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Identifying clusters based on observed patterns or attributes and analyzing the inter-
action of actors within and outside these clusters allows to uncover hidden informa-
tion about a network. Stochastic Block Model(SBM) is a generative model and one
of the benchmark models for community detection. In this dissertation, Variational
Expectation-Maximization algorithm approach of SBM is used to estimate the model
parameters and Integrated Complete Data Likelihood(ICL) is used to compute optimal
number of communities in the network. In real world, nodes are connected to other
nodes with a string of multiple relationships, where each relationship defines its influ-
ence and meaning within a network. The SBM is used to fit all the links separately
treating each link as a individual network. The resultant set of clusters and model
parameters from the set of fitted models specific to each link are compared against
each other and the node attributes to identify the connection between cluster forma-
tion, actor attributes and link type. This process is applied to Lawyer Lazega Dataset
which is a network of lawyers working in a law firm connected to each other by multi-
ple links- Friends, Advice and Work. The results show that there exists a relationship
between the clusters formed across different link types; with many clusters behaving
and containing same node attributes as of the clusters belonging to other link type.
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Chapter 1

Introduction and Background

Study

1.1 Introduction

Humans are meant to be naturally social, who look out for di�erent mediums to connect

and form a network. The network could be a social interaction, personal/professional

relationship or people bonding just for a common interest. With the advent of social

networks and other di�erent ways to connect virtually, people from all round the world

are connected directly or indirectly converging them into a network; these networks

can be used to �nd communities, behaviour patterns and knowledge discovery.

In recent years, the area of Network analysis has gained immense popularity among

Data Scientists, Researchers and Statisticians. Many active and interesting researches

are being carried out in this area. Community Detection is one of the fundamental

and critical problems in Network Analysis. Many algorithms and methodologies have

been proposed for identifying communities within the network. This dissertation will

focus onStochastic Block Model which is one of the most popular and widely used

clustering or community detection model. This model will be used to identify and

study the clusters of a network containing multiple types of links among the nodes.

Simultaneous and comparative analysis is performed on these networks containing same

set of nodes with di�erent relationships. Identi�ed clusters from these networks with

multiple links are compared against each other and with node attributes to analyze,
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if some kind of connection exists between them. This study is useful to check the

existence of clusters that contain nodes with similar characteristics irrespective of the

link type connecting them and also to analyze the interaction between/within the

clusters formed by multiple networks.

The paper is organized as follows: Chapter 1 introduces the concepts of Network

Analysis, Community Detection and a brief overview graph theory along with node

and edge properties. Followed by dataset analysis and description and limitation of

Erdos Renyi Model. Chapter 2 states the literature review and the advancements

of Stochastic Block Model. Chapter 3 explains the concepts behind the SBM model

and Variational Expectation-Maximization(EM) Algorithm. Model inference is stated

in Chapter 4 and application of the model on the datasets are given in Chapter 5.

Followed by cluster comparison and analysis in Chapter 6. Lastly, theoretical concepts

of Mixed Membership Model as a further extension to SBM are stated in Chapter 7.

1.2 Analysis of Networks

Network analysis means study and visualization of structures using methodologies and

techniques of graph and network theory. It involves visualization and conceptualization

of structures in terms of connected nodes or actors that are linked or tied together by

some common entity or relationship. But questions like: Why do we need to represent

the structure as a network or graph? How do we represent the structure as network?

Characteristics and properties of networks? Steps to study and get meaningful insight

from a network? All these question, their answers and their undergoing research make

network theory, a very interesting and intriguing topic with wide area of applications

and usages.

