulness via examples.

1. INTRODUCTION

The purpose of this paper is to develop a behavioural thefopyazesses, in which computa-
tions depend on the ability to fund the resources involvede theory will be based on the well-
known concept of bisimulations, [Mil99], which automatigagives a powerful co-inductive proof
methodology for establishing properties of processes tierse properties will include the cost of
behaviour.

We take as a starting point the well-known picalculus, [SWi199], a language for describing
mobile processes which has a well-developed behaviouealrgh In the picalculus a process is
described in terms of its ability to input and output@@mmunication channel$iere we interpret
these channels assources or services, as for example in [CGP08]. So input along a dlan
written asc?(x) .P in the picalculus, is now interpreted asoviding the servicec, while output,
written cl(v).P, is interpreted as a requestusethe servicec. A process is now determined by the
manner in which iprovidesthese services angsesthem.

Viewed from this perspective, we extend the picalculus io tmays. Firstly we associate
a cost with resources; specifically for each resource we assunteatlc@rtain amount of funds
ky is charged tauseit, and an amounk, is also required tgrovideit. Secondly we introduce
principals or ownerswho provide the funds necessary for the functioning of resesi The novel
construct in the language iB],, representing the (picalculus) procésaunning under the financial
responsibility ofo. For example ing!(v).Q], the use of the resourads only possible ib can fund
the charges. Similarly withc[(x) .Q],, but here there is also the potential for gain for owagin
our formulationo profits from any diference between the cost in providing the resource and the
charge made to use it.

Our languagéicost is presented in Section 2, and is essentially a variatiobmna typed dis-
tributed version of the picalculus, [Hen07]. The reducsemantics is given in terms of judgements
of the form

TC>M)— (A>N)
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wherel’, A arecost environmenisThese have a static component, giving the costs assoaciatted
resources, and a dynamic part, which gives the funds alaitalmwners and also records expendi-
ture. The usefulness of the language is demonstrated byes séisimple examples.

But the main achievement of the paper is a behavioural thegpressed as judgements

(I'> M) Cagt (A>N) (1.1)
indicating that, informally speaking,
(i) the processM running relative to the cost environmelitis bisimilar, in the standard sense
[Mil89], with processN running relative toA
(i) the costs associated witlh (> N) are no more, and possibly less, than those associated with
(> M).

Influenced by [KAKO5] we first develop a general frameworkwafighted labelled transition
system®r wLTSs in which actions, including internal actions, may have tiplé weights associ-
ated with them. We then define a notionashortised weighted bisimulatiofgetween their states,
giving rise to a preordes C,,; t, meaning thas, t are bisimilar but in some sense the behaviours
of t arelighter than those ok. From this we obtain, in the standard manner, a co-indugtioef
methodology for proving that two systems are related; itifBaent to find, or construct, a particular
amortised weighted bisimulation containing the paijt)

This proof methodology is applied ®icost by first interpreting the language as an LTS, in
agreement with the reduction semantics, and then intémgréhis LTS as a wLTS, giving rise to
(parametrised versions of) the judgements (1.1) aboveaBute will see these judgements can be
interpreted in two ways. If the recorded expenditure remresoststhen (A N) can be considered
an improvement onI{> M). On the other hand if it representsofits then we have the reverse;
(I > M) is an improvement orA(> N) as it has the potential to be heavier.

The details of this theory are given in Section 3, and theltiaguproof methodology is illus-
trated by examples. However in Section 4 we re-examine tlusfpnethodology, in the light of
reasonable properties we would expect of it; and these arefaanting. It turns out that the man-
ner in which we generate the wLTS fBicost from its operational semantics is too coarse. We show
how to generate a somewhat more abstract wLTS, and provéhihaesulting proof methodology
is satisfactory, in a precise technical sense, by adagtegation of reduction barbed congruence,
[HT92, SWO01, HR04, HenO7].

2. THE LANGUAGE Picost

2.1. Syntax: We assume a set channelor resourcenamesChan, ranged over by, b,c,...,r,...
whose use requires some cost, a distinct set of (value)blasislar, ranged over by,y,..., and

a further distinct set of recursion variables)y,.... We also assume a set pfincipals or owners
Own containing at least two elements, ranged oveohy, p, who are implicitly registered for these
resources and who finance their provision and use. The sypfticost is then given in Figure 1,
and is essentially a very minor variation bpi, [Hen07]. The main syntactic category represents
code running under responsibility, witR]|, being the novel construct. As explained in the Intro-
duction this represents the coBeunning under the responsibility of the ownzrintuitively o is
financially responsible for the computatiéh Thus in general a system is simply a collection of
computation threads each running under the responsiloilign explicit owner, which may share
private resources. The syntax for these threads is a veo$itie well-known picalculus, [SWO01].



[Tlo Owned code
M|N Composition
(newr:R)M Scoped resource
0 Identity

T, U =
uAx).T Provide resource
ul{v). T Use resourcel
ifu=vthenT else U Matching
(newr:R)T Resource creation
T|U Concurrency
rec X. T Recursion
X Recursion variable
stop Termination

Figure 1: Syntax oPicost

The typeR of a resource describes the costs associated with thatroesoirhere is a cost
associated witlusinga resource, and a cost associated pithviding it; therefore types take the
form (ky, kp) whereky, kp are elements from sonumst domain K Here we takeK simply to beN
ordered in the standard manner, but most of our results agoplglly well to variations.

We employ the standard abbreviations associated with ttedgpilus, and associated terminol-
ogy. In particular we assuni@arendregt’'s conventigrwhich implies that bound variables used in
terms or definitions are distinct, andidirent from any free variables in use in the current context.
In Figure 1 meta-variables v range ovevalue expressionsvhose specification we omit; but they
include at least resource names Chan, variablesx from Var, and elements oK. As usual we
omit every occurrence of a trailirgjop and abbreviate?() .T, ul{).T to u?T, ulT respectively. We
are only interested iolosed code termshose which contain no free occurrences of variables, lwhic
are ranged over b, Q,...; we usefin(P) to denote the set of names frabman which occur freely
in P. In the sequel we assume all terms are closed.

2.2. Cost environments: Since computations have financial implications, the execubf pro-
cesses is now relative to@st environment'. This records the financial resources available to
principals, and the cost of providing and using resouraesrder to be able to compare the cost
of computations we also assume a component which recoragxgenditure as a computation pro-
ceeds. Thus judgements of the reduction semantics takertme f

I'>sM — A>N

wherel', A are cost environments.

There are many possibilities fapst environmentsee [HG08] for an example which directly
associates funds with resources. In the present paper wedieém in such a way that the owners
retain total control over their own funds.



Definition 2.1 (Cost environments)A cost environmenf” consists of a 4-tuplél®, 'Y, I'P, I'"¢¢)
where
e IY:Chan—K
I'Y(a) records the cost afsingresourceg; this is astatic component, and will not vary
during computations
e ['P:Chan —K
I'P(a) records the cost gfroviding resourcen; again this is a static component
e I°:0wn—K
(o) records the funds available to owrerthis will vary as computations proceed, as
owners will need to fund their interactions with resources
° Frec I K
I'"*¢ keeps an account of the expenditure occurred during a catigrit of course this
also will vary as a computation proceeds.

We assume that both functiofd, I'P have the same finite domain, but not necessarilytH@) >
I'P(a) whenever these are defined. [ ]

We now define some operations on cost environments whichendble us to reflect their

. . . L . (u.a,p)
impact on the semantics of our language. The most imporgaatpartial functionI’ i A,

which informally means that iit owneru has stficient funds to cover the cost of using resouace
and owneip has stficient funds to provide it. Then records the result of the expenditure of both
o andp of those funds. There is also considerable scope as to wppéha to these funds, and how
their expenditure is recorded. Here we take the view thaptbeiderp gains the cost which the
user expends, tofiset thep’s cost in providing the resource.

_ . ua, . : :
Definition 2.2 (Resource charging)Let ﬂ be the partial function over cost environments de-

fined as followsT -2, A if

(i) T°(u) > T4(a) andI™(p) > I'P(a)

(i) A'is the cost environment obtained frdiby
(a) decreasin@®(u) by the amouni(a)
(b) increasind°(p) by the amountI(*(a) — I'’(a)), which may of course be negative

(i) Finally there is considerable flexibility in how thigsource expenditure is recordedAlsc.
We call resource charging far standardwhen this is set td"° + I'Y(a) — I'°(a); that is we
add to the record the gain obtained in using resoacc®ut in general we allow functions
reca(—, —), for each resourca, in which case we defin&™° to bel™° + recy(I'"(a),I'P(a)). =

In general we allow the ownetsandp in this definition to coincide. So, for examplenm
A, then the &ect of performing (a) above, followed by (b), is thEf(o) is set tol °(0) — I'P(a).

The use of two independent charges for each resolif@ndI’P, may seem overly complex. A
simpler model can be obtained by having only one combinedgehaftectively we could assume
I'P(a) to be 0O for evenpg, and so resource charging simply transfers the appro@mataint of funds
from the user to the provider; this could be achieved byistg attention tasimple typesresource
typesR of the form(k,, 0). Indeed this simplification will be quite useful in order tchéeve some
theoretical properties of our proof methodology; see Diédini4.19 and Section 4.2. Nevertheless
the use of the two independent charfjé6-) andI'(-) allows scope for more interesting examples.
It particular it provides considerable scope for variaiiothe manner in which resource expenditure
is recorded in the componehtc; see Example 2.8 for an instance.

We also need to extend cost environments with new resources.



Definition 2.3 (Resource registration)The cost environmeri, a:R, is only defined ifa is fresh
to I, that is, ifais not in dom[™) or dom(P). In this case it gives the new cost environmént
obtained by adding the new resource, with the capabiliteterchined byR. Formally the dynamic
components ofA, namelyA°® and A™¢, are inherited directly front’, while the static components
have the obvious definition; for exampleHfis the type(ky, kp) thenA" is given by

AU(X):{ku if x=a

I'(x) otherwise
We also assume that the resource chargingfar(’, a:R) is always standard. [ ]
Note that every cost environment may be written in the form
TCayns@1:R1,... 80 Ry

wherel gy, is abasicenvironment; that is the static componeﬁ@n andl"gyn are both empty, and
so it only contains non-trivial dynamic components.

