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*?�Ti2` R

AMi`Q/m+iBQM

h?2 BKKmi�#BHBiv �M/ Tm`Biv Q7 bQK2 7mM+iBQM�H H�M;m�;2b K�F2 i?2K b22K HBF2
� T2`72+i }i 7Q` T�`�HH2HBbK �M/ +QM+m``2M+vX h?2 H�+F Q7 bB/2 2z2+ib K2�M r2
�`2 7`22 iQ +QKTmi2 2tT`2bbBQMb BM r?�i2p2` Q`/2` r2 TH2�b2- �M/ i?2`2 Bb MQ
b?�`2/ Kmi�#H2 bi�i2 iQ TH�;m2 mb rBi? `�+2 +QM/BiBQMbX >Qr2p2` BM i?2 `2�H
rQ`H/- +Q/2 Bb M2p2` +QKTH2i2Hv Tm`2X lb27mH T`Q;`�Kb M22/ iQ BMi2`�+i rBi?
i?2 `2�H rQ`H/ �i bQK2 TQBMi- r?2i?2` i?�i #2 #v `2�/BM; 7`QK � F2v#Q�`/ Q`
b2M/BM; T�+F2ib Qp2` � M2irQ`FX h?�i Bb- i?2v M22/ iQ +�``v Qmi bB/2 2z2+ib,
�M/ i?2 Q`/2` BM r?B+? i?2v �`2 +�``B2/ Qmi Bb BKTQ`i�MiX

aQ r?2M Bi +QK2b iQ bB/2 2z2+ib BM � H�M;m�;2 rBi? `272`2MiB�H i`�MbT�`2M+v-
i?2 H�M;m�;2 Kmbi KQ/2H i?2 b2[m2M+2 BM r?B+? 2z2+ib �`2 +�``B2/ QmiX PM2
Q7 i?2 KQbi bm++2bb7mH �TT`Q�+?2b ?�b #22M iQ +�Tim`2 i?2 bi�i2 Q7 i?2 QmibB/2
rQ`H/- �M/ ?�p2 7mM+iBQMb rBi? bB/2 2z2+ib i?�i r`Bi2 iQ i?�i bi�i2X h?Bb r�v- B7
r`BiBM; iQ sWdoXW +�mb2b bQK2 T�`iB+H2b iQ #2 T2`im`#2/ QM � /BbTH�v KQMBiQ`-
i?2M r2 +�M i`�+F i?�i #v b�vBM; i?2 bi�i2 Q7 i?2 rQ`H/ ?�b +?�M;2/- �M/ i?�i
Bi K�ii2`b r?�i Q`/2` Bi +?�M;2/X q2 /QMǶi �+im�HHv i`�+F r?�i T�`iB+H2b �`2
i?2`2- r?2`2 i?2v KB;?i #2 Q` r?�i i?2B` +m``2Mi +?�`;2 BbX �HH r2 M22/ iQ FMQr
Bb i?�i i?2 rQ`H/ Bb bHB;?iHv /Bz2`2Mi i?�M r?�i Bi r�b #27Q`2X

*QM+m``2Mi *H2�M KQ/2Hb i?Bb #v i?`2�/BM; i?2 rQ`H/ BM �M/ Qmi Q7 7mM+iBQMbX
lMB[m2M2bb ivT2b ;m�`�Mi22 i?�i i?2 b�K2 rQ`H/ Bb QMHv mb2/ QM+2- bQ i?�i i?2
T`Q;`�KK2` /Q2bMǶi +`2�i2 �M �Hi2`M�iBp2 iBK2HBM2 #v /mTHB+�iBM; BiX
readFile :: !SWULQJ !*WRUOd -> (!Ma\bHEUURU FLOHEUURU SWULQJ, !*WRUOd)

>�bF2HH �HbQ i`2�ib i?2 rQ`H/ �b � bi�i2- #mi rBi?Qmi i?2 mMB[mM2bb ;m�`�Mi22X
�Mv 7mM+iBQM i?�i BMi2`�+ib rBi? i?2 rQ`H/ `2im`Mb � 7mM+iBQM- r?B+? `2im`Mb �
M2r p2`bBQM Q7 i?2 qQ`H/ �HQM;bB/2 i?2 7mM+iBQM `2bmHiXR

W\SH IO a = WRUOd -> (WRUOd, a)

>Qr >�bF2HH 2Mbm`2b i?�i �M QH/ rQ`H/ BbMǶi 2``QM2QmbHv mb2/ Bb #v ?B/BM; i?2
mT/�iBM; Q7 i?2 bi�i2 7`QK i?2 mb2`- im+FBM; Bi �r�v BMiQ � KQM�/X h?Bb B/2� Q7

Rh?2 �+im�H /2}MBiBQM BM :>* Bb
QHZW\SH IO a = IO (SWaWH## RHaOWRUOd -> (## SWaWH## RHaOWRUOd, a ##))

9



mbBM; KQM�/b iQ b2[m2M+2 iQ;2i?2` bi�i27mH +QKTmi�iBQMb r�b }`bi BMi`Q/m+2/
#v S2viQM CQM2b �M/ q�/H2` (R8)(R3)X h?2 T`Q;`�KK2` MQ HQM;2` M22/b iQ F22T
i`�+F Q7 i?2 bi�i2 Q7 i?2 rQ`H/X h?2v +�M F22T i?2B` BKT2`�iBp2 +Q/2 BKT2`�iBp2-
�M/ i?2B` Tm`2 +Q/2 Tm`2X h?Bb K�``B�;2 Q7 KQM�/b �M/ AP Bb QM2 Q7 i?2 +`QrM
D2r2Hb Q7 7mM+iBQM�H H�M;m�;2 `2b2�`+? iQ +QK2 Qmi Q7 >�bF2HHX
LQVWaQcH MRQad IO ZKHUH
reWXrn [ = \Z -> (Z, [)
[ >>= f = \Z -> OHW (Z', \) = [ Z LQ f \ Z'

LQr AP �+iBQMb +�M #2 2�bBHv +?�BM2/ iQ;2i?2` BM � ivT2@b�72 r�v i?�i 2Mbm`2b
i?2B` Q`/2`BM;X lM7Q`imM�i2Hv- i?Bb Q`/2`BM; BKTQb2b HBKBi�iBQMbX PM2 Q7 i?2
K�BM #2M2}ib Q7 Tm`2 7mM+iBQM�H H�M;m�;2b Bb i?�i bBM+2 2tT`2bbBQMb /Q MQi ?�p2
bB/2 2z2+ib- i?2`2 Bb MQ `2bi`B+iBQM QM r?�i Q`/2` i?2v M22/ iQ #2 2p�Hm�i2/ BMX
h�F2 7Q` 2t�KTH2 i?2 7QHHQrBM; T`Q;`�K,
f, g, h :: IQW -> IQW
f [ = g [ + h [

g +QmH/ #2 2p�Hm�i2/ #27Q`2 h- Q` h +QmH/ #2 2p�Hm�i2/ #27Q`2 gX Ai rQmH/MǶi
K�F2 � /Bz2`2M+2 #2+�mb2 i?2`2 �`2 MQ bB/2 2z2+ibX PM2 KB;?i #2 i2KTi2/ i?2M
iQ 2p�Hm�i2 i?2 irQ 2tT`2bbBQMb +QM+m``2MiHv- �M/ BM/22/ i?�i rQmH/ #2 b�72 iQ
/Q bQX h?2 b�K2 +�MMQi #2 b�B/ 7Q` BKTm`2 AP �+iBQMb ?Qr2p2`- �M/ >�bF2HHǶb
ivT2 bvbi2K Bb r2HH �r�`2 Q7 i?�iX
f, g, h :: IQW -> IO IQW
f [ = g [ >>= \\ -> \ + h [

q2 M22/ iQ 2tTHB+BiHv #BM/ i?2 �+iBQMb �M/ b2[m2M+2 2p�Hm�iBQMX .Q2b i?Bb
K2�M i?�i +QM+m``2M+v Bb BKTQbbB#H2 7Q` AP �+iBQMb\ LQi �i �HH- K�Mv H�M;m�;2b
T`QpB/2 T`BKBiBp2b iQ `mM i?2b2 �+iBQMb +QM+m``2MiHv BM � ivT2 b�72 r�vX >�bF2HHǶb
base HB#`�`v ?�b forkIO- #mi 7Q` bBKTHB+Hiv r2 �`2 ;QBM; iQ �bbmK2 i?2 2tBbi2M+2
Q7 � ?B;?2` H2p2H 7mM+iBQM i?�i `mMb irQ AP �+iBQMb bBKmHi�M2QmbHv �M/ +QHH2+ib
i?2 `2bmHibX
concXrrenWl\ :: IO a -> IO b -> IO (a, b)