Facebook friends, Linkedin Professional, twitter followers-follows, protein enzymes,

boss-employee and many other networks can give diverse amount of information and

trends if analyzed, cleaned and visualized correctly. Network analysis has wide and

varied applications in areas like Biology, Crime investigation, Intelligence and Military,

Customer identi�cation, targeting, friendship, kinship, work-partner, leader-follower,

disease 
ow, root cause analysis etc. With the advent of self driven cars and connected

cars, network analysis can also be used for faster route estimation, accident prevention,

vehicle breakdown, vehicle tracking and theft prevention.
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1.3 Community Detection

A community or a group represents a set of actors/nodes that may share common

interests, skills, goals or a central attribute/characteristics that connects all of them. A

network may or may not contain meaningful communities as some nodes relationship

can be random and arbitrary. Link from one node to another may be directed or

undirected. Example of directed network is twitter followers, i.e if one individual

follows another individual, it doesn't mean the reverse is true. Facebook friends/

Linkedin Professional network is an example of undirected network which implies a

two way behaviour. The general notion to establish and de�ne communities within a

network is that, nodes belonging to same community are densely connected and nodes

belonging to di�erent communities are sparsely connected. An node can belong to

multiple groups or communities resulting in overlapping networks.

In few cases, the attributes and properties of the network are not revealed when

viewed as a whole or average. Communities that make up a network can reveal missing

data and other aspects of the network.

1.3.1 Assortative versus Disassortative Mixing

Assortative Mixing refers to the networks where similar nodes connect to each other

i.e. higher degree actors connect to other higher degree nodes and lower degree actors

connect with lower degree nodes. Higher degree actors form the core of the network

while the lower degree actors lie on the boundary of the network.

Figure 1.1: Assortative Mixing [Hao and Li 2011]
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Disassortative Mixing refers to the networks where dissimilar nodes are connected

to each other i.e higher degree nodes are connected to lower degree nodes. These type

of network usually have a set of central actors or leaders that in
uence the whole

network.

Figure 1.2: Disassortative Mixing [Hao and Li 2011]

1.4 Graph and Network Theory

This section lays down the basic foundation for the whole dissertation. Basic de�ni-

tions, notations and terminologies of graph theory will be discussed here.

1.4.1 Basic Notations and De�nitions

We are surrounded by networks, this can be de�ned as the relationship that combines

di�erent entities into groups or communities that can form a meaningful combined

entity; giving trends, insights and the behavior of the group, individuals belonging to

that group along with the intra and inter group interaction.

Network: Networks can be de�ned as collection of interacting entities.

Graph: Mathematical representation of a network can be termed as a graph.

A graph is represented as:

G = f V; Eg , where
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� V: f 1; ::::; ng are the set of nodes/ entities or actors in a network

� E: f e1; ::::; ep : ek = ( i k ; j k) 2 (V; V)g are the set of edges or links that connect

the nodes

(a) Undirected Edge (b) Directed Edge
(c) Weighted Edge

Figure 1.3: Type of Edges in a Network

� Order: It is the number of vertices in a network;Nv = jV j

� Size: It is the number of edges in a network;Ne = jE j

� Path: A path in a graph can be de�ned as a 
ow across a sequence of vertices

that allow us to traverse from vertex to other. In a directed graph; we are only

permitted to traverse in particular direction across the edge.

� Cycle: A closed path with all di�erent edges.

1.4.2 Properties of Nodes in a network

This section explains the important attributes and characteristics of nodes that deter-

mine and in
uence the various speci�cations of a network. These properties will be

further used for Network Analysis and Goodness of Fit Comparison .

� Degree Centrality: This can be de�ned as the most basic node attribute which

involves computation of degree for each node present in the network. Degree of

a node as discussed in the previous section is the measure of number of edges/

links corresponding to that node in an undirected graph. In a directed graph it

is a combination of in-degree and out-degree links to/from a node.

Signi�cance: It describes and helps to visualize all the one hops in a network.

It depicts the most in
uential and popular nodes in the network, where most

of the information 
ow takes place. Nodes with the highest degree are popular

5



and are centrally attracted in the network. Degree centrality can also highlight

whether the network is uniformly, centrally or randomly distributed.

Figure 1.4: Degree Centrality in a network: size of vertex proportional to degree

� Closeness Centrality: It de�nes the closeness of a node with other nodes in

the network. It is computed as reciprocal of sum of all the shortest paths from

the node to all other nodes in the network. The node with maximum number of

shortest path will have the maximum closeness to the other nodes.