2.3. Reduction semantics: The pair {' > M) is called aconfigurationif fn(M) € dom(") =
dom(P), that is every free resource nameNhis known to thecost environmenk. The reduction
semantics forPicost is then defined as the least relation over configurations twhatisfies the
rules in Figure 2. The majority of the rules come directlynfiréthe reduction semantics &fpi,
[Hen07], and are housekeeping in nature. The only rule ef@st is §-comm), representing the
communication along the channgl or in Picost the useof the resource by owneru which is

providedby ownerp. However this reduction is only possible whenever the psseﬂﬂiﬂ Alis
satisfied. As we have seen, this means thdt owneru has sificient funds to cover the cost of
using resource and ownerp has stficient funds to provide it; and furthet records the result of
the expenditure of both andp of those funds.

The remainder of the rules are borrowed directly from theddiad reduction semantics of
Dpi; note that §-struct) requires a structural equivalence between terms; this agéhe standard
one fromDpi, the definition of which is given in Figure 3. Also the final euk-New) uses the
registration operation on cost environments, given in Dfim 2.3.

Proposition 2.4. If (I'y > M) is a configuration andl'y > My) — (I'> > M) then(I'> > Py) is also
a configuration.

Proof. Straightforward, by induction on the proof th&t ¢ M1) — (I'>> M3). When handling the
rule R-strucr) it uses the obvious fact th&d = N implies thatM andN have the same set of free
names; this in turn means thislt = N impliesI" > M is a configuration if and only if > N is. [

The reductions of a configuratiorifacts it's cost environment, and as a sanity check we can
describe precisely the kinds of changes which are possible:

Proposition 2.5. Suppos€l’; > M;) — (I'> > My). Then
() Ty =T, and(A > M1) — (A > My) whenevelA > M;) is a configuration

(i) or Flwﬂ“z, for some resource a and ownersp, and whenevefArM,) is a configuration
A 2P A implies(A & My) —> (A7 > My)
(iii) or I'y,a:R M I';, a:R, for some (fresh) resource a, resource typand ownersu, p, and

wheneve(A > M3) is a configurationA, a:R m A, a:R implies(A > M1) — (A" > M))



(rR-comM)

r (u.a,p) A

> [@W).Qla 118709 Pl — A5 [Q1 P
(r-spLIT)

['>[M[N]o — I'>[M]o [ [N]o

(R-EXPORT)

I'>[(newr:R)P]o — I' > (newr:R)[P],
(R-UNWIND)

I'>[rec x. T]o — I'> [T{ec* Tid],
(r-MATCH)

I'>[ifa=athen Pelse Ql, — I'>[P],
(R-MISMATCH)

I'>[ifa=bthenPelse Qo —I'>[Q], a#b
(r-sTRUCT)

M=M,T>M-—AB>N, N=N’
's-M — AN

(r-CNTX)

'-M— A M

I'>M|N— A>M|N

I'>N|M— A>N|M

(R-NEW)

Ib:R>M — A,b:R>N

I'> (newhb:R)M — A > (newb:R)N

Figure 2: Reduction semantics

(s-EXTR) (newr:R)(M|N) = M | (newr:R)N, if r ¢ fn(M)
(s-com) M|IN = N|M
(s-assoc) (MIN)]O = MI|(N|O)
(s-zERO) MO = M
[stop]lo = O

(s-rLip)  (newr:R)(newr’:R)M (newr”:R")(newr:R)M

Figure 3: Structural equivalence Bfcost

Proof. Again this is a simple proof by rule induction on the premiBg¥ M1) — (I'2 > My).
Intuitively possibility (i) corresponds to a move where rmronunication occurs, (ii) is when the
move is a communication along a chana&hown tol';, and (iii) when the communication is along
a private internal channel. L]

2.4. Examples: Formally Picost has only unary communication, but in these examples we will
informally allow the communication of tuples along chamnéh addition we will use the standard
abbreviations associated with the picalculus. We also omis for channels when they are not
relevant; in such cases we assume that they cost nothingvapr and that there is no charge for
using them. It will be convenient to have arernal choiceoperator, withP & Q representing an



Sys « ( [Reader]py, | [Library | Storeli, )
where
Reader < rec R. goLib?(name) .(newr) reqR!(r, name).
rAb) .goHome!(b).R
Library < rec L. reqR?(Y, 2). y!{book(2)).L
@ (newr) reqSi(r, 2).rAb) .ylb).L
Store < rec S. reqS?(Y, 2) .y!Kbook(2)).S

Figure 4: Running a library

internal choice betweeR and Q. This can be taken to be short-hand notation faw(c)(c!() |
c?).P|c?).Q), wherecis a fresh channel.

Example 2.6(Running a library) Consider the systei@ys from Figure 4, which consists of three
recursive components, a library usagader, running under the responsibility of the princigaib,
standing fomublic, a library interfacd.ibrary and an auxiliary book depositoStore, both running
under some other principéb.

The programming of these components involves the systergatieration ofeply channels
Thus for example th&®eader gets the name of a book with which to go to the library, gemsrat
a new reply channal and submits this together with the name of the bookregR; it awaits the
book and then returns home. THere is also very simple; it recursively awaits a requestens,
consisting of a reply channel anchame and returns the appropriate book on the channel. Finally
the Library service requests atqR consisting of a reply channel and a name. The book may be
immediately available, in which case it is returned, or itynb@ necessary to send a request to the
Store.

Let us now consider the behaviour of these systems relativewb cost environments
INocal» T'central FEepresenting two dierent strategies for providing library services. To focustie
relative cost of providing these services let us assumetligat use is free, that iE%@) = 0 for
every resource, wherex ranges ovelocal, central, and that the amount of funds available is not
an issue, that i§%(pub) = I'°(lib) = . The cost of providing the serviceg! is given in the table
below, reflecting on the one hand the relative conveniendeet®eader of the local services, and
on the other the relative convenience to the authoritiesamiging central services.

local | central
goLib 1 5
goHome 1 5
reqr 3 1
reqs 5 1

Finally let us take the counteF¥:° to be initially set to 0. Note thdf,. can be written as
Cayn, goLib:R?, goHome:RIh, reqR:R}, reqS:R

whereR?, R, RT, RS are the types0, 1), (0, 1), (0, 3), (0, 5) respectively, andlay, is a basic environ-
ment;Icentral N@s a similar representation, with a slightlyfdient sequence of types.



Sys < [Plp | [N]n | [Ala | [RIr
where
P < rec P. (newrp)news!(ry).(new rp)adv!{ry).
r12(n) .rod) .publish?2) .z(n, d).P
N < rec N. news?(r) (new n)ri{ny.N
A <= rec A adv(r) .(newd)r!{d).A
R < rec R (newr)publish!{r).r(n,d).R

Figure 5: Publishing

To exercise the system we use
Book « [goLib!(str).goHome(X) . stop]pub
to prod theReader into action, wherestr is the name of some book. Consider the configuration
C1 = local > (BoOK | Sys),

and let us ignore the computation steps involved in gemgyatply channels, and general house-
keeping such as the unwinding of recursive definitions, Wwitcany event cost nothing. Because
of the internal non-determinism in the library service ehare essentially two computations from
C1. If the Store is not used then after three computation steps which refuids it is in the state
Aiocal > Sys, whereAl® | = 5. This represents the overall cost of this transaction,o¢h is paid
by pub and 3 bylib.

On the other hand if th&tore is used, then there are four computation steps which require

funding, after which the sta®ca) > Sys is reached, wher®[*" | = 10. However using the central

cost environment centra) the two possibilities ara™" = 10 anddz’ | = 12 respectively. In each
eventuality the local implementation is moréi@ent, in the sense that the costs are systematically
lower. [

The charging regime for resources is such that their fieetevely means a transfer of funds to
the providerfrom theuser, provided the cost of providing the resource is less thamhiaege for its
use. This enables us to implement a systematic way of tnaimgfdunds between owners.

Example 2.7(Fund transfer) Consider the systems defined as follows:
SyS = [D]dad | [K]kate
where
D < req?(X) (new s:Rg)xI(s).9.S
K < (newr)reqi{r)ry) .y2.H
The size of the transfer fromad to kate depends on the typRs at which the new channed is

declared. Suppose this type(B; k), and letl” be a cost environment in whidf?(dad) is at leask.
Then there is a computation

(T'>Sys) —" (A>[Sldad |[H]kate)
in which A°(dad) = I'°(dad) — k andA°(kate) = I'°(kate) + k. [ |

Example 2.8(Publishing) Consider the syster®ys in Figure 5, which has four components:



(a) publisher :usesa news service via the resoumsews, usesan advertising agency via the re-
sourceadv andprovidesthe resourcgublish
(b) news serviceprovidesa service vianews
(c) ad agencyprovidesa service viadv
(d) readeruusesthe resourceublish
The viability of publishing depends of course on the cosbeissed with these resources. As an ex-
ample consider an environmeld,7, of the formI'gyn, news: Ry, adv:Ra, publish:Rp, where these
types are(3, 1),(2,0), (7, 1) respectively, and let us assumgy is initialised to 0. Furthermore,
since we are concentrating on the publisher, let us assuané¢hida resource charging is defined so
that only the &ect on the ownep is recorded; in fect, refering to Definition 2.2 resource charging
is standard fopublish but we need to setca(ky, kp) to be—ky, if ais eithernews or adv.
Now consider a computation from the configuratiga;> Sys. Provided the owners have suf-
ficient funds, specifically°(p), I'°(n) must be at least,3 respectively, then we have a computation

(I'327> Sys) —" (Ay > Sys)

whereAF¢ = 1; the record part of the initial environment was set to 0jrdyithe computation it
was set to-3 after the publisher uses thews resource, then te5 after usingadv; finally, when
the reader uses thpublish resource, this is increased by<7) to give 1. Because we have defined
expenditure recording to reflect the point of view of the gh#r, this represents the fact that the
publisher has made a profit of 1 as a result of this sequencarngdctions. Note also that at this
point A9(p) isT'5,(p) + 1.