LQr r2 +�M mb2 Bi iQ `mM Qm` irQ AP �+iBQMb bB/2 #v bB/2 b�72HvX
f, g, h :: IQW -> IO IQW
f [ = g [ `concXrrenWl\` h [ >>= \(a, b) -> reWXrn (a + b)

"mi r?�i B7 g �M/ h �+im�HHv HQQF2/ HBF2 i?Bb\
g [ = dR
W[W <- readFile "foo.W[W"
reWXrn ([ + (read W[W))

h [ = dR
ZriWeFile "foo.W[W" "hello"
reWXrn (42 - [)

readFile :: FLOHPaWK -> IO SWULQJ
ZriWeFile :: FLOHPaWK -> SWULQJ -> IO ()
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_mMMBM; i?2b2 irQ 7mM+iBQMb +QM+m``2MiHv +QmH/ #2 /Bb�bi`Qmb- �b i?2 Q`/2`
BM r?B+? i?2v 2t2+mi2 +QmH/ �z2+i i?2 Qmi+QK2 Q7 i?2 T`Q;`�KX h?2b2 BMMQ+mQmb
HQQFBM; AP �+iBQMb i?2M 2M/ mT BMi`Q/m+BM; MQM@/2i2`KBMBbK �M/ `�+2 +QM/B@
iBQMbX q2 FMQr bi�iB+�HHv i?�i � T`Q;`�K bm+? �b

ZriWeFile "foo.W[W" "a" `concXrrenWl\` ZriWeFile "foo.W[W" "b"

b?QmH/ T`Q#�#Hv MQi #2 �HHQr2/- #2+�mb2 Bi Bb #H�i�MiHv �++2bbBM; i?2 b�K2 `2@
bQm`+2 bBKmHi�M2QmbHvX "mi i?2M r?v /B/ i?2 ivT2 bvbi2K �HHQr Bi\ >�b Bi 7�BH2/
mb\ h?2 ;Q�H Q7 i?2 ivT2 bvbi2K Bb iQ /Bb�HHQr �b K�Mv BM+Q``2+i T`Q;`�Kb �b
TQbbB#H2 r?BHbi �HHQrBM; �HH +Q``2+i T`Q;`�KbX Ai Bb � }M2 HBM2 �b iQ r?�i T`Q@
;`�Kb �`2 /22K2/ +Q``2+i �M/ r?�i �`2 /22K2/ BM+Q``2+iX � ivT2 bvbi2K iQQ
H2MB2Mi �M/ #m;;v T`Q;`�Kb rBHH +`22T i?`Qm;?, #mi � ivT2 bvbi2K iQQ bi`B+i
�M/ i?2 T`Q;`�KK2` rBHH r�bi2 iBK2 };?iBM; i?2 ivT2 +?2+F2`X

AM i?Bb /Bbb2`i�iBQM r2 �BK iQ }M/ � TQBMi BM i?2 /2bB;M bT�+2 i?�i `2D2+ib
bm+? T`Q;`�Kb �b i?2 QM2 �#Qp2X q2 /Q MQi r�Mi iQ �HHQr T`Q;`�Kb i?�i ?�p2
;H�`BM; `�+2 +QM/BiBQMb- r?2`2 r2 +�M b22 i?�i i?2`2 Bb � +QMi2MiBQmb �++2bb Q7
`2bQm`+2bX Pm` rQ`F Bb #�b2/ �`QmM/ i?2 B/2� Q7 F22TBM; i`�+F Q7 r?�i `2bQm`+2b
�`2 BM mb2- �i i?2 ivT2 H2p2HX q2 }`bi BK�;BM2 r?�i i?Bb KB;?i HQQF HBF2 BM
>�bF2HH #v �//BM; �MQi?2` ivT2 T�`�K2i2` iQ Qm` AP ivT2- `2T`2b2MiBM; r?�i
`2bQm`+2 �M AP �+iBQM mb2b,

W\SH IO r a = WRUOd -> (WRUOd, a)

r Bb � T?�MiQK ivT2 T�`�K2i2`- r?B+? QMHv 2tBbib �i i?2 ivT2 H2p2HX LQr Qm`
ivT2 bB;M�im`2b +QmH/ HQQF HBF2 i?Bb- �MMQi�iBM; i?2 �SA rBi? r?�i `2bQm`+2b Bi
KB;?i mb2X

daWa RHVRXUcH = FLOHS\VWHP _ NHW _ DaWabaVH _ OSHQGL _ ...
readFile :: FLOHPaWK -> IO FLOHS\VWHP ()
ZriWeFile :: FLOHPaWK -> IO FLOHS\VWHP SWULQJ
readSockeW :: SRcNHW -> IO NHW ()
rXnQXer\ :: QXHU\ a -> IO DaWabaVH a
sZapBXffers :: IO OSHQGL ()

E22T BM KBM/ r2 �`2 T�BMiBM; BM #`Q�/ bi`QF2b r?2M r2 mb2 i?2 rQ`/ ǳ`2@
bQm`+2ǴX AM i?2 `mMMBM; 2t�KTH2 i?2 `2bQm`+2 ?�b #22M � }H2- foo.W[W- #mi i?2
MQiBQM Q7 � `2bQm`+2 +�M #2 �b #`Q�/ Q` �b bT2+B}+ �b � 7mM+iBQM M22/b Bi iQ #2X Ai
+QmH/ `2T`2b2Mi � bT2+B}+ /�i�#�b2 BMbi�M+2- Q` � M2irQ`F bQ+F2iX 6Q` bBKTHB+Biv
BM Qm` 2t�KTH2 r2 rBHH +QMbB/2` i?2 2MiB`2 }H2 bvbi2K �b � bBM;H2 `2bQm`+2- i?2
2MiB`2 M2irQ`F �b � bBM;H2 `2bQm`+2- �M/ bQ QMX

LQr i?�i r2 FMQr r?�i `2bQm`+2b 2�+? AP �+iBQM Bb mbBM;- r2 rQmH/ HBF2
iQ +?�M;2 i?2 ivT2 Q7 Qm` +QM+m``2Mi 7mM+iBQM iQ i�F2 �/p�Mi�;2 Q7 i?Bb M2r
BM7Q`K�iBQMX S2`?�Tb r2 rQmH/ HBF2 iQ `2D2+i �Mv irQ 7mM+iBQMb i?�i mb2 i?2
b�K2 `2bQm`+2- BX2X Bi QMHv �++2Tib AP �+iBQMb rBi? /BbiBM+i `2bQm`+2bX

concXrrenWl\ :: r \a s => IO r a -> IO s b -> IO ? (a, b)

e



uQm +�M `2�/ r \a s �b ǳ` Bb /BbiBM+i 7`QK bǴ- Q` i?2 QTTQbBi2 Q7 � r a s
2[m�HBiv +QMbi`�BMi i?�i QM2 KB;?i b22 BM � ivT2 bB;M�im`2X h?Bb- ?Qr2p2`- /Q2b
MQi 2tBbi BM >�bF2HHX �M/ r?�i /Q2b Bi 2t�+iHv K2�M 7Q` irQ `2bQm`+2b iQ ǳ#2
/BbiBM+iǴ\ �M/ r?�i `2bQm`+2b rQmH/ i?2 `2im`M2/ AP mb2\

h?2b2 [m2biBQMb �`2 �Mbr2`2/ rBi? � 7Q`K�H /2}MBiBQM Q7 � ivT2 bvbi2K i?�i
i`�+Fb `2bQm`+2 mb�;2X q2 2tTHQ`2 � bT2+B}+ TQBMi BM i?2 /2bB;M bT�+2- r?2`2
i?2 ivT2 bvbi2K `2D2+ib T`Q;`�Kb HBF2

`2�/6BH2g `2�/6BH2

#mi �++2Tib �M/ �bbB;Mb ivT2b iQ T`Q;`�Kb bm+? �b

`2�/6BH2g `2�/L2i : AP6BH2[L2i ⇤⇥⇤

AM b?Q`i- r2 �BK iQ +`2�i2 � ivT2 bvbi2K i?�i F22Tb i`�+Fb Q7 i?2 `2bQm`+2b
#2BM; mb2/- bQ i?�i i?2 T`Q;`�KK2` /Q2bMǶi ?�p2 iQX Ai /Q2b MQi �BK iQ bQHp2
+QM+m``2M+v ě i?2`2 rBHH biBHH #2 T`Q;`�Kb i?�i ?�p2 +QM+m``2M+v 2``Q`b i?�i
i?2 ivT2 bvbi2K rBHH biBHH �HHQrX q2 Dmbi �BK iQ M�``Qr /QrM i?2 b+QT2 Q7 p�HB/
T`Q;`�Kb- #v `mHBM; Qmi i?Qb2 rBi? #H�i�Mi- +QM+m``2Mi `2bQm`+2 �++2bb 2``Q`bX