Signi�cance: This property identi�es the fastest nodes that in
uence the whole

network i.e. in shortest amount of time they can connect to maximum number

of nodes. The nodes with high closeness centrality are good broadcasters for

out-degree links or good listeners for all in-degree links.

Figure 1.5: Closeness Centrality
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� Betweenness Centrality: This centrality measure can be de�ned as the number

of times a node occurs between the shortest path of any pair of nodes within the

network.

Signi�cance: This property of node signi�es 
ow of information within the

network. The nodes with high betweenness centrality acts as a bridge for the

information 
ow in the network.

Figure 1.6: Betweenness Centrality

� Eigen Vector Centrality: It is an extension to degree centrality measure which

considers only degree of a node as a sole centrality measure score without any

considerations to type of nodes the actor is connected to. Eigen Vector Centrality

assigns a high score to a node if it is connected to a another highly connected

node. Thus, the score of a node not only depends upon the degree of a node

but also depends on the degree of nodes that the node is connected to. Power

iteration method is used to calculate Eigen vectors for the node.

Signi�cance: It gives a better overview of the network and the in
uence measure

of an node on the whole network rather than only being restricted to neighbours.

Figure 1.7: Eigen Vector Centrality
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1.4.3 Properties of Edge or Relationships in a network

� Reciprocity: If ActorA has an link toActorB , then what is tendency thatActorB

will have an link to ActorA

� Popularity: Nodes with higher degree tend to be popular than other lower

degree nodes and have a higher tendency of new connection. For example in

LinkedIn, people who have large connections are more likely to make new con-

nections.

� Transitivity: If ActorA has a link with ActorB and ActorB has a link with

ActorC ; then what is tendency that ActorA will have a link with ActorC . For

example in case of Facebook there is a high probability making a connection with

friends of your friend.

(a) Reciprocity (b) Popularity
(c) Transitivity

Figure 1.8: Properties of edges -Reciprocity, Popularity, Transitivity

� Clique: It is a small knit of close friends who are relatively isolated from rest of

the world. Any actor pair from the clique group will have an edge between them.

Figure 1.9: Clique: Actors marked in red form Clique

� Star: It represents a central node with many nodes connected to it forming a

structure similar to a star.

8



Figure 1.10: Star Formation

� Geodesic Distance: The shortest path between the two nodes is called the

Geodesic Distance.

� Diameter: It is de�ned as the maximum value of all the shortest paths in the

network. It depicts the speed of spread of information across the network.

Figure 1.11: Diameter - marked in red

� Triangle Count: It is the number of triangle formations in the network. This

property signi�es the cycle of information. A triangle is formed ifNodeA is

connected toNodeB , NodeB is connected toNodeC and lastly NodeC is connected

to Node A.

(a) Triangle from Node A to Node C (b) Triangle Count

Figure 1.12: Triangle Formations in a network

9



1.5 Dataset Description

This section describes the datasets being used in this dissertation. Each dataset is

subjected to exploratory Data Analysis and processing to gain information about prop-

erties of the network before �tting the model.

1.5.1 Zachary Karate Club dataset

Karate Club Dataset is one of the most popular dataset for network implementation,

visualization, clustering model trial and validation. This dataset was formed by Wayne

Zachary in 1977 by accumulating data from the University Karate Club. The dataset

is majorly divided into two groups following a con
ict and split between two lead-

ers/teachers. One faction of the dataset is headed by the teacherMr. John A and

the other faction is headed byMr. Hi . [Zachary 1977]. This dataset has an attribute

Faction which divides the nodes of this network into two groups. The dataset has 34

node and 78 undirected edges. Karate Club Dataset has been packaged and ready too

be used in Igraph package of R [Csardi 2015].

Figure 1.13: Network Visualization for Zachary Karate Club dataset

Karate Network Sumnmary Statistics

Karate Dataset is an example of Disassortative mixing dataset withAssortative De-

gree of -0.47(negative value indicates low assortativity), where nodes with di�erent

attributes connect with each other. Popular actors(Faction Leaders) are connected to

unpopular actors and Faction leaders themselves don't interact with each other. This
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is a two-point in
uential dataset where whole in
uence of the network rests upon two

actors(Mr. A and Mr. H). The dataset has an average path length of 2.4 and diameter

of 13. Transitivity score in the network is 25% and the size of the largest clique is 5.