We can also see what happens when the cost of using resosrckanged. Lel16 be the
environment in which all the cost of all three resources averehsed by 1. Then we have the
computation

(T216> Sys) —" (A2 > Sys)
where nowAT* = 2; this represents an increase in profits for the publisher. [ |

Example 2.9(Kickbacks) Suppose in Figure 5 we change the situation so that the peblibtains
a kickback from the ad agency when an ad is downloaded. Théiembdode is given by
Pk < rec P. (newrq)news!{ri)(newry)(new k:K)adv!(k, r»).
r12(n) .ro2(d) .publish?(2) k?.z2¢n, d).P
Ax < rec A adv?(k, r).(new d)r!(d).(A| k!)

and letSysy denote the revised system. The size of the kickback depamdiseoparameters in
the typeK. In Sys the ad agency receives the benefit 2 for supplying the ad; iset& to be
(1,0) then inSysy this benefit is split equally with the publisher. Under thensaassumptions as in
Example 2.8 we have the computations

(Tz27> Sysk) —" (@1>Sys)  and (216> Sysk) —" (P2 > Sysk)
where nowd*, ®¢ are 2 3 respectively, indicating more profit in each case for thielipher. m

3. COMPOSITIONAL REASONING

The aim of this section is to develop a proof methodologyHimost. The idea is to define a
behavioural preorder

(C>M)C (A N), (3.1)



meaning that in some sendé&x{ M) and (A > N) offer the same behaviour, but the latter is at least as
efficient as the former, and possibly more. We follow the stashdpproach of defining the preorder
(3.1) as the largest relation betweRitost configurations satisfying a transfer property, associated
with the ability of processes to interact with their peere Wereby automatically get a co-inductive
proof methodology for establishing relationships betweemnfigurations.

In fact, referring to (3.1), it is better to move away fromnmology such agfficiencyas the
interpretation depends very much on the nature of the uritggtrecorded. In Example 2.6 these
arecostsand in such a scenario it is reasonable to interpret (3.13yas8g (A > N) is an improvement
on (C > M) as it potentially involves less cost. On the other hand iar&ple 2.8 the units angrofit
(for the publisher), and her& & M) would be considered to be an improvement A (N), as there
is potential for more profit (for the publisher).

We therefore move to the more neutral terminologywafights However we can not simply
base the formulation of (3.1) on the relative weight asgediavith each individual action, as the
following example shows.

Example 3.1(Amortising costs) Consider the simple system
UD < [rec x. up'down!X],

and letl'>5 be an environment in which the unique owdnas unlimited funds, the use op costs

2 and the use oflown costs 5. If we compard’gs > UD) with (I'42 > UD), wherel's, is defined
analogously, then intuitively the latter is morfiigent than the former, despite the fact that in the
latter the actiorup is more expensive; this is compensated for by the relatigtscof the other
actiondown. [ ]

The remainder of this section is divided into three subeasti In the first we present a theory of
amortised weighted bisimulations, based on so-calleihted labelled transition systeywal TSs.
This gives rise to a parametrised behavioural preordeghwhe call theamortised weighted bisimu-
lation preorder The aim is to apply this theory ®icost; with this in mind, in the second subsection
we present a (detailed) labelled transition semanticRimst, and show that it is in agreement with
the reduction semantics given in Figure 2. In the third sectve show how this automatically gen-
erates a wWLTS, which in turn gives us an amortised weightsidhbiation preorder betwedricost
configurations. We demonstrate the usefulness of the imgyitoof methodology by re-examining
the examples from Section 2.4.

3.1. Amortised weighted bisimulations: Here we generalise the concepts of [KAKO5]; our aim
is to apply them tdPicost but our formulation is at a more abstract level.

Definition 3.2 (Weighted labelled transition systemsin weighted labelled transition systeon
WLTS is a 4-tuple(S, Act,, K,—) whereS is a set of stated)V set of weights, and— < S x

Act, x W x S. We normally Writes,—ﬂ>W s to mean § u,w, s') € —. As a default we take the set
of weights to bez, the set of integers, both negative and positive. [ |

A WLTS is calledstandardwhenever there is a cost functiaveight : Act - W with the

property thals—a>w s if and only if w = weight(a) for everya € Act. So in a standard wLTS there

is a unique weight associated with external actions, afthdaternal actions may have multiple
possible associated weights, reflecting thiéedent ways in which these actions may be generated
from external moves. The wLTS which we will (eventually) gesite forPicost will be standard,

but the development below will not require that we are wagkivith standard wLTSs.



Relative to a given wLTSveak moveare generated in the standard manner, although the asso-
ciated weights need to be accumulateel:éW g is the least relation satisfying:
M . . M
e S—,, S impliess=y ¢
o S=5y, 7, S~ S iMplies ==y S
o Sy S, &=, S implies S==> ) S

We also use a variation on the standard notaﬁeﬁpw t from [Mil89]; when u is any action other
thant this denote$=ﬂ>W t, but when it ist it means either th&t=T>W t or thatsist andw = 0.

Definition 3.3 (Amortised weighted bisimulationsA family of relations{R" | n € N} over the
states in a WLTS is called aamortised weighted bisimulatiomheneversR" t:

(i) s—5, ¢ impliest==,, t’ for somet’, w such thats’ R+ ¢’
(i) converselyt—s,, t’ implies s==, s for somes, v such thats’ RMV-W ¢/ m

Therefore we can mimic the standard development of bisitiouis and writes £, s’ to say
that there is some amortised bisimulatioR" | n € N} such thats R™ s'. Weighted bisimulations
are (point-wise) closed under unions, and therefore we damarthe standard development of
bisimulation equivalencgMil89], to obtain the following:

Proposition 3.4.
(@) The family of relation$l;(,{,gt| n e N} is an amortised weighted bisimulation.
(b) This family is the largest (point wise) amortised weidbisimulation.

(©) Ifsc

(m+w-v) t
=wgt

Proof. Straightforward, using standard techniques. L]

Civgt tand s, S then t==, t’ for some 1, v such that 5C

When we are uninterested in the exact amortisation used e simply s Cwgt b meaning

that there is somk > 0 such thats E\vagt t, and we refer to this preorder as thmortised weighted
bisimulation preorder

Proposition 3.5.

(@) The relations=)), wgt are reflexive
(m+n)

(b) s Ewgt 2, S2 Eggr S3implies § i S3
(¢) gt € Cwgt Whenever nx n.
Proof. In each case it is $ficient to exhibit a suitable amortised weighted bisimulatithat is a
suitable family of relations over states. For example toer) we letR¥, for k > 0, be the set of
pairs{s;, ) such thats; ;{,‘\,gt sz andss Ewgt s, for some statez and some numberg m such that
K=n+m.

To show{R¥ | k € N} is an amortised weighted bisimulation let us suppss®K s, and

sli>\, s;; we have to prove
S == S, for somes, satisfyings; R<V- &, (3.2)
(The proof of the symmetric requirement is similar.)

(i) Froms; £(; s3 We knows; =>u s, such thats E\(Arll&v u) s,



(i) From s3 ';\'/Cgt S, and the final part of the previous Proposition, we km@wéw s, such that

cie g,

But since 0+ v —u) + (M+u—w) = (k+ Vv —w) we haves] R&"W g, and the requirement (3.2)
follows.

The proof of part (c) is similar using the family of relatiof®" | n € N}, wheresR" t
whenevers ;V”Ugt t for somem < n, while the proof of part (a) uses the family where e&hs the
identity relation.

L]

Example 3.6(Amortising costs continued)Here we continue with Example 3.1. Shortly we will
see a systematic way of associating weights with actiof&dast. But informally we can simply
say

up! down!
Coxs —2 Dy ——5 Co5

where Cys, Dys are abbreviations for the configurationsl>{ > UD) and (25 >

[downlrec x. up!down!x],) respectively, and analogously foF4 > UD). Then relative to
this induced wLTS we can show that the following is a weighieiimulation:

R" = (D25, Da2)} U {(C25,Ca2) | N> 2}
It follows that
(25> UD) Cig (T2 > UD)

However {"42>UD) ;t_\‘jvgt (T25>UD) for anyk. To see that suppos&k" | n > 0} is a weighted
bisimulation; we prove by induction dnthat

(Daz, Dysy ¢ RK+2) (3.3)
(Ca2, Cos) & R¥

. . . . 52 .. down!
First notice that the paikD4,, Dys) can not be inRk<; this is because the mow®4, ——» Caz

can not be matched by a mog®,, ﬂw Caz such thatCs R?2W) C,s. The only only possible

. . down! A
candidate is the mov®,, =—=5 Ca» andR~1 does not exist.
From this fact it follows immediately that the p&@.,, C2s5) can not be irR?; for matching the

|
moveCa; im Da, would require the impossible, théDa,, Dos) be R2. In other words we have
shown (3.3) in the case whén= 0.
Suppose it is true fok; the proof that it follows for K + 1) is also straightforward. This is
because
o for (Day, Dys) to be inRK+3) we would require thatCao, Cos) be inR&+3+2-5) which con-
tradicts the induction hypothesis
e for (Caz, C25) to be inR**D) we would require(Daz, Ds) to be inR**3), which we have
just shown not to be possible. [ |
It should be noted that is important thdtis used in Definition 3.3, or at least that the family of
relations be parametrised relative to a well-founded orderstead we allowed families of relations
{R? | ze Z}, whereZ is the set of all integers, positive and negative, tigax UD) ;\?Vgt (T'25>UD)
would follow. Simply lettingR? = {{Ca2, C25), {Da2, D25y} for everyz € Z, we would obtain an
extended family of relations trivially satisfying the reqments in Definition 3.3
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Figure 6: An action semantics f@icost: main rules

3.2. An operational semantics for Picost. As a first step in applying the theory aimortised
weighted bisimulation$o Picost we give an operational semantics for the language in ternas of
(standard) LTS.

In Figure 6 and Figure 7 we give a set of rules for deriving prdgnts of the form

> M) (A N),
whereA can take one of the forms

() internal action;r
(i) input, (u, (F:R)a?v, p): input by resource of known or fresh name, or value, whepds the
provider of the resource andthe user
(i) output: (u, (F:R)alv, p): delivery of known or fresh name, to resouenhere agairp is the
provider of the resource andthe user.

We restrict attention to well-formed, that is, in the input and output actions eaghmust occur
somewhere i, and applications of the rules must preserve well-formssgnelowever that because
Picost only uses unary communication the vects (b) will have length either 0 or 1.