RXR Pp2`pB2r
h?Bb /Bbb2`i�iBQM ?�b #22M r`Bii2M BM � bivH2 i?�i /Q2bMǶi �bbmK2 T`BQ` FMQrH2/;2
Q7 ivT2 i?2Q`v- �M/ bQ Bi b?QmH/ /Qm#H2 �b � imiQ`B�H �HQM; Qm` DQm`M2v iQ +`2�i2
Qm` `2bQm`+27mH ivT2 bvbi2KX

AM *?�Ti2` k r2 rBHH i�HF �#Qmi i?2 BMbTB`�iBQMb Q7 i?2 ivT2 bvbi2K- M�K2Hv
b2T�`�iBQM HQ;B+- �M/ ?Qr Bi T�`�HH2Hb rBi? Qm` KQM�/B+ H�M;m�;2X q2 rBHH �HbQ
#`B2~v ;Q Qp2` r?�i r2 K2�M #v � KQM�/ 7Q`K�HHv- �M/ i?2M HQQF �i i?2 Q`B;BM�H
/2bB;M Q7 >BM/H2v@.�K�b@JBHM2` r?B+? r2 rBHH #mBH/ mTQMX *?�Ti2` j BMi`Q/m+2b
i?2 H�M;m�;2- Bib ivT2 bvbi2K �M/ Bib b2K�MiB+bX Ai ;Bp2b � +QKTH2i2 /2}MBiBQM Q7
�HH i?2 T�`ib M22/2/ iQ T`Qp2 T`QT2`iB2bX q2 T`Qp2 i?2b2 T`QT2`iB2b BM *?�Ti2` 9-
BM r?B+? r2 2p2Mim�HHv #mBH/ mT �M/ T`2b2Mi � T`QQ7 Q7 Bib bQmM/M2bbX h?Bb T`QQ7-
�M/ i?2 Qi?2`b i?�i �++QKT�Mv Bi- �`2 i?2M K2+?�MBb2/ rBi?BM i?2 /2T2M/2MiHv
ivT2/ H�M;m�;2 �M/ T`QQ7 �bbBbi�Mi �;/�X h?2 K2i?Q/QHQ;v Q7 i?Bb Bb /Bb+mbb2/
BM *?�Ti2` 8X 6BM�HHv- *?�Ti2` e 2p�Hm�i2b Qm` ivT2 bvbi2KX q2 HQQF �i ?Qr Bi
KB;?i #2 `2}M2/- �M/ }M/ K�Mv �`2�b Q7 7m`i?2` rQ`F i?�i rQmH/ #2 BMi2`2biBM;
iQ 2tTHQ`2X

d



*?�Ti2` k

"�+F;`QmM/

kXR a2T�`�iBQM HQ;B+
Jm+? Q7 i?2 Q`B;BM�H BMbTB`�iBQM 7Q` i?Bb rQ`F +�K2 7`QK b2T�`�iBQM HQ;B+X a2T@
�`�iBQM HQ;B+ (R9- Re) Bb �M 2ti2MbBQM iQ >Q�`2 HQ;B+- � bvbi2K 7Q` 7Q`K�HBbBM;
T`QT2`iB2b �#Qmi BKT2`�iBp2 T`Q;`�Kb- �M/ ?�b #22M mb2/ iQ T`Qp2 T`QT2`iB2b
�#Qmi `2bQm`+2 �++2bb BM +QM+m``2Mi T`Q;`�Kb (Rj)X Ai Bb 7Q`K�HBb2/ i?`Qm;? bT2+@
B}+�iBQMb- r?B+? +QKT`Bb2 Q7 bQK2 +Q/2 �HQM;bB/2 � T`2+QM/BiBQM � TQbi+QM/BiBQMX

{T`2+QM/BiBQM} +Q/2 {TQbi+QM/BiBQM}

h?2 T`2+QM/BiBQMb �M/ TQbi+QM/BiBQMb K�F2 �bb2`iBQMb �#Qmi r?�i TQBMib iQ
r?�i- BMbB/2 i?2 ?2�TX AM i?2 2t�KTH2 i?�i PǶ>2�`M ;Bp2b- � +v+HB+ HBbi Bb +QM@
bi`m+i2/ 7`QK irQ TQBMi2`bX h?2 T`2+QM/BiBQM �bb2`ib i?�i x �M/ y TQBMi iQ
y BMBiB�HHv- �M/ i?2M i?2 TQbi+QM/BiBQM �bb2`ib i?�i i?2v TQBMi iQ 2�+? Qi?2`
�7i2`r�`/bX

{x 7! 0 ⇤ y 7! 0}
[x] = y;

[y] = x;

{x 7! y ⇤ y 7! x}

h?2 +Q/2 b2ib i?2 p�Hm2 Q7 x iQ i?2 HQ+�iBQM Q7 y- �M/ pB+2@p2`b�X a2T�`�iBQM
HQ;B+ 2ti2M/b >Q�`2 HQ;B+ rBi? i?2 MQiBQM Q7 bTHBiiBM; i?2 ?2�TX AM i?2 2t�KTH2
�#Qp2- BMbi2�/ Q7 �bb2`iBM; x 7! y ^ y 7! x- i?2 b2T�`�iBQM +QMDmM+iBQM ⇤ Bb
mb2/ r?B+? b�vb ǳx TQBMib iQ y �M/ b2T�`�i2Hv y TQBMib iQ xǴX h?2 ?2�T Kmbi
#2 �#H2 iQ bTHBi BMiQ irQ /BbDQBMi bm#?2�Tb- bm+? i?�i x 7! y ?QH/b BM QM2 �M/
y 7! x BM i?2 Qi?2`X �b � `2bmHi x �M/ y +�MMQi TQBMi iQ i?2 b�K2 HQ+�iBQM BM
i?2 ?2�TX h?2b2 T`2+QM/BiBQMb �M/ TQbi+QM/BiBQMb +�M #2 /2`Bp2/ 7`QK bQ@+�HH2/
bK�HH �tBQKbX �b �M 2t�KTH2- �M BKT2`�iBp2 H�M;m�;2 KB;?i +QMi�BM �M �tBQK
7Q` r`BiBM; iQ � TQBMi2` bm+? �b

{x 7! �}[x] = v{x 7! v}
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�KQM;bi Qi?2`b 7Q` T`BKBiBp2 QT2`�iBQMb HBF2 `2�/BM;- �HHQ+�iBM; �M/ 7`22BM;
TQBMi2`bX

h?2 7`�K2 `mH2 �HHQrb � bT2+B}+�iBQM iQ #2 2ti2M/2/ #v �//BM; 2ti`� T`2/B@
+�i2b i?�i /Q MQi K2MiBQM �Mv p�`B�#H2b mb2/ #v i?2 +Q/2X

{p} +Q/2 {q}
{p ⇤ r} +Q/2 {q ⇤ r}

r?2`2 MQ p�`B�#H2 Q++m``BM; 7`22
BM ` Bb KQ/B}2/ #v +Q/2

h?Bb `mH2 2M/b mT #2BM; [mBi2 bB;MB}+�Mi- �b Bib i?2 `2�bQM r?v b2T�`�iBQM HQ;B+
�HHQrb 7Q` T`Q;`�Kb iQ #2 `2�bQM2/ �#Qmi HQ+�HHv ě i?2 T`2/B+�i2b BMpQHpBM; i?2
?2�T �`2 b?`mMF bQ i?�i i?2v QMHv +QMi�BM p�`B�#H2b i?�i i?2 +Q/2 KQ/B}2bX

h?2`2 Bb �HbQ i?2 +QM+m``2M+v `mH2 7Q` `2�bQMBM; �#Qmi `mMMBM; irQ T`Q;`�Kb
bB/2 #v bB/2X Ai bi�i2b i?�i i?2 T`2+QM/BiBQMb �M/ TQbi+QM/BiBQMb Q7 i?2 irQ
T`Q;`�Kb Kmbi ?QH/ b2T�`�i2Hv iQ 2�+? Qi?2`X

{p1} +Q/21 {q1} {p2} +Q/22 {q2}
{p1 ⇤ p2} +Q/21 || +Q/22 {q1 ⇤ q2}

q2 rBHH b22 H�i2` QM BM *?�Ti2` e ?Qr i?2 bvbi2K r2 2M/ mT /2p2HQTBM; T�`�HH2Hb
rBi? i?BbX