(a) Degree Centrality (b) Circle Target Plot for Degree
Centrality

(c) Betweeness Centrality (d) Circle Target Plot for Betwee-
ness Centrality

(e) Closeness Centrality (f) Circle Target Plot for Closeness
Centrality

(g) Eigen Vector Centrality (h) Circle Target Plot for Eigen Cen-
trality

Figure 1.14: Centrality Measures for Zachary Karate Club Network
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All the plots in Figure 1.14 represents the centrality measures of the Karate Dataset.

Colored circles represent the Faction Leader(Mr. H and Mr. A). Figure 1.14 (a)

depicts the degree of actor by increasing the size of vertex with increase in degree of

the vertex. All the target plots depict high centrality measures for the actors in the

middle of the circle. Every plot shows that faction leaders exhibit a very high value of

all the centrality measures with the highest score and centrally located in all the target

plots.

1.5.2 Lawyers Lazega Dataset

This dataset has been accumulated from Northeastern US corporate Law Firm in

New England from the year 1988-1991. The dataset is a combination of 71 nodes

with di�erent attributes and characteristics. The number of nodes of the dataset are

connected to each other by three relationship types- Friendship, Advice, Work. With

the same set of nodes, this dataset is a combination of three di�erent networks that

forms the core basis of analysis and study in the upcoming chapters of this dissertation.

The dataset is appropriate for studying hierarchical working of a law �rm and how

di�erent relationship a�ect the actors in the network. The dataset has been divided

into following relationship networks:

� Friendship Network: The links in this network include all actors that socialize

and are friends outside work. It does not include link between actors who are

just-friends(on a friendly term only). This is a directed network.

� Advice Network: This network includes all the links between the actors who

seek advice from other lawyers in the past year when the survey was conducted.

This is also a directed network.

� Work Network: This network includes all the links where an actor has worked

with another actor in atleast one case, has been assigned same case, used or read

each others work. The work network is an undirected network, imply if lawyer 1

works with lawyer 2, it can be stated that lawyer 2 also works with lawyer 1.

There are 8 actor attributes in the dataset:
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� Seniority: This attribute de�nes the seniority level of the lawyer working in

the �rm where 1 being the highest seniority level and 71 being the lowest.

� Status: 1- partner(36/71 actors) and 2- associate(35/71 actors)

Partners are the shareholder, operators and joint owners of the �rm.

Associates are employees in the �rm that may become partner in the future.

� Gender: 1- Man(53/71 actors) and 2- Woman(18/71 actors)

� O�ce: 1- Boston(48/71 actors); 2- Hartford(19/71 actors); 3- Providence(4/71

actors)

� Years in �rm : Mean working year in the �rm is 10.5

� Age : Mean age of lawyers is 42

� Practice: 1- Litigation(41/71 actors) and 2- Corporate(31/71 actors)

Litigation lawyers work with client to resolve any dispute or charges.

Corporate practice lawyers are involved in corporate dealings. They are a part of

acquisitions, mergers, corporate tax and other ventures. They represent corporate

to other organizations and government institutes.

� Law School: 1- Havard/Yale(15/71 actors), 2- ucon(28/71 actors) and 3- oth-

ers(28/71 actors)

Friendship Lawyer Network Summary Statistics

Figure 1.15 shows all the centrality measure for the Friendship Network in the Lawyer

Dataset. All actors in the centre of the plots have dense connection, thus all the

plots have higher score for actors lying in the centre. There are two actors that have

centrality measure as they are connected to any other actor in the network. The target

plot for degree centrality Figure 1.15(b) shows that very few actors are in the middle

of the target i.e. only few actors have high degree score and most of the actors have

middle order degree score. The Betweenness centrality target plot Figure 1.15(d) shows

that most of the actors are concentrated in the centre or middle which indicates most

of the actors have high or average betweenness score. The Eigen Vector Centrality
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