The rules are inherited directly from the correspondingsdoe Dpi, [Hen07], and for the sake
of clarity obvious symmetric rules, such as fafcomm) and {-cntx), are omitted;Barengredgt’s

conventionis also liberally applied, for example in omitting side-ditions to ¢-cntx). The only

. . . . (01,20) . C
point of interest is the use of the precondltldhsi A in (L-IN) and {-out); communication is
only deemed to be possible if it can be paid for in some mari@rconvenience we have omitted

the obvious dual to the rule{comm). Note thatu in (L-iv), andp in (L-out) are free meta-variables.
So for example the simple proces#(V).P], can perform the actiongl(v).P], (O"ﬂ’o) A [Py

for every owne’ € Own such thaf” ﬂ A.
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Figure 7: An action semantics f@icost: more rules

We can perform a number of sanity checks on these rules. FEonge one can show that if

(= Pl) (Fz > P,) thenT'y = A, b:R for someA such that; Q A, for someu, p, where

ais the channel used im; a more detailed analysis of the possible judgements isigivéhe two
lemmas below. The actions also preserve configuration:

Proposition 3.7. If (I'y > My) is a configuration andl'y > M3) o (T2 > M) then(I'2 > My) is also
a configuration.

Proof. A straightforward induction on the inference of the judgeise L]

We also have a consistency check with respect to the redustimantics of Section 2, stated
in the theorem below; the proof requires two technical lesima

. (u(F:R)alv,p)
Lemma 3.8(Deriv-output) Supposd’ > M () A N. Then

(i) A= (I",F:R) for somel”

iy © 422, (u.ap) I

(i) M = (newf:R)(M’ | [al(v).Q].)
(iv) N =(M"[Qlv)

(u,a,p)

WMI—>1I
R
(Vi) @M “a )ap) @,7:R> N wheneve® ﬂ ©®’, for any ownerp’.
R)al
Proof. By induction on the derivation df > M @ )an) A N. L]

.. (u,(F:R)av,p)
Lemma 3.9(Deriv-input) Supposé’ > M - A N. Then

(i) A = (I",F:R) for somel”



i) T4,

(i) M = (new & C)([a2(x) T, | M’)
(iv) N = (new C:C)([T{HHp | M”)

V) O M (u ,(rg’)mp) (u".a,p)

@’,7:R’ > N wheneve® —— @', for any owner’, and typegR’).

. . . . L (u,(F:R)aN.p) .
Proof. Again a straightforward induction on the derivatibn- M - A > N. Note that in
part (v) arbitrary typesR’) can be used because there is no restriction on theRyipehe second
part of the rulei(-iv) in Figure 6. L]

Theorem 3.10.'>M — A N if and only ifl" > M > A > N’ for some N such that N= N’

(Outline). First we need to show that the auxiliary result that strudtaquivalence is preserved by

actions. Thatid > M ni M”andM = N impliesT" > N |i> N’ for someN’ such thatM = N’;
this is proved by induction on the proof of the fact tivit= N from the rules in Figure 3. Then a
straightforward proof by induction on the derivationiof M — A > N from the rules in Figure 2

will show that this implied” > M A N with N = N’; the auxiliary result is required when
considering the rulerfstrucr).

To prove the converse we also employ the two previous lemgigisg the structure of input
and output actions. Suppoke> M > A N; we prove by rule induction thdt> M — A > N.
The only non-trivial case is when this judgement is infeusthg the rulei(-comm), or it's dual. So
without loss of generality we know

e M=M;1|Mz

e N = (newf:R)(Nz|Ny)
(u(F:R)aNV,p) = . ~

e I'> My - AT:R>Np
(u,(F:R)av,p)

eT>My, b AF:R>N
The previous two lemmas can now be applied to obtain thetsteiof M1, My, N; and Ny, up
to structural equivalence; by rearrangiig | M, again using the structural equivalence rules, an
application of g-comm) followed by one of g-struct) gives the require@ > M — A > N. L]

3.3. A proof methodology for Picost. The operational semantics given in the previous subsection
can be used in a straightforward way to obtain a wLT $iaost configurations. It sfiices to attach
a weight to the actions, which can be done in a systematic eraare write

(C> M)—5,, (A > N)
whenever
e I'>M) s (A > N) can be deduced from the rules in Figure 6 and Figure 7
o W= (Arec _ l—reC)
Note that the weight associated with an action is ultimati#yermined by the manner in which
expenditure is recorded in the cost environments; this refigat the cost of providing the resource
in question, as in Example 2.6, the profit to be gained by agudait owner in the use of the resource,

as in Example 2.8, or combinations of such concerns.
We can now apply Definition 3.3 to this wLTS to obtain a famifypoeorders

(T > M) Chgt (A>N) (3.4)



betweerPicost configurations. However we must be somewhat careful hesgrag of the actions
used involve bound names; but by a systematic applicatiddacéndregt’s conventigmmentioned
on page 3, confusions between these and free names can dedavoi

As is well-known, the relations (3.4) come equipped with avedul co-inductive proof
methodology. In order to prové ¢ M) ;\‘f\,gt (A > N) for a particulark it is suficient to exhibit a
family of relations{ R" | n € N } which satisfy the transfer properties of Definition 3.3, stitatRk
contains the pairl{>> M, A > N). In the remainder of this section we apply this proof metiogy
to the examples in Section 2. This allows us to now reasontaheubehaviour of systems, how
they interact with other systems, rather than reason sietpdyt their computation runs.

Example 3.11(Running a library, revisited)Refering to the definitions in Example 2.6, by exhibit-
ing a witness weighted bisimulation it is possible to show

(Ceentral > [Readerlpus) Eovgt (Tiocal > [Reader]pus)

This is despite the fact that the local use of the seregfR is more expensive than the global use;
this is compensated for by the fact that bgtiLib andgoHome are less expensive locally. It is also
worth noting that although theseof resources in botlicenyrar @ndTeca IS free, in the generated
WLTS the output actions actually have non-zero weights @ated with them. For example, a
typical run in this WLTS from [central > [Reader] ) takes the form

goLib?n (r)reqR!(r,n) goHome!b

(rcentral > [Reader] pub) 5... 1... 5...
whereas the corresponding local run is
goLib?n (r)reqRr!(r,n) goHome!b
(rlocal > [Reader] pub) 1... 3... 1.

To compare theféiciency of the library service itself we consider the follagidefinitions
Libjocal & (newreqsS: R'S)([Library | Store];ip)
Libcentral < (new reqS:Rg)([Library | Store];ip)

where, as explained in Example 287, R, are the types<0,5), (0,1) respectively; here the
interaction between the library and the store has beemilised, with types reflecting the relative
cost of local and central access. Both these configuratiomglys provide the serviceregR, and
viewed in isolation the local service is not mof@ent than the central one; no matter whate
choose, we have

(Tcentral > Libcentrar) 1Cvgt (Tocal > Libiocar) (3.9)
However if we combine the library service with the readenttiee overall systems is locally more
efficient than the centralised one:

(rcentral > Syscentral) |;\evgt (rlocal > Syslocal) (3-6)
where

SYSiocal = (new reqR:R'r)([Reader]pub | Libjocar)
SYScentral < (newreqR:Rf)([Reader]pup | Libeentrar)

We should point out that in (3.5) and (3.6) we have used tHecfigt environment$oca, Teentral,
despite the fact that some of the resources have been tedtiiche systems; this is simply in order
to avoid the definition of even more environments.



As an example of how such statements can be proved see thenS&dt in the appendix for a
witness bisimulation which establishes (3.6). ]

4. CONTEXTUAL CHARACTERISATION

In the previous section we have demonstrated that the mem_q,gt provide a useful co-
inductive methodology for comparing the behaviour of peses, relative to resource costs. In this
section we critically review it's formulation, revealingrae significant inadequacies, anfiep a
revised version where these are addressed.

Informally we would expect at least the following two projes of a proof methodology:

(a) It should supportompositional reasoningvhereby the analysis of process behaviour can be
carried out structurally.

(b) SoundnessAny relationship established between the behaviour ofgsees using the proof
methodology should be justifiable in some independent nranne

Further we could hope for:

(c) Completenessany pair of processes which are intuitively behaviouradhated, should be prov-
ably related using our methodology.

Relative to our languageicost the first criteria, (a), is straightforward to formalise,aagrop-

erty of the preordersj,.

Definition 4.1 (Compositional) A relationR overPicost configurations is said to b@mpositional
whenever{ > M) R (A N) implies

) C'>M|0O) R™ (A>N|O), provided > M |O) and A > N | O) are configurations.

@i) (IL,r:R>M) R™ (A, r:R> N). [ ]

We could of course demand that the the relatfbshould be preserved by all the operators in
the language, but for the purposes of the discussion towalies suficient to concentrate on the
two most important ones.

Our first remark is that the relatiorng‘},gt are not compositional, and therefore our proposed
proof methodology does not support compositional reagpnin

Example 4.2(Non-compositionality) LetT" be a cost environment with two ownerssp and two
resourcesa, b. Suppose further thdi®(o) = I'°(p) = oo, while I'¥(a) = 20, I'Y(b) = 10; the
remaining fields i are unimportant, but for definiteness sake let us saylth@) = I'°(b) = O.
Let A be another cost environment with the same resources, wilthusage costs being 10, and the
same owners, but with thefterence that°(o) = 10. Then it is easy to check that

I'>[al]o Chg A [al]o
However one can also show that
I'>[allo | [01o Zagt A [a6 | [P0

b, .
The problem occurs when we consider the action [@],|[b!]o) (or—'>p)10 (I'1>[al]o|[stop]o). This
b,
can be matched by the action & [al], | [D1]o) “5™10 (A1 > [al], | [stop]o) but at the expense of

exhausting all ob’s funds. A9(0) is now set to 0 and therefore the actiéh§ [a!],|[stop]o) (O’ar—'ip)zo
("1 > [stop], | [stop]o) can not be matched by any action frofy ¢ [a@'], | [stop]o).

Admittedly here one can sholir> [a!], | [b!]o ;\}V%t A [al]o | [, but for anyk > O it is easy
to adapt this counterexample so that it works;t{,’vét, by increasing the cost of the resouize =



The other criteria, (b) (c) above, are mordidult to formalise. But even in the absence of a
precise formalisation we can also show that our proof mattogy also runs into diiculties with
them, by considering a proposed touchstone family of pexsi . n > 0, which incorporate
some intuitive properties which we would expect. First agyeexample, essentially taken from

[HROA4].
Example 4.3(Problem with output types)Consider the two configuratior@and D, denoted by
I'> (newr:Rp)([al{r).stoplo),  I'> (newr:Ry)([al(r).stop]o)

respectively, where the typé%, R, are diferent, and" has sfficient resources foa to be exer-

. . (o0&
cised; that i ﬂ I'” for some ownep and somd”.