E`Bb?M�br�KB #mBHi mTQM b2T�`�iBQM HQ;B+ rBi? � ?B;?2`@Q`/2` JG HBF2 H�M@
;m�;2(N) rBi? ivT2bX GBF2 Qm` bvbi2K- Bi miBHBb2/ KQM�/B+ #BM/BM; 7Q` b2[m2M+BM;-
�HHQrBM; BKT2`�iBp2 +QKTmi�iBQM rBi?BM �M Qi?2`rBb2 Tm`2 H�M;m�;2X lMHBF2 Qm`
bvbi2K- i?Bb BM+Hm/2/ b2T�`�iBQM HQ;B+ T`2/B+�i2b /B`2+iHv rBi?BM i?2 H�M;m�;2X
q2 rBHH MQi rQ`F rBi? T`2/B+�i2b- �M/ BMbi2�/ Tmb? �HH Qm` �bb2`iBQMb BMiQ i?2
ivT2 H2p2HX

kXk JQM�/b +�i2;Q`B+�HHv
�b i?2 H�M;m�;2 r2 rBHH /2p2HQT BM *?�Ti2` j `2pQHp2b �`QmM/ KQM�/b �i Bib
+Q`2- Bi Bb � ;QQ/ B/2� iQ i�F2 � #`B27 HQQF �i r?�i 2t�+iHv i?2v �`2 7`QK �
K�i?2K�iB+�H bi�M/TQBMi- �M/ /BT Qm` iQ2b BMiQ i?2 +QQH r�i2`b Q7 +�i2;Q`v
i?2Q`vX h?2`2 Bb �M BM7�KQmb /2}MBiBQMR Q7 � KQM�/ i?�i ;Q2b �HQM; i?2 HBM2b Q7

� KQM�/ Bb Dmbi � KQMQB/ BM i?2 +�i2;Q`v Q7 2M/Q7mM+iQ`b- r?�iǶb
i?2 T`Q#H2K\

G2iǶb #`2�F i?Bb /QrMX � +�i2;Q`v Bb � +QHH2+iBQM Q7 Q#D2+ib UHBF2 � b2iV- �M/
KQ`T?BbKb UHBF2 7mM+iBQMb #2ir22M b2ibVX AM i?2 b�K2 r�v- >�bF2HH ?�b >�bF
ě i?2 +�i2;Q`v Q7 ivT2bX Aib Q#D2+ib �`2 ivT2b bm+? �b BRRO �M/ IQW- �M/ Bib
KQ`T?BbKb �`2 7mM+iBQMb i�FBM; � ivT2 �M/ `2im`MBM; �MQi?2`X

BRRO, IQW :: * -- Bool and Int are t\pes
TUXH :: BRRO
42 :: IQW
f : BRRO -> IQW -- a morphism betZeen Bool and Int

RC�K2b A`v � "`B27- AM+QKTH2i2- �M/ JQbiHv q`QM; >BbiQ`v Q7 S`Q;`�KKBM; G�M;m�;2b

N



� 7mM+iQ` Bb � K�TTBM; #2ir22M +�i2;Q`B2b i?�i T`2b2`p2b i?2 bi`m+im`2X h?�i
Bb- � 7mM+iQ` K�Tb Q#D2+ib �M/ KQ`T?BbKb 7`QK QM2 +�i2;Q`v iQ Q#D2+ib �M/
KQ`T?BbKb BM �MQi?2` +�i2;Q`vX AM i?2 b�K2 r�v- � FXQcWRU BM >�bF2HH K�Tb �
ivT2 iQ �MQi?2` ivT2- �M/ Bib 7mM+iBQMb iQ Qi?2` 7mM+iBQMb rBi? fmapX

Ma\bH :: * -> *
Ma\bH BRRO :: * -- Maps Bool to Ma\be Bool
fmap :: (a -> b) -> (f a -> f b) -- Maps (a -> b) to (f a -> f b)

6mM+iQ`b +�M ?�p2 K�TTBM;b iQ Qi?2` 7mM+iQ`b- �M/ i?2b2 �`2 FMQrM �b M�im`�H
i`�Mb7Q`K�iBQMbX �M 2M/Q7mM+iQ` Bb � 7mM+iQ` 7`QK QM2 +�i2;Q`v iQ i?2 b�K2
+�i2;Q`vX h?�i Bb- Bi K�Tb Q#D2+ib �M/ KQ`T?BbKb 7`QK QM2 +�i2;Q`v- iQ Q#D2+ib
�M/ KQ`T?BbKb BM i?2 b�K2 +�i2;Q`vX "mi r?�i /Q2b i?�i K2�M BM >�bF2HH\
q2HH- bBM+2 FXQcWRU K�Tb ivT2b iQ ivT2b- r2 �`2 K�TTBM; 7`QK >�bF iQ >�bF ě
�HH FXQcWRUb BM >�bF2HH �`2 2M/Q7mM+iQ`b5 h?2v 2tBbi �b ivT2 +QMbi`m+iQ`b rBi?
i?2 FBM/ * -> *X

� KQM�/ Bb i?2M /2}M2/ �b,

RX �M 2M/Q7mM+iQ` T : X ! X

kX qBi? � M�im`�H i`�Mb7Q`K�iBQM iQ ~�ii2M irQ KQM�/b iQ;2i?2`
µ : T (T (X))! T (X)

jX �M/ �MQi?2` M�im`�H i`�Mb7Q`K�iBQM ⌘ : X ! T (X)

9X h?�i b�iBb7v bQK2 T`QT2`iB2b Ui?2 KQM�/ H�rbV

P` BM >�bF2HH-

cOaVV FXQcWRU m => MRQad m a ZKHUH
join :: m (m a) -> m a
reWXrn :: a -> m a

>Qr2p2` �b vQm KB;?i #2 �r�`2- i?2 �+im�H /2}MBiBQM BM >�bF2HH mb2b #BM/ >>=-
MQi i?2 K�i?2K�iB+�H /2}MBiBQM Q7 joinX Ai +�M #2 BKTH2K2Mi2/ BM i2`Kb Q7 >>=
BMbi2�/- �M/ pB+2@p2`b� mbBM; i?2 7�+i i?�i � KQM�/ Bb �HbQ � 7mM+iQ`X

(>>=) :: m a -> (a -> m b) -> m b
join m = m >>= \[ -> [
m >>= f = join (fmap f m)

h?2 ǳKQMQB/ BM i?2 +�i2;Q`v Q7 2M/Q7mM+iQ`bǴ #Bi i?2M +QK2b �#Qmi #2+�mb2
� KQMQB/ Bb /2}M2/ �b,

RX � b2i X

kX qBi? �M �bbQ+B�iBp2 #BM�`v QT2`�iBQM � : X ⇥X ! X

jX �M/ �M B/2MiBiv 2H2K2Mi e : X

9X h?�i b�iBb7v bQK2 T`QT2`iB2b Ui?2 KQMQB/ H�rbV

Ry



� KQMQB/ Bb i?2 b�K2 /2�H �b � KQM�/- 2t+2Ti 7mM+iQ` +QKTQbBiBQM Bb `2TH�+2/
rBi? i?2 *�`i2bB�M T`Q/m+i �M/ i?2 mMBi 7mM+iBQM Bb `2TH�+2/ rBi? i?2 B/2MiBiv
2H2K2MiX �M/ B7 KQMQB/b �HHQr +?�BMBM; iQ;2i?2` 2H2K2Mib- i?2M KQM�/b BM
T`Q;`�KKBM; �HHQr +?�BMBM; iQ;2i?2` +QKTmi�iBQMX AM Qm` bvbi2K r2 rBHH #2
mbBM; i?2 KQ`2 T`�;K�iB+ >�bF2HH /2}MBiBQM Q7 � KQM�/ i?�i mb2b #BM/ `�i?2`
i?�M DQBMX "mi i?2 7mM/�K2Mi�H B/2� Q7 b2[m2M+BM; `2K�BMb i?2 b�K2X

kXj hvT2@H2p2H T`Q;`�KKBM; rBi?BM :>*
"27Q`2 +`2�iBM; i?2 bvbi2K BM *?�Ti2` j- r2 Q`B;BM�HHv �ii2KTi2/ iQ 2K#2/ �
`2bQm`+27mH bvbi2K rBi?BM :>*Ƕb ivT2 bvbi2KX q?BHbi i?2 Q`B;BM�H >�bF2HH kyRy
H�M;m�;2 bT2+B}+�iBQM r�b #�b2/ QM avbi2K 6- i?2`2 ?�b #22M Km+? rQ`F (d)(RN)
+�``B2/ Qmi iQ �// /2T2M/2Mi ivT2b iQ :>* pB� � TH2i?Q`� Q7 H�M;m�;2 2ti2M@
bBQMbX L�K2Hv- T\peFamilies �M/ GADT T`QpB/2 � HQi Q7 i?2 TQr2` M22/2/ iQ +�``v
Qmi ivT2@H2p2H T`Q;`�KKBM;- �M/ r2 H2p2`�;2/ i?Bb 2tT`2bbBp2M2bb iQ 2KmH�i2 �
`2bQm`+2@i`�+FBM; p2`bBQM Q7 i?2 IO KQM�/- /m##2/ SXbIOX Ai +�``B2/ �`QmM/ �
?2�T rBi? � T?�MiQK ivT2 T�`�K2i2`,