Thenitis easy to see th@t;t_\'f\,gt D for anyk because the only actions which the configurations
can perform are dierent; they are labellegh{((r:Ry)alr,0) and @, (r:R»)alr, o) respectively.

However it is dificult to envisage any any context in which these two configumatcan be
distinguished; for any reasonable definition of the toumhstrelations we would expectck D

=behav
to be true. Thus our proof methodology will not bemplete [ ]

Our next example focuses on some of the novel featur@scost.
Example 4.4(Problem with owner identification)Let C, D denote the configurations
I'>[al]o,, I'>[al]o,

respectively, where;, o, are two diferent owners, anb®(o;) = I'°(05).

Here again we would expec¢t E‘gehavﬂ to be true because there is no mechanisrRiaost
which would enable an observer to discover who was fundiegue of the resourae However
assuming some ownerhas stficient funds il to provide the resourca we haveC ;t_f,’vgt D again
because the configurations perfornffelient actions, labelleaq, a!, p) and 0, a, p) respectively.

4.1. Behavioural preorders. In order to address the inadequacies with our proof metloggdet
us first give one possible formalisation of the touchstomeilfaof behavioural preorders which we
have been refering to &, ., n > 0; we adapt the theory eéduction barbed congruence$iT92,
SWO01, HRO04] toRicost, often refered to informally asontextual equivalence$-or simplicity we
assume that resource charging is always standard, antéhanly values used are channetource
names.

We first need to introduce into the reduction semantics secwd of the costs being expended.
Let us writel' > M —; A N whenevel > M — AN can be deduced from the reduction rules,
in Figure 2, and4™¢ - I'"*¢) = c. This is generalised in the obvious mannef'te M —7 A> N
by the accumulation of costs.

Definition 4.5 (Cost improving) We say that the family of relationfsSR" | n € N} over configura-
tions iscost improvingvhenevelC R™ D for anym, then
(i) C —¢C impliesD — D’ such tha’ RMe-D 7
(i) conversely,D —4 9 impliesC — C’ such thac’ RI™<-9) gy m
This is a natural generalisation of the notiorreduction closurer reduction bisimulatiorfrom

LTSs to weighted LTSs; for a justification of its use in defqlehavioural preorders see Chapter 2
of [SWO01].

Definition 4.6 (Observations) Let us write " > M) || a? whenever{ > M) —* (A > N) where



(i) N = (newc)([a?x.T], | N’), anda does not occur indj”

(i) Aﬂ for someu
The predicateI{ > M) || a! is defined in an analogous manner. Then we say that the fashily
relations{R" | n € N} over configurationpreserves observationghenever, for any, C1 R" C»
Ci1loifandonlyifCy | 0. [

Note that unlike [HG08] we do not record the cost of makingentsations; nor do we observe
the owner responsible for the observation.

Example 4.2 demonstrates that demanding a behaviouraideret® be compositional, in par-
ticular that it be preserved by arbitrary parallel conteidsrery problematic as intuitively it gives
observers or external users of a system access to all the available to owners of the system.
Here we address this issue by defining a relativised verdi@ompositionality, relativised to the
set of owners whose funds are available to external users.

Definition 4.7 (O-contextual) Let O be a subset of the owne@®wn. A relation R over Picost
configurations is said to b@-contextuaiwhenever > M) R (A > N) implies
(i) (T>M|[P]lo) R™ (A N|[P]o) for everyo € O, provided ['> M |[P],) and A > N |[P]o)
are configurations.
@i) (I, r:R>M) R™ (A,r:Rr>N). [ |

Combining these three properties we obtain:

Definition 4.8 (The contextual improvement preordeblet {8, .| n € N} be the largest family
(point-wise) ofO-contextual relations over configurations which preseoleservations, and is cost
improving. [ |

The idea here is that we only consider the behaviour of systemative to contexts in which
observers, or users of the systems, can use code runningthedeancial authority of the owners
in O. At one extreme we can tak® to be the entire set of owne@®wn and then observers have
access to all owners, and their funds; this gives Compaosility, as expressed in Definition 4.1.
The other extreme is when observers have access to none @i/tiezs users in the systems under
observation; in this case the observers have to providedhei funds, to support observations.

We now set ourselves the task of modifying the proof methaglobf Section 3.3 so that the
informal properties (a), (b) and (c) are enforced, relativéhe touchstone preorders. ... First
note that Example 4.4 and Example 4.3 still apply when therinél relations]) , _ are instantiated

behav

by the formal=. ... But the problems presented in Example 4.2 depend on theehbbbservers
O:

Example 4.9(Unsoundness)LetI’, A be as defined in Example 4.2. Then we have already argued
thatT" > [al]o T3, A > [al]o. Here we argue that > [al], Z3..., A > [al]o. whenever € O. For
otherwise, this would imply

> [alo | [Plo 22 A [al]o | [Plo

for any proces® which ensures that the configurations are still well-formed

However for a contradiction taketo bea?(p! | b?w!) wherew is some cost-free fresh channel.
Then we can make the observatiohon the left hand configuration but not on the right hand one.
]

This example shows that in genetlobservers can deplete the resources of any own@r in
which is important if those owners have only finite funds. gnificant consequence is given in the
next proposition, which limits the applicability of this lw@vioural preorder for arbitrar@.



Proposition 4.10. If (I'> M) =g .. (A > N) for any n, theri™(0) = A°(o) for everyo in O.

Proof. Supposel(> M) C3. . (A > N) for somen, with o an owner inO. We prove thak < T"°(0)
if and only ifk < A°(0).

Consider the proces3 = [(newr:R)r! | r2.w!{)]o, Wherew is a fresh cost-free channel, where
R is the resource typé, 0); sor costsk to use but is free to provide. Then by compaositionality we
know

w:Ex-M|O C; Aw:E>N|O

whereE denoted the trivial typ€0, 0).

If k <T°(0), we havel,w : Ex> M | O || w! and therefore, by the preservation of observations,
A,w:E>N|O| w!. Butthis is only possible ik < A°(0).

The converse argument is similar. L]

In effect this means that the behavioural preordgls,, can not be used to fierentiate be-
tween configurations in which owners frobh accrue diferent levels of funds; a typical case in
point occurs with the systems in Example 2.9. For this reagerare primarily interested in the
extreme case, when the observers have no access to the futh@sosvners in the systems under
investigation. Let us introduce some special notationHa $ituations.

Let e denote some arbitrary owner, intuitively taken to be exkto the systems under ob-
servation. For an arbitrary cost environmé&htve usel® to denote the extended cost environment
obtained by adding to the domain of © and setting°(e) to bewo; in particularl® is only defined
whenevee is new to the domain df°. Finally we use the notation

I'>MCg,A>N
as an abbreviation for
I®> MLl A°> N
Here the observer has no access to the owners resourceubedconfigurationg, D but has

an infinite amount of resources with which to run experimefise importance of these external
owners is emphasised by the following results:

ext

Proposition 4.11.

(a) LetO; = O, U {e1}, whereO, = O U {e,} and bothe; are fresh. Ther® ;glzcxt PDifand only if
c EE])z:(:xt D.

(b) Supposed; = O, U {0} O, = O U {0}, where againe is fresh, and suppose further that
I°(0) = A°(0) = . Thenl'> M 3 ... A> N ifand only ifl > M £ A> N.

Proof. These statements ardiitiult to prove directly from the definitions, but are strafghivard
conseguences of the full-abstraction result, Theorem 4.20 ]

The first result states informally that there is no need teehl@wo external owners, while the
second means that in the presence of an external owner thaceneed for the observer to have
access to any other owner with indefinite funds. These, tadgether with Proposition 4.10, means
that there is limited use in considering observers with s&€te owners other than a single external
one. For this reason we are mainly interested in the behaatipveorder§ =] .| n> 0}.

Our revised proof methodology is based on endovRimpst with the structure of a dierent,
more abstract, wLTS, which takes into account the set of esviadnose funds are available to
observers, and employing Definition 3.3 to obtain a morerabtstamily of co-inductive preorders.
In order to obtain our more abstract wLTS we forget some ofiitails in the labels of the actions



of the operational semantics fBicost, given in Figure 6 and Figure 7, so that they reflect not what
processes can do, but rather what external observers vaiissito the funds i@ can observe them
doing. This leads tabstract labelof the following form, ranged over hy:

(a) internal labet as before

(b) input label @, (F : R)a?v)

(c) output label (()alv, p)

Definition 4.12 (O-actions) For each abstract labgllet the correspondin@-actionC —+-$ D be
defined by
(@) 1> M) 5 (I, > N) whenever (1 > M) iR (T2 > N) can be deduced from the rules, where

(rrzec _ raeC) —W.
o (F:R)alb,
(b) (1> M) L0&bpho ) N) whenevep € O and (1 > M) (L FRRR) (T2 > N) can be deduced

from the rules for someR), and some owner, where ['$° - I'€¢) = w.
- (E:R)a%
(©) (1> M) LERaDLo o Ny wheneven € O and ;> M) “E%™ (I, > N) can be deduced
from the rules for some owngr where (¢ — I'F€) = w.

Note that in (a) the set of owne@plays no role, but we leave it there for the sake of uniformity

This endowsPicost configuration with the structure of a more abstract wLTS, sehactions depend
on the set of owner®. We refer to this as th®-wLTS and we writeC l;nOWgt D whenever there

is an amortised weighted bisimulati¢®R" | n € N} in this O-wLTS such thatC R" O. WhenO

is the singleton sefe}, where the ownee is fresh, that is is external to the configurations being

compared, we abbreviate this@o=g,,; D-

Example 4.13(Publishing, revisited) Here we use the notation and definitions from Example 2.8
and Example 2.9.