QHZW\SH SXbIO (a :: [j]) b = SXbIO (IO b)
dHULYLQJ (FXQcWRU, ASSOLcaWLYH, MRQad)

q2 i?2M /2}M2/ � bm#+H�bb Q7 MRQad i?�i 2ti2M/2/ Bi rBi? � b2[m2M+BM; QT2`�iQ`
�M/ +QM+m``2M+v QT2`�iQ`- #Qi? r?B+? K2`;2/ i?2 ?2�T T�`�K2i2`b iQ;2i?2`X

cOaVV MRQad (m j) => HHaSMRQad (m :: [[] -> * -> *) j ZKHUH
(>>>=) :: m j a -> (a -> m k b) -> m (j ** k) b
(___) :: m j a -> m k b -> m (j ** k) b
(___) [ f = [ >>>= consW f

Ai K2`;2/ i?2 irQ ?2�Tb iQ;2i?2` i?`Qm;? i?2 ** ivT2 7�KBHv- r?B+? i?`2r �
ivT2 2``Q` B7 i?2v Qp2`H�TT2/X

W\SH IaPLO\ OYHUOaS a b :: BRRO ZKHUH
OYHUOaS '[] b = 'FaOVH
OYHUOaS (a ': as) b = II (MHPbHUP a b) 'TUXH (OYHUOaS as b)

W\SH IaPLO\ a ** b :: [c] ZKHUH
(a ** b) = II (OYHUOaS a b)

(T\SHEUURU ('TH[W "Heaps oYerlap!"))
(a :++ b)

�M BMbi�M+2 7Q` SXbIO r�b ;Bp2M- �M/ rBi? Bi bQK2 }H2 QT2`�iBQMb 7`QK S\VWHP.IO-
i`�Mb7Q`K2/ iQ �++2Ti i?2 }H2 �`;mK2Mi �b � ivT2 �`;mK2Mi- bQ Bi +QmH/ #2
i`�+F2/ BM i?2 ?2�TX

LQVWaQcH HHaSMRQad SXbIO j ZKHUH
(SXbIO [) >>>= f = SXbIO ([ >>= \] -> OHW (SXbIO \) = f ] LQ \)
(SXbIO [) ___ (SXbIO \) = SXbIO (forkIO ([ >> pXre ()) >> \)

RR



readFile :: forall filePaWh. KQRZQS\PbRO filePaWh => SXbIO '[ILOHPaWK]
SWULQJ,!

readFile = fileOp PUHOXdH.readFile

appendFile :: forall filePaWh. KQRZQS\PbRO filePaWh => SWULQJ -> SXbIO
'[ILOHPaWK] (),!

appendFile [ = fileOp (`PUHOXdH.appendFile` [)

ZriWeFile :: forall filePaWh. KQRZQS\PbRO filePaWh => SWULQJ -> SXbIO
'[ILOHPaWK] (),!

ZriWeFile [ = fileOp (`PUHOXdH.ZriWeFile` [)

fileOp :: forall filePaWh a. KQRZQS\PbRO filePaWh => (FLOHPaWK -> IO a)
-> SXbIO '[ILOHPaWK] a,!

fileOp f = OHW fp = s\mbolVal (PUR[\ :: PUR[\ filePaWh)
LQ SXbIO (f fp)

�HH iQ;2i?2`- i?Bb K2�Mi i?�i 7mM+iBQMb +QmH/ #2 r`Bii2M rBi? i?2 7�KBHB�` /Q
bvMi�t- �M/ 2p2M #2ii2` `mM +QM+m``2MiHv rBi? ___ ě T`QpB/2/ i?2B` ?2�Tb /B/MǶi
Qp2`H�TX

someIO = dR
ZriWeFile @"foo.W[W" "hello"
s <- readFile
reWXrn s

someMoreIO [ = dR
appendFile @"bar.W[W" [
readFile >>= SXbIO . pXWSWrLn

concE[ample = rXnSXbIO $ someIO ___ someMoreIO "blah"
--- this *should* t\pe error
-- badConcE[ample = runSubIO $ someIO ___ someIO

>Qr2p2` r2 mHiBK�i2Hv /Bb+Qp2`2/ i?�i Qp2`H�TTBM; BMbi�M+2b /QMǶi �Hr�vb i?`Qr
� ivT2 2``Q`- �b i?2 T?�MiQK ivT2 T�`�K2i2` F22TBM; i`�+F Q7 i?2 ?2�T r�b
2p�Hm�i2/ H�xBHvX PM2 rQ`F�`QmM/ BMpQHp2/ HQr2`BM; i?2 ?2�T /QrM iQ i?2 i2`K
H2p2H �M/ 7Q`+BM; 2p�Hm�iBQM pB� DaWa.PUR[\ �M/ seqX aiBHH- r2 i?BMF i?2`2 �`2
KQbi HBF2Hv #2ii2` r�vb iQ 2K#2/ i?Bb rBi?BM :>*Ƕb ivT2 bvbi2KX

kX9 >BM/H2v@.�K�b@JBHM2`
PM2 Q7 Qm` �BKb r?BHbi /2p2HQTBM; i?Bb ivT2 bvbi2K r�b iQ b22 ?Qr r2HH Bi
BMi2;`�i2b rBi? 2tBbiBM; 7mM+iBQM�H T`Q;`�KKBM; H�M;m�;2b- bT2+B}+�HHv i?Qb2 BM
i?2 JG 7�KBHvX h?2`27Q`2 r2 #�b2/ Qm` bvbi2K QM i?2 >BM/H2v@.�K�b@JBHM2`
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U>.JV ivT2 bvbi2K (9)X P`B;BM�HHv /2bB;M2/ iQ 7Q`K�HBb2 i?2 ivT2 bvbi2K Q7
JG- Bi Bb QM2 Q7 i?2 }`bi 7Q`K�HBb�iBQMb Q7 � TQHvKQ`T?B+ ivT2 bvbi2KX Ai r�b
?2�pBHv BM~m2MiB�H �i i?2 iBK2 �M/ biBHH +QMiBMm2b iQ #2 bQ iQ/�v- T�pBM; i?2 r�v
7Q` M2r2` ivT2 bvbi2Kb bm+? �b avbi2K 6X

kX9XR avMi�t
"27Q`2 r2 +�M i�HF �#Qmi � ivT2 bvbi2K- r2 M22/ iQ i�HF �#Qmi i?2 H�M;m�;2
i?�i Bi QT2`�i2b QMX >.J mb2b �M �TTHB+�iBp2 H�M;m�;2, � H�M;m�;2 BM r?B+?
vQm +�M �TTHv �#bi`�+iBQMbX

h2tT`2bbBQM ei ,,4 x % �x.e % e e
0 % H2i x = e

0 BM e

hivT2 ⌧i ,,4 ⇤ % ↵ % ⌧ 0 ! ⌧

hivT2 b+?2K2 �i ,,4 ⌧ % 8↵.�

h+QMi2ti �i ,,4 ⇧ % �, x : �

1tT`2bbBQMb �`2 �M 2ti2MbBQM Q7 i?2 p2M2`�#H2 H�K#/� +�H+mHmb- rBi? i?2 �//BiBQM
Q7 � M2r H2i 2tT`2bbBQM i?�i #BM/b �M 2tT`2bbBQM iQ � p�`B�#H2X h?Bb Bb MQi�#Hv
/Bz2`2Mi 7`QK �#bi`�+iBQM �b Bi �HHQrb 7Q` TQHvKQ`T?BbK- r?B+? r2 rBHH b22 H�i2`X

hvT2b �`2 2Bi?2` mMBi ivT2b- ivT2 p�`B�#H2b Q` 7mM+iBQM ivT2bX >Qr2p2` 2t@
T`2bbBQMb �`2 MQi �bbB;M2/ ivT2b /B`2+iHv- BMbi2�/ i?2v �`2 ;Bp2M ivT2 b+?2K2b
r?B+? [m�MiB7v Qp2` ivT2 p�`B�#H2bX h?2 /BbiBM+iBQM #2ir22M i?2 irQ Bb M2+2bb�`v
bQ i?�i [m�MiB}2`b +�M QMHv �TT2�` �i i?2 iQT H2p2HX

� +QMi2ti Bb � K�T 7`QK p�`B�#H2b iQ ivT2 b+?2K2b- `2T`2b2Mi2/ �b � FBM/ Q7
HBMF2/ HBbiX q?2M2p2` r2 M22/ iQ rQ`F Qmi i?2 ivT2 Q7 � p�`B�#H2 2tT`2bbBQM HBF2
x- r2 i`�p2`b2 i?2 +QMi2ti iQ }M/ Bib ivT2 b+?2K2X

h?2`2 Bb �HbQ i?2 MQiBQM Q7 7`22 ivT2 p�`B�#H2b- r?B+? �`2 ivT2 p�`B�#H2b BMbB/2
� ivT2 b+?2K2 r?B+? ?�p2 MQi #22M #QmM/ U[m�MiB}2/ Qp2`VX