First we can compare the profits gained by running the publstsystem in dier-
ent cost environments. As before |€k,7 represent any cost environment of the form
Iayn, NeWs: Ry, adv: R, publish:Ry, where these types a8, 1),(2,0), (7, 1) respectively, and let
I'216 be the same environment but with these types chang&l i (1, 0), (6, 1). Thenitis straight-
forward to exhibit a withess bisimulation to establish

(T216> [Plp) Eowgt (T327%> [Plp)
Recall from Example 2.8 that in these cost environments werdethe costs of the actions relative
to their dfect on the funds of the publisher. So this means that that more profit can be déine

the publishep by using the cost regime underlying the environnient.
To investigate thefEect of implementing th&ickbackwe consider the two systems

PA < (newadv:Ra)([Plp | [Ala)
PAx < (newadv:Ra)([Px]p | [Axla)

Both these systemssethe news resource ang@rovidethe publish resource. Here we can show, for
example, that

(T327> PAK) Egugt (Tz27> PA)

providedI',(p) is at least 5. See Section A.2 of the appendix for a deserigif a witness bisim-
ulation. Again because of the way in which we have set up thewting in the cost environments
this means that the code RAs more profitable for the publisher than PA. [ ]



The abstracD-wLTS has precisely enough information about actions teagttarise the touch-
stone contextual behavioural preorder, at least in themdrcase oD = {e}.

Theorem 4.14(Full-abstraction, external casejor every ne N, (I'> M) C(,; (A > N) if and only
if (> M) Cgyqt (A N).

Proof. This will follow from the more general full-abstraction téds given in Theorem 4.20 []

Unfortunately this result is not true for an arbitrary seegfernal owner®. Example 4.9 can
be used to show that th@-wLTS has not taken into account the fact that observers hegess to
the funds of arbitrary owners .

Example 4.15.We use the notation from Example 4.9, which in turn is inlegrfrom Example 4.2.
Let O be a set of owners which includesind the fresle. Then itis easy to check thEt[al], E%Wgt

A > [al],. But we have already argued in Example 4.9 that[al], ;t_oo:cxt A [a],. [ |

So we have to revise tH@-wLTS to take into account the access which observers magy toav
funds being used by the systems under investigation.

K, . . .
Definition 4.16 (Fund transfer) For everyk € N let M be the partial function over cost envi-

ronments defined by letting M A wheneverA can be obtained from by transferringk funds
from owneru to ownerp. Formally it holds whenevet®(u) = I'°(u) — k, A°(p) = I'°(p) + k, when
p # u and all other components afare inherited directly fronk'; whenp = u the operation leaves
A unchanged. This leads to a new action over configuratiorih, aunew abstract labekt(u, k, p):
we let

(I > M) 2HKBLE (1, > M)
K, .
whenever'; {ukp), I'2, andu, p are owners irD, wherew = (I';° — I'F°). m

This gives rise to yet another LTS whose statesRicest configurations, which we refer to as
O-awlLTsS, which induces another bisimulation preorder. Batalso need to take Proposition 4.10
into account.

Definition 4.17 (Abstract weighted bisimulation preorde family of relations overPicost con-
figurations{ R" | n e N} is said to be @-abstract amortised weighted bisimulatiamenever

() T'>MR"A> M impliesI'°(0) = A°o) for everyo in O

(i) {R" | ne N}is an amortised weighted bisimulation@awLTS.

We writeC ;gawgt D to denote the maximal family of such relations. ]

Note that these relatioriggawgtl n € N} actually coincide witH |;2Wgt| n e N}whenO is the
singleton external observée}; this follows because the extra fund transfer actions haveffect:
([S > M) 2Ukph e (e o M) if and only if I§ = TS.

It is also coincides with the preorders used in Section $ifeucertain conditions.

Proposition 4.18. Let O be the set of owners used in the two configuratibrasd A and suppose
that all owners inO have indefinite funds; that 5(0) = A(0) = ~ for every owneio € O. Then

I'> M Ejg A> Nimpliesl'> Mg, A> N.

Proof. Straightforward. When funds are unlimited the constrainin(Definition 4.17 is vacuous,
as is the requirement to match the fund actions labedkefl, k, p). The result now follows because
every concrete action in the wLTS used in Section 3.3 is aatmally also an abstract action in
O-awlLTsS. []



It follows that the work of Section 3.3 has not been in vaire pioofs in the examples can be
taken to be about the more abstract preorﬁéygvgt.

The remainder of this section is devoted to showing thatjestilto a minor restriction, the co-
inductive proof methodology based {)agawgtl n € N} satisfies the informal criteria (a), (b) and
(c) set out at the begining of this section. It has certairaathges over that used in Section 3.3; in
matching input and out put moves the principles involved oldhave to match up exactly. However
in the general case also has a disadvantage with cost emérde in which certain owners have
finite funds. If the observer has access to such owners ti@téssary to establish that the proposed
relations between configurations are invariant under #mester of funds between them. Of course
in the particular case of a purely external observer, whkietaken to bdge}, which is possibly the
most interesting case, then this requirement is vacuous.

Definition 4.19 (Simple types) The typeR = (ky, kp) is simplewheneverk, = 0, meaning that
resources of typ® cost nothing to provide. A cost environment is caléthplewhenever it can be
written aslgyn, @1:R1, ... an:Rny Wherel'yyn is a basic environment and &| are simple.

Restricting attention to simple types we know that for evesyource nama there is some
(ukp)

k € N such thatl’ M Aifand only if T —— A. ]
Theorem 4.20(Full-abstraction) Assuming simple cost environments, for every set of obsabve

and every re N, (T > M) £, (A > N) if and only if (T’ > M) ;gawgt (A>N).

The proof of this result is the subject of the remainder of 8&ction; we will also see how the
restriction to simple types can be lifted, at the expense gereeralisation of the fund action from
Definition 4.16.

Before embarking on the proof of Theorem 4.20 we should gminthat it has Proposition 4.11
as a direct corollary. For example, using the notation of pinaposition, it is simple to prove that
C ;cn)lant O if and only if C Egzant D because everQ;-action is aO,-action and vice-versa.
Similar reasoning gives Theorem 4.14 as a corollary.

4.2. Full abstraction. First let us consider criteria (a) above, Compositionality fact we now
have a parametrised version of thi®,contextuality from Definition 4.7, which we tackle in two
steps. First we require a lemma.

Lemma 4.21.
(1) Supposé& > M $A> N. Thenl,r:R> M niA,r:R|>N.

(2) Conversely, suppoger:R > M & A, r:R > N, where the label does not describe a
communication along the channel r. Then

@ T'>MAbN

(b) or the concrete action label is of the form(u, a?, p), in which casd™ > M

A, r:Re N.
(3) ' M (u,(r.|R’_))a?r,p) (u,a?r.p)

A,r:R> N impliesI',r:R>M =" A r:R>N
Proof. Each statement is proved by induction on the derivation @fddgement. Note that for any

. . (uap) . . . (uap) )
ainthe domain of, ' ——> Aifand only if I',r:R ——> A, r:R. ]

(u,(r:R)a?r,p)
[N



Proposition 4.22(0-contextual) (I'> M) E?)awgt (A>N) implies(', r:R> M) ;gawgt (A,r:R>N).

Proof. Let {R" | n € N} be the family of relations ovePicost configurations defined by letting
(C,r:R>M)R"(A,r:R > N) whenever

(i) either > M) ';?)awgt (A>N)

(i) or (I,r:R> M) ';?)awgt (A, r:R>N).
It is sufficient to show that this satisfies the conditions in Definidoh7. Note that condition (i) of

this definition is trivial.
So supposel(,;r:R> M)R"(A,r:R>N)and (,r:R> M) 49 (I, r:R > M’) is an abstract

action. We have to find a matching abstract mavg (R > N) Lo (A’,r:R>N’). Let us look at

: . : . Pl .
the concrete action underlying this abstract actibng (R > M) — (I, r:R > M’). Since we know
(T'> M) is a configuratiom can not describe a communication alangnd so we can apply part (2)
of the previous lemma, to obtain two cases:

@TI'e>M 4 I > M. In this case the required matching move can be obtained tisinfact that
(T'>M) l;(n)ant (A > N), together with an application of part (1) of Lemma 4.21.

J(r:R)ax, .
(b) A is the input actiony, a?r,p), andI' > M e n—)>a & I”,r:R > N. Here we again use the

fact that " > M) l;{;‘“,\,gt (A > N) to find a matching weak concrete move fromx N) labelled

(u, (r : R)a?r, p’) for some ownep’. Part (3) of Lemma 4.21 can now be used to transform this
into a required matching move from(r:R > N). In this case the matching will be because of
clause (i) in the definition of the familR".

[

Theorem 4.23(0O-contextual) Supposdl’ > M | [P],) and (A > N | [P],) are both configurations,

whereo € O. Then(I' > M) El(()awgt (A N) implies(T'> M | [P]o) ;'(‘)awgt (A>N|[Plo).

Proof. We follow the standard proof structure, see Section 2.3 ¥/(%$], Proposition 6.4 of
[HRO4], Proposition 2.21 of [Hen07]; however the precis¢aide are somewhat fierent. Let
{R" | ne N} be the smallest family of relations which satisfies:
(i) T> M ChygA> NimpliesT> MR A> N
(i) I'>MR"A> N implies > M]|[P]o)R"(A>N|[P],), wheneveo € O and both'> M |[P],)
and A > N |[P],) are configurations
(i) T,r:Ry>MR"A,r: Ry >N impliesT'> (newr:R;)M R" A (newr:Ry)N.
We show that this family satisfies the requirements of Dédinit.17, up to structural equivalence,
from which the result will follow.
First note that for anwy,

I's>MR"A>N implies I,r:R>MR"A,r:R>N (4.1)

This can be proved by induction on why> M R" A > N, with the base case being provided by
Proposition 4.22.
So suppos€ > MR"A> N andl'> M 459 TV > Mg; we have to find a matching abstract move

A N =59 A’ > Ng such thafl” > M’ RMV-W) A’ > Ng; the symmetric requirement, of matching a

move fromA > N by a corresponding one froif- M, is treated in an analogous fashion.

We proceed by induction on wHy> M R" A > N, there being three cases, (i), (ii) and (iii)
above, to consider. In the first case the requirement coronasRroposition 3.4. We concentrate on
case (ii), where we knowl, N have the form i’ | [P],), (N’ | [P],) respectively, where € O and



we know by induction thaf > M’ R" A > N’. We now examine why > M’ | [P], <459 T > Mg,

and to start let us assume thais the labelext(u, k, p), where the reasoning is straightforward.