6ho(8↵.⌧) = 6ho(⌧) \ {↵}
6ho(↵) = {↵}

6ho(⌧ ! ⌧
0) = 6ho(⌧ 0) [ 6ho(⌧)

kX9Xk ai�iB+ b2K�MiB+b
� ivT2 bvbi2K /2b+`B#2b ?Qr r2 �bbB;M p�HB/ ivT2b iQ Qm` 2tT`2bbBQMbX JQbi Q7
i?2 iBK2- BiǶb i?`Qm;? � ivTBM; `2H�iBQM HBF2

� ` e : ⌧

uQm +�M `2�/ i?Bb �b ǳAM i?2 +QMi2ti �- e ?�b i?2 ivT2 ⌧ǴX h?Bb Bb � `2H�iBQM
#2ir22M � +QMi2ti- �M 2tT`2bbBQM �M/ � ivT2- BM i?2 b�K2 r�v i?�i a  b Bb �
`2H�iBQM #2ir22M irQ MmK#2`bX qBi? `2H�iBQMb r2 +�M 7Q`K Dm/;2K2Mib- bm+? �b
1  2- Q` � ` �x.(y x) : ↵! ⌧ X h?2b2 �`2 Dmbi bi�i2K2Mib i?�i r2 +�M K�F2 ě

Rj



i?2v KB;?i #2 i`m2- i?2v KB;?i #2 7�Hb2X Ab 42  19\ .Q2b � ` z : �\ A /QMǶi
FMQr- vQm i2HH K2X q2 M22/ bQK2i?BM; 2Hb2 iQ #2 �#H2 iQ i2HH r?2i?2` Q` MQi
i?2v K�F2 b2Mb2- bQ r2 ?�p2 ivTBM; `mH2b i?�i /B+i�i2 r?�i ivTBM; Dm/;2K2Mib
r2 +�M T`Qp2X � ivTBM; Dm/;2K2Mi i?�i r2 +�M T`Qp2 i2HHb mb i?�i i?2 2tT`2bbBQM
BM Bi Bb r2HH ivT2/- �M/ i?�i Bi /Q2b BM/22/ ?�p2 i?2 ivT2 Bi +H�BKb iQ ?�p2X

x : � 2 � � > ⌧

� ` x : ⌧
o�`

� ` e : ⌧ 0 ! ⌧ � ` e
0 : ⌧ 0

� ` e e
0 : ⌧

�TT

�, x : ⌧ 0 ` e : ⌧

� ` �x.e : ⌧ 0 ! ⌧
�#b

� ` e
0 : ⌧ 0 �, x : �̄(⌧ 0) ` e : ⌧

� ` H2i x = e
0 BM e : ⌧

G2i

h?2b2 `mH2b +QMbBbi Q7 bQK2 T`2KBb2b �#Qp2 � HBM2- �M/ � +QM+HmbBQM #2HQr BiX
S`2KBb2b �M/ +QM+HmbBQMb �`2 Dmbi Qi?2` Dm/;2K2Mib- i?�i r2 ?�p2 #22M �#H2 iQ
T`Qp2X h?2 ;Bbi Q7 i?2b2 `mH2b Bb i?�i B7 vQm ?�p2 T`QQ7 Q7 �HH i?2 T`2KBb2b �#Qp2-
i?2M vQm +�M BM72` i?2 +QM+HmbBQM �i i?2 #QiiQKX aQ 7Q` 2t�KTH2- vQm +�M `2�/
�TT �b ǳA7 e ?�b i?2 ivT2 ⌧ 0 ! ⌧ BM � �M/ e

0 ?�b i?2 ivT2 ⌧ 0 �HbQ BM �- i?2M e
0

�TTHB2/ iQ e ?�b i?2 ivT2 ⌧ BM �XǴX
�TT Bb QM2 Q7 i?2 7Qm` ivTBM; `mH2b BM i?2 bvMi�t@/B`2+i2/ >.J ivT2 bvbi2K-

�M/ i2HHb mb r?�i ?�TT2Mb iQ i?2 ivT2b r?2M r2 �TTHv �M �`;mK2Mi iQ � 7mM+iBQMX
G2iǶb i�F2 � HQQF �i r?�i i?2 Qi?2`b K2�MX �#b `2H�i2b iQ 7mM+iBQMb- bQK2iBK2b
+�HH2/ �#bi`�+iBQMbX Ai b�vb B7 e ?�b i?2 ivT2 ⌧ BM i?2 +QMi2ti �- 2ti2M/2/ rBi?
x ?�pBM; i?2 ivT2 b+?2K2 ⌧

0- i?2M �x.e ?�b i?2 ivT2 ⌧
0 ! ⌧ BM �X AM Qi?2`

rQ`/b- B7 e +�M ?�p2 ivT2 ⌧ T`QpB/2/ Bi ?�b �++2bb iQ x : ⌧ 0- i?2M r2 +�M K�F2
�M �#bi`�+iBQM Qmi Q7 BiX

A7 r2 ?�p2 � p�`B�#H2 2tT`2bbBQM x- i?2M o�` i2HHb mb ?Qr r2 +�M ;2i i?2 ivT2
7Q` BiX 6B`bi- r2 M22/ iQ K�F2 bm`2 x 2tBbib BM i?2 +QMi2ti �X Ai rBHH ?�p2 bQK2
ivT2 b+?2K2 �- #mi r2 +�MǶi /B`2+iHv �bbB;M i?�i iQ �M 2tT`2bbBQM ě i?2 ivTBM;
`2H�iBQM �bbB;Mb ivT2b iQ i2`Kb- MQi ivT2 b+?2K2bX AMbi2�/- � > ⌧ b�vb i?2`2
M22/b iQ #2 � ivT2 ⌧ i?�i � +�M #2 BMbi�MiB�i2/ iQX h?Bb BMbi�MiB�iBQM `2H�iBQM
b�vb i?�i B7 � Bb � ivT2 b+?2K2 8↵1 . . .↵n.⌧

0- i?2M i?2`2 2tBbib � K�TTBM; Q7 ivT2
p�`B�#H2b iQ ivT2b ↵1 7! ⌧1, . . . ,↵n 7! ⌧n r?B+? r2 +�M �TTHv iQ i?Qb2 #QmM/
ivT2 p�`B�#H2b BM ⌧

0 iQ ;Bp2 mb ⌧ X
�b Bi im`Mb Qmi- i?2b2 K�TTBM;b 7`QK ivT2 p�`B�#H2b iQ ivT2b �`2 `2�HHv +QK@

KQM- �M/ i?2v �`2 +�HH2/ bm#biBimiBQMbX h?2 r?QH2 `mH2 i?2M K2�Mb- B7 r2 +�M
HQQF mT � ivT2 b+?2K2 � 7Q` x- �M/ i?2M BMbi�MiB�i2 Bi iQ bQK2 ivT2 ⌧ - i?2M r2
+�M BM72` i?�i x ?�b i?2 ivT2 ⌧ BM �X

h?2 G2i `mH2 BMi`Q/m+2b TQHvKQ`T?BbK iQ i?2 H�M;m�;2X h?�i Bb- Bi �HHQrb
QM2 2tT`2bbBQM iQ #2 mb2/ 7Q` KmHiBTH2 ivT2bX *QMbB/2` i?2 B/2MiBiv 7mM+iBQM

�x.x

q?�i ivT2 b?QmH/ Bi ?�p2\ Ai +QmH/ #2 mb2/ #Qi? �b � AMi ! AMiX "mi i?2
`2�HBiv Bb i?�i r2 /QMǶi +�`2 �#Qmi i?2 mM/2`HvBM; ivT2- �M/ r�Mi Bi iQ rQ`F QM
�Mvi?BM;X

� ` �x.x : ↵! ↵

R9



qBi? ivT2 p�`B�#H2b BMbi2�/- r2 ?�p2 �#bi`�+i2/ Qp2` i?2 +QM+`2i2 ivT2bX �b@
bmKBM; r2 ?�p2 � +QMi2ti HBF2 � = ⇧, a : AMi- r2 KB;?i i`v iQ mb2 Bi KmHiBTH2
iBK2b- 2�+? rBi? /Bz2`2Mi ivT2b- #v T�bbBM; Bi BM �b �M �`;mK2Mi iQ �#bi`�+iBQMX