This means, by definition, thally is M | [P],, u, p are inO andI’ —p)> I'”, which in turn implies

I's M/ 24kpbo [ M- moreover incidentlyk and v must coincide, although this fact is not
required here. By induction this can be matched by an adtion\N’ £kelo A7 . N sych that

(I'> M") RMV-W) (A > N”). This matching action can now be transformed into an actigheform
AN’ |[P], 2ukbbo A7 N”|[P], which is easily seen to be the required matching abstracemov

Having disposed of this simple case we now know that therelé&igation using the rules from
Figure 6, Figure 7 of the underlying action

T'> M [[Plo & I > Mg, (4.2)

wherev = (I'"®¢ — I"¢), and is the more concrete version of the lalpellf M’ is responsible for
the concrete action (4.2), then a straightforward apptioadf the induction hypothesis will provide
the required corresponding move. Suppose instead gt responsible, that is (4.2) takes the
form

T M ([Pl T > M [P, (4.3)

becausé > [P], & I > [P’]o; here the reasoning needs to be more involved.

(a) First suppose this move is an external move, say an ouiitiiiabel A being o, (F:R)alv, p)
for some ownep. Because we are actually matchi@gactions we know that thig is actually
in O. ap)

ap

Applying Lemma 3.8 we know that’ has the fornT”, ¥:R, wherel ——— I'’. The use of
simple types means thaf(a) = 0 andI(a) = k for somek, and standard resource charging
implies that this is actuallyv. Thus we have the external move M’ 2ukbko 17 M/ and

we know by induction this move can be matched by sameN’ £ukebo A” . N’ such that

I > M’ ROV-W A” 1> N’. This matching move actually has the form
A N =59, Ap > Np 2Ukho Ay N7 550 A > N (4.4)

with w = wq + K + wa. i
An application of part (iv) of Lemma 3.9 or Lemma 3.8 gives theveA; > [P], (u’(rnﬁ)a’p)

Ay, F:R > [P’], Which can be combined with the pre- and pastoves in (4.4) to give\ >

N’ | [Plo =A>W A" F:R> N | [P’]o. This is the required matching move since we kniotv>
M’ ROHV-W) A7 5 N’ from whichT”, F:R > M’ | RV-W[P] A7 F:R > N | [P’], follows by
the remark (4.1) above and the definition of the famiRF | k > 0}.
When the labeh in the move (4.3) above is an input the argument is very muelséime but
with an application of Lemma 3.9 in place of Lemma 3.8; it isrfore omitted.

(b) Now suppose the move fronP], we are examining is an internal move, taking the fdrm
[Plo SN XN [P']o- Here we apply Theorem 3.10 and Proposition 2.5, which tedlghat
there are in principle three possibilities, (i), (ii) orifiiBut an analysis of the proof will show
that for processes of the fornP], case (i) is actually the only possibility. Hefé coincides
with T, implying incidently thatv = 0. As we knowA > [P], is a configuration we also get



A>[P]o o A [P’]o and therefore thak > N’ | [P]O—T>0A >N’ |[P]o. Itis easy to now check
that this is the required matching move, since by definifienM | [P]o R" A > N | [P'],.

We are left with the possibility that the underlying actienbe matched, (4.2) above, involves
communication and therefore takes the form

> M |[Plo = I’ > (newP:R)Y(M” | [P']o),

There are two cases, depending on whetiéperforms an input or an output. Let us consider the
latter, the former being similar but slightly easier. So veedn

> M 2 I',f:R> M”
I[Pl I',F:R > [P], (4.5)

with 1, 2 taking the forms , (F:R)alv, 0), (u, (F:R)a?, o) respectively, for some owner. By in-
duction the first move, or rather it's abstract version, camtatched becauseis an owner inO,
giving
' (F:R")alv, o~ o~

Av NS A N O bR NG S AL PR S N (4.6)
for some owner’, such that{”,F:R > M”) RM™V-" (A’ F:R’ > N”), wherew = (A — A"r€),
Note that the type of the extruded namBs, may in general be ffierent than the types at which
they were extruded b’, and the owneu’ may also be dierent, thereby apriori complicating

matters when we try to combine this action with that frd?f| in (4.5) above.

However an application of part (i) of Lemma 3.8, givas m A,, and therefore from

(FR)aw, T .
(4.5) and part (v) of Lemma 3.9 we g&t > [P], w0 5—2& ? Ao, T:R’ > [P']o. This concrete move

can now be combined with the concrete move (4.6) to give thaired matching abstract move
A>N’| [P]0=T>W (newf:R)(N' | [P']o). []

The attentive reader will have noticed that the restrictiorsimpletypes was necessary in

order to be able to model the use of a resource by the obsarsieig actions based on the transfer

. ext(u.k, . .
functionT’ ﬂ A, which records the transfer &ffunds, the cost of using the resource, from

the user to the provider. If we drop the restrictiorstmple typesthen the &ect of using a resource
is more complicated; a certain amount will be debited to ther,uwhile another amount, possibly

negative, will be credited to the user. This can be accomtedday a more general transfer function

ext(u,(ky,kz), . . . . .
FMA, leading in turn to a more general abstract arrow in part{@edinition 4.12. With

this adjustment compositionality can also be establisbedrbitrary types.
This contextual results leads in a straightforward manaerstablishing the second informal
criteria, (b):

Theorem 4.24(Soundness)For every ne N and every set of ownefs, (I' > M) ggawgt (A>N)
implies(I' > M) C (A>N).

_?)ICXI
Proof. (Outline) Itis suficient to show that the family of relationsy,, .| n € N} satisfies the three
defining properties of the family of contextual equivalendgost improvingfollows by definition,

at least up to structural induction, in view of Theorem 341 the two preceding results establish
O-contextuality. The final propertfereservation of observations also straightforward, since, for
example, the ability to obsena from a configuration coincides with its ability to perforrorae

output action on the resouree ]



The final criteria (c) Completenesdepends as usual on the ability to define contexts which
capture the #ect of each of the abstra€t-actions described in Definition 4.12. We first make this
precise.

We use two fresh cost-free resourcssge, fail to record the success or failure of tests, and a
third req for housekeeping purposes. For dhwe usel™ to denote the cost environment obtained
by adding on these resources. Nowgddte an abstract action which uses the bound nameslien
we sayu is definable relative t@ if for every finite set of nameFB there exists a systef‘F)lF using
only the owners fron® such that

(i) if dom(Y) € Fandl'> M 459 A, F:R>N thent> M |T] =58 A'> (newr:R)(succ!(F)|N)

whereM’ |} succ! andR | fail!
(i) conversely, whenever dofif) € F,I''>M|T, =5§ A'> M’ whereM’ || succ! and M’ | fail!

implies M’ = (new 7:R)(succ!(F) | N), wherel > M =42 A, F:R > N

Theorem 4.25(Definability). All input, output and external actions are definable.

Proof. (Outline) Let us look at two examples. First suppose thistthe labelext(u, k, p) whereu
andp are both inO; here ) is empty and the set of namé&splays no role. The definition oT#F
uses a variation on Example 2.7. We use

[faill | (newr:Ry)req!(r).r! stop], | [req?(x) .y?fail?.succ!],

whereRy is the type k, 0). This ensures that whenevérif M | THF) evolves at costv to a configu-
ration C such thatC | succ butC J fail then the newly generated resourceust have been used

by u and provided by. This is only possible it > M can evolve to a configuration in which a

4 4 U’kﬁ 1 -
transfer ofk can be made frora to p; that is a configuratiofi > M’ such thaf™ ken), I'Y". This

in turns implies that we must have> M 24ukplo A . N for some configuration > N. Note the

cost here isv because all of the resources used by the‘lt§are cost-free.
For the second example consider the abstract output actiah (¢)a!r, p), where we knowp
is in O. Here we lefl | be

[faill |aX(x) if X € F then stop else fail?.succ!],

wherex € F is an abbreviation for a series of tests deciding whetheobxiis in the finite set of
namesF. Intuitively whenever this is used in a cost environmEsatisfying dom[") C F this test
will fail only when x is instantiated by a fresh name.

Once more it is easy to say that the ability §f M | TE to evolve to a configuratio®
satisfyingC || succ butC |} fail coincides with the ability of" > M to do a weak concrete move
labelled (i, (r : R)alr, p) for some owneu and typeR. Moreover the cost of this weak concrete
action will be exactly the same as the evolution frbhe- M | Tnﬁ, because the interactions with the
testTy is free. ]

Theorem 4.26(Completeness)For every ne N and every set of owne@, (I'> M) £8. ., (A N)
implies(l" > M) I;(”Dawgt (A>N).

Proof. (Outline) It sufices to show that the familycy. .| n € N} satisfies the conditions in
Definition 4.17. Note that condition (i) is already estaldid by Proposition 4.10. Now suppose

I'>MC3. A>Nandl'> M 59 I > M’. We have to find a matching move frafie> N, which

is relatively straightforward because of Theorem 4.25. Asxample supposeis the output label
((nalr, p), and sa” has the structur€”,r:R for someR. Because of Compositionality we know



> M|T, Cl, A'> N|T,. Using the first part of the Definability Theorem we know that,ta

=cxt
structural equivalence,

I'sM|T] —; T & (newr:R)(succ(r) | M").
Using the properties of the famifycy. .| n € N} this move must be matched by move
A'e N TS —y AY > N7
where
I &> (newr:R)(succ(ry | M) O A b N” 4.7)

Moreover we knowN” |} succ! andN” |} fail! and so the Definability theorem tells us thét =
(new r:R")(succk(r) | N') where

A N=%A" RN

This would be the required matching move, if we had

I r:Re M Eg&_w) A, r:R> N (4.8)
whereas (4.7) only gives us, up to structural equivalence,
' & (newr:R)(succl(ry | M) 8™ A & (newr:R")(succ!(r) | N') (4.9)

However the so-calledExtrusion Lemmasee Proposition 6.7 of [HR04] and Lemma 2.38 of
[HenO7], can easily be adaptedPRicost, to show that the required (4.8) does indeed follow from
(4.9) ]

5. CoNcLUSION

In this paper we have developed a behavioural theory baséisimnulations for a version of
the picalculusPicost, in which

e resources have costs associated with them

e code runs under the financial responsibility of owners, orqgipals

e code can only be executed if the owner responsible for it ceanéie the available transac-
tions.

The behavioural theory gives rise to a co-inductive proothodology for comparing the costed
behaviour of systems. We have demonstrated the usefulfidss methodology by treating some
examples, and we havdfered at least a preliminary justification for the theory inrte of contex-
tual requirements, parametrised on sets of owners. We hravapd some evidence that the most
appropriate theory emerges when this set of observersas takbe some single external observer,
external to the owners funding the systems being investiydh particular with this particular set of
observers there is no need to consider the extra aatxi(s k, p) when establishing bisimulations.