� ` (�y.(y y) (y a)) (�x.x) : AMi
"mi i?Bb rBHH MQi rQ`F- �M/ Bi Bb BM 7�+i BHH@ivT2/X Pm` B/2MiBiv 7mM+iBQM rBHH ;2i
T�bb2/ �`QmM/ �b y : ↵! ↵ i?`Qm;? �#bX q?2M 2Bi?2` (y y) Q` (y a) i`v iQ
HQQF mT y BM o�`- i?2v rBHH }M/ i?�i i?2v +�MǶi BMbi�MiB�i2 Bi iQ i?2 ivT2 i?2v
r�Mi- #2+�mb2 ↵ Bb MQi [m�MiB}2/ Qp2`5

AMbi2�/- r2 M22/ iQ T�bb �`QmM/ i?2 B/2MiBiv 7mM+iBQM �b y : 8↵.↵! ↵X qBi?
� H2i 2tT`2bbBQM- r2 +�M BMbi2�/ b�v

� ` H2i y = �x.x BM (y y) (y a) : AMi
A7 r2 HQQF �i i?2 }`bi T`2KBb2 7Q` G2i- r2 ?�p2 T`QQ7 i?�i � ` �x.x : ↵! ↵X AM
i?2 b2+QM/ T`2KBb2- r2 Tmi Bi BMiQ i?2 +QMi2ti �b y : �(↵ ! ↵)X �(↵ ! ↵) Bb
i?2 +HQb2 7mM+iBQM- r?B+? Bb /2}M2/ �b

�(⌧) = 8↵1 . . .↵n.⌧ r?2`2 {↵1, . . . ,↵n} = 6ho(⌧) \ 6ho(�)

h?Bb rBHH i�F2 i?2 /�M;HBM; 7`22 ivT2 p�`B�#H2b BM Qm` ivT2 �M/ +`2�i2 � M2r
ivT2 b+?2K2 i?�i #BM/b i?2K #v [m�MiB7vBM; Qp2` i?2K, Ai +HQb2b Qp2` 7`22 ivT2
p�`B�#H2bX

�(↵! ↵) = 8↵.↵! ↵

�M/ MQr i?�i i?2 ivT2 p�`B�#H2 ↵ Bb [m�MiB}2/- o�` Bb �#H2 iQ BMbi�MiB�i2 y iQ
#Qi? �M (↵! ↵)! (↵! ↵) �M/ �M AMi! AMiX

avMi�t@/B`2+i2/
LQi2 i?�i r2 ?�p2 #22M mbBM; i?2 bvMi�t@/B`2+i2/ `mH2b, � KQ`2 KQ/2`M i`2�i@
K2Mi Q7 i?2 Q`B;BM�H bvbi2KX AM i?2 bvMi�t@/B`2+i2/ `mH2b- i?2 ivTBM; `2H�iBQM
�bbB;Mb ivT2b iQ i2`Kb (Rd- TXR8)- MQi ivT2 b+?2K2b �b BM (9)X h?2 Q`B;BM�H bvbi2K
?�/ bBt `mH2b,

x : � 2 �

� ` x : �
h�mi

� ` e : � � > �
0

� ` e : �0 AMbi
� ` e : � ↵ /2 6ho(�)

� ` e : 8↵.�
:2M

� ` e : ⌧ 0 ! ⌧ � ` e
0 : ⌧ 0

� ` e e
0 : ⌧

*QK#
�, x : ⌧ 0 ` e : ⌧

� ` �x.e : ⌧ 0 ! ⌧
�#b

� ` e : � �, x : � ` e
0 : ⌧

� ` H2i x = e BM e
0 : ⌧

G2i

�b r2 +�M b22- i?2 bvMi�t@/B`2+i2/ `mH2b ?�p2 K2`;2/ h�mi �M/ AMbi BMiQ o�`-
�M/ :2M BMiQ G2i pB� �X Ai Bb TQbbB#H2 iQ T`Qp2 i?�i i?2b2 irQ bvbi2Kb �`2
2[mBp�H2Mi- #mi i?2 #2M2}i Q7 ?�pBM; Dmbi 7Qm` `mH2b Bb i?�i r2 MQr ?�p2 2t�+iHv
QM2 `mH2 7Q` 2�+? bvMi�+iB+ 7Q`K Q7 2tT`2bbBQMX h?Bb K2�Mb i?�i i?2 b?�T2 Q7 i?2
T`QQ7 Bb B/2MiB+�H iQ i?2 b?�T2 Q7 i?2 bvMi�tX h?Bb Bb /Bb+mbb2/ BM KQ`2 /2i�BH BM
a2+iBQM eX9X

R8



kX9Xj .vM�KB+ a2K�MiB+b
uQm KB;?i ?�p2 MQiB+2/ i?�i i?2 T`2pBQmb b2+iBQM r�b iBiH2/ ai�iB+ a2K�MiB+bX
q?2M2p2` r2 /2}M2/ i?2 ivTBM; `2H�iBQM �M/ i?2 ivTBM; `mH2b- r2 �bbB;M2/ �
b2Mb2 Q7 K2�MBM; iQ i?2b2 ivT2bX 6Q` 2t�KTH2- bQK2i?BM; Q7 ivT2 ⌧ 0 ! ⌧ Bb ;QBM;
iQ #2 � 7mM+iBQM- #2+�mb2 Qm` �#b `mH2 /B+i�i2b bQX h?2b2 b2K�MiB+b �`2 FMQrM
bi�iB+�HHvX qBi?Qmi FMQrBM; r?�i �Mv Q7 Qm` T`Q;`�Kb 2p�Hm�i2 iQ- r2 +�M rQ`F
Qmi i?2B` ivT2bX

lbm�HHv r�Mi iQ #2 �#H2 iQ b?Qr i?�i i?2b2 bi�iB+ b2K�MiB+b �`2 bQmM/- r?B+?
BM 2bb2M+2 K2�Mb B7 � T`Q;`�K ?�b � ivT2 ⌧ - Bi �+im�HHv 2p�Hm�i2b iQ bQK2i?BM;
Q7 ivT2 ⌧kX "mi iQ b?Qr i?Bb- r2 }`bi M22/ iQ /2}M2 r?�i Bi K2�Mb iQ 2p�Hm�i2
� T`Q;`�KX h?Bb Bb +�HH2/ i?2 /vM�KB+ b2K�MiB+b Q7 � H�M;m�;2X

h?2`2 �`2 KmHiBTH2 r�vb iQ /2}M2 i?2 /vM�KB+ b2K�MiB+bX AM i?2 Q`B;BM�H
rQ`F- JBHM2` �M/ .�K�b /2}M2/ � /2MQi�iBQM�H b2K�MiB+b 7Q` i?2 H�M;m�;2 (RR-
j)- r?B+? /2b+`B#2b 2p�Hm�iBQM BM i2`Kb Q7 K�i?2K�iB+�H Q#D2+ib �M/ 7mM+iBQMb
QT2`�iBM; QM i?2KX 6Q` #`2pBiv- r2 rBHH QKBi i?2 /2i�BHb ?2`2- �M/ `2H2;�i2 i?2K
iQ �TT2M/Bt �X h?2 BKTQ`i�Mi T�`i Bb i?�i QM+2 i?2 /vM�KB+ b2K�MiB+b �`2 BM
TH�+2- Bi Bb TQbbB#H2 iQ /2}M2 b2K�MiB+ 2Mi�BHK2Mi,

� ✏ e : ⌧

q?B+? +�M #2 `2�/ �b- ǳAM i?2 +QMi2ti �- e 2p�Hm�i2b iQ � p�Hm2 BM ⌧ǴX aQmM/M2bb
i?2M #QBHb /QrM iQ b?QrBM; i?�i B7 e ?�b ivT2 ⌧ - e /Q2b �+im�HHv 2p�Hm�i2 iQ �
p�Hm2 BM ⌧ X

� ` e : ⌧ ! � ✏ e : ⌧

khvT2 bQmM/M2bb Bb /Bb+mbb2/ BM KQ`2 /2i�BH BM a2+iBQM 9XR

Re



*?�Ti2` j

h?2 _2bQm`+27mH avbi2K

AM i?Bb +?�Ti2` r2 rBHH 7Q`K�HBb2 Qm` `2bQm`+2@i`�+FBM;- KQM�/B+ AP H�M;m�;2-
#�b2/ QM i?2 >BM/H2v@.�K�b@JBHM2` ivT2 bvbi2K i?�i r2 b�r BM i?2 T`2pBQmb
+?�Ti2`X Cmbi HBF2 #27Q`2 r2 rBHH /2}M2 i?2 bvMi�t- bi�iB+ b2K�MiB+b �M/ /vM�KB+
b2K�MiB+b- #mi iQ �pQB/ �K#B;mBiv r2 rBHH �HbQ `2/2}M2 +QM+2Tib 7`QK >.J BM
KQ`2 /2i�BHX

jXR avMi�t
q2 #2;BM #v ;BpBM; i?2 ;`�KK�` �b b?QrM BM };m`2 jXRX h?2 2tT`2bbBQM H�M;m�;2
Bb �M 2ti2MbBQM Q7 i?2 H�K#/� +�H+mHmb rBi? H2i TQHvKQ`T?BbKX �b #27Q`2 r2
mb2 x- �x.e �M/ e e