The language could be extended in many ways without unduidgtang the underlying the-
ory. Perhaps the most obvious extension would be the inttamuof ownership typesto control
which owners can use which resources; this would help in théutarisation of systems. One could
also introduce a scoping mechanism for owners, limiting#imge within systems of their financial
responsibility. Onefect of such extensions would be that owners would play a muarie signif-
icant role in the (abstract) actions on which bisimulatians based. Such investigations we leave
for future work.



The underlying theory ofveighted bisimulationalso deserves attention. For example it is not
clear if the theory is decidable, even for finite-state systeMore generally it would be interesting
to have techniques which would calculate the costs negessassign to actions in order to ensure
the equivalence of two systems. There is already an exerisarature orweighted automata
[DKV09] and decidability issues concerned with them, whigly help in this regard.

Related work: The research reported in the current paper gue of preliminary work reported in
[HGO08]. There a language,,s;was defined and also given a semantics relativ®sb environments
But there are significant flerences. At the language level the construct centrBidost, [P],, is
absent imqqs; indeed in the latter there is no representation of owndrgjtresponsible for specific
computations. The cost environments used are also gdiratit; inr.qs funds are associated di-
rectly with resources, which complicates considerablyréaiction semantics as the resource types
need to be dynamic. Here all funds are retained by ownerghagimplifies matters considerably,
and this facilities the introduction @hargesfor resource usage atnefitfor resource provision.
Finally the behavioural theories ardigirent. The concept afeighted bisimulatiois considerably
more flexible than theost bisimulation®f [HGO08], as the latter simply compares the relative cost
of performing each particular action.

Weighted bisimulationgare a direct generalisation of the notion ahortised bisimulations
from [KAKO5]; these were originally defined for a version o€S, [Mil89], in which only external
actions have associated with them a cost. Nevertheless liggdthat our generalisation is signifi-
cant, at least in that it will make the concepts more geneegiplicable. However similar ideas has
a long history in the field ofimed process calculi; see for example [Tof94]. A good survey ef th
use ofamortisationfor timed processes can be found in [LVO06].

Other resource-aware calculi have already appeared inténatlre. A typical example is the
variant ofmobile ambient$CGO00] from [BBDCSO03] in which the resource in questiorsjgce
and the processes in the calculi havbaunded capacityo host incoming ambients. Another
interesting example may be found in [Tel04], and relatedipations, which develops a version of
the picalculus in which unused resourodsnnels may be garbage collected. Of particular interest
to us is the general theory ofsource-basedomputation being developed in [CP07], and related
publications. In future work we hope to adapt their resodrased modal logic t®icost.

APPENDIX A. SOME WITNESS BISIMULATIONS

A.1l. The library. Here we revisit the example on running a library, discussdeixample 2.6 and
Example 3.11, and prove

(Tcentral > SYScentral) E\fvgt (Tocal > SYSiocal) (A.1)

by exhibiting a witness bisimulation. For convenience wakuap to structural equivalencend
modulo 8-moves; essentially these are moves which have ffecteon the overall behaviour of
systems; see [Hen07, GS96] for details.Pinost these include the actions generated by the rules
(L-ExPORT), (L-UNWIND), (L-SPLIT), (L-MATCH), (L-MisMATCH). Let us assume a set of book nanii¢,
ranged over by and a set of bookBK, ranged over b.
Let us writel' ~ A whenever
(a) T has the forml'qyn, goLib:(0,5), goHome:(0,5), reqR:(0, 1), reqS:(0, 1) for some basic
environment gy,
(b) A has the form\gyn, goLib:(0,1), goHome:(0,1), reqR:(0, 3), reqS:(0,5) where agaimgyn
is some basic environment.



Reader: R1 < goLib?(name) .(newr) Rx(r, name)
Rx(r, name) < reqRI{r, name).R3(r)
Rs(r) < rAb) .Ra(b)
R4(b) & goHome!(b).Ry

Library: L1 < regqR2Y, 2) .La(y, 2)
La(y, 2) < La(y, 2 @ (newr)La(r,y, 2)
Ls(y, 2 < y!ibook(2)).L;1
La(r,y,2) < reqSKr, 2).Ls(y)
Ls(y) < rAb) .Le(y, b)
Le(y, b) < y!(b).Ls

Store: S; < reqS?Ay, 2 .Sy, 2)
So(y, 2 < y(book(2)).S;

Figure 8: Notation for library code

N; < (newreqR:RP)([Ri]pus | (newregS:RE)([Lilii | [Stliib))
N(n) < (newregR, r)([Ra(r, M)]pun | (new regS)([La]ii [ [S1lib))
N3(n) < (newreqR, N)([Rs(N]pu | (new regS)([L2(r, i | [Slib))
Na1(n) < (newregR, r)([Ra(r)]pun | (new regS)([Ls(r, M]ip | [S1lib))
Ns1(b) < (newreqR, r)([Ra(b)]pus | (new reqS)([La]iv | [S1]iib))
Na2(n) < (newregR, 1, r')([Rs(N)]puw | (new regS)([La(r,r’", M]ii | [S1lib))
Ns2(n) < (newregR, 1, 1" )([Ra(r)]pun | (newregS)([Ls(r, r")ip [ [S2(r", M]iin))
Ns3(b) < (newregR, 1, r')([Rs(r)]pun | (newregS)([Ls(r, b")]ib [ [Slib))

Figure 9: Library systems

(c) dom(™®) = dom(A°) = {pub, lib}, withT°(a) = A°(@) = oo, for everya in its domain.
So dfectively I must be likel'cenia With perhaps a dierent record filed™®¢, andA must be like
INocal- Our witness bisimulation will contain pairs of the form

I's>No A M wherel’ ~ A

The allowed forms oN are described in Figure 9, where convenience we have ontliteeelxplicit
occurrence of the local typ@¥, RS after the forst line. These in turn use notation given in Fégi
for the various processes. The allowed formshbare identical except for the use of the local types
R!, RLin place ofR¢, RS.



Let the family of relations over configuration®R¥ | k € N} be determined by the following
constraints, where we assume in each clausdtha:

>Ny R¥A > M; whenevek > 2
I > No(n) R¥ A > Ma(n) whenevelk > 6, n € BN
I'> Ni(n) RXA > Mi(n) whenevek > 4, ne€ BN,i = 3,41,51 42
I'> Ni(n) RX A > Mi(n) whenevek > 4, ne BN,i = 3,41 42
I'> Ni(b) R¥ A > M;(b) whenevek > 0, b € BK,i = 51,52 53

It is fairly straightforward, although tedious, to provathR¥ | k € N} satisfies the requirments of
being a weak bisimulation in wLTS of Section 3.3, up to stuuak equivalence ang-moves. This
is facilitated by the fact that the code in each componertt®@fiairs is identical.

Note that the configuratioDcentral > SYScentral S-r€duces to a configuration of the fodm> N
and (iocal > SYSioca) B-reduces to one of the fory > My, wherel' ~ A, and thus (A.1) above
follows.

A.2. The publisher. Here we revisit the publishing example developed in Exan2pe Exam-
ple 2.9 and Example 4.13; by exhibiting a witness bisimafatagain up to structural equivalence
andg-moves, we show that

(F327 > PAK) nggt (F327 > PA) (AZ)

subject to minor constraints dfy these constraints alloiW(p) to be finite. The systems PA and
PA, in addition to cost-free communications,

e use resourceews; in the definition of the cost environment from Example 2.& tis
recorded as a loss of 3, the cost of usimays. In the abstract wLTS we are using this
loss is paid for by the funds ii,(p), while it costs nothing to provide

e provide resourceublish; in the cost environment this is recorded as a gain of 6, namel
the diference between providing it 7 and using it 1. Also this gaiadded to the funds of
I3:4p).

There are also internal communications which have cosiseded with them, namely the use and
provision ofadv; again this is recorded as a loss of 2 which must be fundddhyp).

In order to describe the witness bisimulation we use the abbieeviations in Figure 10 and the
system definitions in Figure 11. All environments we use tthedormI'gyn, news: Ry, publish:Ryp,
and in order to fund the advertising we assurfi@) = . In the witness bisimulatiohR¥ | k € N}
all Rk are identical and this unique relatidis characterised by the following constraints:

I >PAG R A°>PA 5 <T°(p), 5< A°p)
I > PAG(r) R A® > PAY(r) 2 <T°(p), 2< A°(p), r € Chan
> PAG(r) R A®° > PAg(r) r e Chan
I'® > PAi(n) R A® > PA(N) 4<i<6, neNews
I'® > PA7(n) R A® > PAg(n) n € News

Here we usé&\ews to denote some set of news stories.



Publisher: P1(r1) < news!{(ri)(newro)Px(r1,ro)
Pa(r1,r2) < advi(rz).Ps(ra, r2)
P3(r1,r2) < r1An) .Pa(n,r2)
Pa(n, r2) < r2d) .Ps(n, d)
Ps(n, d) < publish?(2) .Ps(n, d, 2)
Ps(n, d, Z) < zZi{n, d>.(new rl).Pl(rl)

Advertiser: A; < adv?(r) .(new d)Axo(r, d)
Ao & ri{dy.Aq
Publisher with kickback: Pk1(r1) < news!(ri)(newry, K)Pko(r1, r, K)

PKz(I']_, ro, k) < adv!(k, r2>.PK3(r1, ro, k)
Pks(r1, r2,K) < riAn) .Pra(n, r2, k)
Pka(n,r2,K) < r(d) .Pks(n, d, K)
PK5(n, d, k) = pUb"Sh?(Z) .PKe(n, d, k, Z)
Pke(n, d, k, 2) < k) Pk7(n,d, 2)
PK7(n, d, Z) & ZiKn, d>.(new I’1).PK1(I'1)

Advertiser with kickback: Ax1 < adv?(k, r) .(new d)Axa(k, r, d)
Axz(k, 1, d) < ri{d).(Acs | K!)

Figure 10: Notation for publisher code

It is straightforward to show that this is indeed a weak aised bisimulation in the abstract
WLTS relative to the single external obseneer Sincel'sy7 > PA¢ B-reduces td'zp7 > PAk1 and
I'3o7> PA,B-I'EdUCES td 307> PA, andl'so7> PAk1 R T'so7> PA¢, the I'EC]UiI’Ed (AZ) above follows.
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