0 iQ `272` iQ p�`B�#H2 HQQFmT- �#bi`�+iBQM �M/ �TTHB+�iBQM
`2bT2+iBp2Hv- �M/ H2i x = e BM e

0 7Q` TQHvKQ`T?B+�HHv #BM/BM; e iQ x BMbB/2 e
0X

Pm` H�M;m�;2 �HbQ +QMi�BMb T`Q/m+i ivT2b- ⌧ ⇥ ⌧
0- r?B+? �`2 i?2 b�K2 �b

imTH2b (a, b) BM >�bF2HHX L2r T`Q/m+i ivT2b +�M #2 BMi`Q/m+2/ rBi? e⇥ e
0- �M/

+�M bBKBH�`Hv #2 2HBKBM�i2/ rBi? i?2 T`QD2+iBQM 2tT`2bbBQMb ⇡1 e �M/ ⇡2 eX ⇤ Bb
i?2 mMBi ivT2 U() BM >�bF2HHV- �M/ ?�b i?2 2TQMvKQmb +QMbi`m+iQ` ⇤X

JQ`2 BMi2`2biBM;Hv r2 ?�p2 i?2 KQM�/B+ �//BiBQMbX lMHBF2 E`Bb?M�br�KB (N)
r2 /Q MQi b2T�`�i2 i?2 H�M;m�;2 BMiQ 2tT`2bbBQM �M/ +QKTmi�iBQM H�M;m�;2bX [[e]]-
HB7ib � `2;mH�` 2tT`2bbBQM BMiQ i?2 AP KQM�/ UreWXrn BM >�bF2HHV- �M/ e >>= e

0 Bb
i?2 bi�M/�`/ KQM�/B+ b2[m2M+BM; Q` #BM/BM; QT2`�iBQMX

_2bQm`+2b r `2T`2b2Mi bQK2i?BM; i?�i r2 r�Mi iQ F22T i`�+F Q7 �M/ T`2p2Mi
7`QK #2BM; �++2bb2/ +QM+m``2MiHv- 7Q` 2t�KTH2 � }H2 bvbi2K Q` /�i�#�b2X h?2
`2bQm`+2b r2 +?Qb2 7Q` i?2 ;`�KK�` �`2 bm+? 2t�KTH2bX

>2�Tb ⇢ �`2 i?2M 7Q`K2/ 7`QK `2bQm`+2bX h?2v /Bz2` 7`QK i?2 MQiBQM Q7
?2�Tb BM b2T�`�iBQM HQ;B+- �M/ �`2 +QMbi`m+i2/ 7`QK 2Bi?2` bBM;H2 `2bQm`+2b Q` #v
K2`;BM; Qi?2` ?2�TbX h?2v �`2 mb2/ iQ i�; i?2 `2bQm`+2b i?�i � +QKTmi�iBQM
BM �M AP KQM�/ KB;?i #2 �++2bbBM;X h?2`2 Bb �HbQ i?2 MQiBQM Q7 � qQ`H/ ?2�T
r?B+? 2M+�TbmH�i2b �HH TQbbB#H2 `2bQm`+2b �M/ bm#@?2�TbX Ai +�M #2 i?Qm;?i Q7
�b i?2 Q`/BM�`v IO KQM�/ BM >�bF2HH- r?2`2 i?2 QmibB/2 rQ`H/ Bb QM2 BM/BpBbB#H2
`2bQm`+2 +�mbBM; 2p2`vi?BM; iQ #2 2t2+mi2/ b2[m2MiB�HHvX

Rd



ivT2 ⌧ ,,4 ⇤ % ↵ % ⌧ ! ⌧
0 % ⌧ ⇥ ⌧ 0 % AP⇢⌧

ivT2 b+?2K2 � ,,4 8↵.� % ⌧

+QMi2ti � ,,4 ⇧ % �, x : �

2tT`2bbBQM e ,,4 ⇤ % e⇥ e
0 % ⇡1 e ⇡2 e

% x % �x.e % e e
0 % H2i x = e BM e

0

% [[e]] % [[e]]r % e >>= e
0 % eg e

0

`2bQm`+2 r ,,4 6BH2 % L2irQ`F % .�i�#�b2 % Ę

?2�T ⇢ ,,4 r % ⇢ [ ⇢0 % qQ`H/

6B;m`2 jXR, h?2 ;`�KK�` 7Q` Qm` `2bQm`+27mH H�M;m�;2X

[[e]]r- T`QMQmM+2/ 2 mbBM; `- HB7ib � p�Hm2 BMiQ i?2 AP KQM�/ bBKBH�`Hv iQ [[e]]-
#mi +`2�i2b � M2r ?2�T rBi? i?2 `2bQm`+2 r �M/ i�;b i?2 KQM�/ rBi? BiX LQp2H iQ
Qm` H�M;m�;2 Bb i?2 eg e

0 QT2`�iQ`X Ai DQBMb irQ KQM�/B+ +QKTmi�iBQMb iQ;2i?2`
BMiQ QM2 i?�i mb2b #Qi? i?2B` `2bQm`+2b- `2im`MBM; � M2r ?2�T K�/2 #v K2`;BM;
e �M/ e

0b ?2�Tb ě T`QpB/2/ i?�i i?2v /Q MQi Qp2`H�T �M/ �`2 r2HH 7Q`K2/X >2�T
r2HH 7Q`K2/M2bb rBHH #2 /2}M2/ H�i2` QMX

6`22 ivT2 p�`B�#H2b �`2 /2}M2/ QM ivT2b- ivT2 b+?2K2b �M/ +QMi2tib �b 7QHHQrb,

6ho(⇤) = ;
6ho(↵) = {↵}

6ho(⌧ ! ⌧
0) = 6ho(⌧) [ 6ho(⌧ 0)

6ho(AP⇢⌧) = AP⇢ 6ho(⌧)

6ho(8↵1, . . . ,↵n.⌧) = 6ho(⌧)� {↵1, . . . ,↵n}

6ho(�) =
[

x:�2�

6ho(�)
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6`22 p�`B�#H2b �`2 /2}M2/ QM i2`Kb ě #2 +�`27mH MQi iQ KBt i?2b2 mT rBi? 7`22
ivT2 p�`B�#H2b5

6o(x) = {x} 6o(�x.e) = 6o(e) \ {x}
6o(e e

0) = 6o(e) [ 6o(e0) 6o(H2i x = e BM e
0) = 6o(e) [ (6o(e0) \ {x})

6o([[e]]) = 6o(e) 6o(e >>= e
0) = 6o(e) [ 6o(e0)

6o(⇤) = ; 6o([[e]]r) = 6o(e)

6o(e1 ⇥ e2) = 6o(e1) [ 6o(e2) 6o(⇡ie) = 6o (e)i=1,2

6o(e1 g e2) = 6o(e1) [ 6o(e2)

jXRXR am#biBimiBQM
am#biBimiBQM K�v b22K b2H7@2tTH�M�iQ`v- #mi Bi Bb BKTQ`i�Mi r2 /2}M2 Bi +`vbi�H
+H2�`X Ai TH�vb � pBi�H `QH2 BM T`QpBM; T`QT2`iB2b �#Qmi Qm` bvbi2K- �M/ i?2`2
2tBbib bm#iH2 /Bz2`2M+2b rBi? ?Qr Bi Bb /2}M2/ QM i2`Kb- ivT2b �M/ ivT2 b+?2K2bX
� bm#biBimiBQM Bb � K�T 7`QK ivT2 p�`B�#H2b iQ ivT2b- r`Bii2M �b ⌧ 0[⌧/↵] iQ
`2TH�+2 i?2 ivT2 i?2 ivT2 ⌧ 7Q` i?2 ivT2 p�`B�#H2 ↵ BM i?2 ivT2 ⌧ 0X

⇤[⌧/↵] = ⇤

↵
0[⌧/↵] =

(
⌧ B7 ↵0 = ↵

↵
0 Qi?2`rBb2

(e⇥ e
0)[⌧/↵] = e[⌧/↵]⇥ e

0[⌧/↵]

(⌧1 ! ⌧2)[⌧/↵] = (⌧1[⌧/↵]! ⌧2[⌧/↵])

(AP⇢⌧
0)[⌧/↵] = AP⇢⌧

0[⌧/↵]

am#biBimiBQM Bb �bbQ+B�iBp2- �M/ � bm#biBimiBQM i?�i bm#biBimi2b KmHiBTH2 ivT2
p�`B�#H2b �i QM+2 +�M #2 r`Bii2M HBF2 [⌧1/↵1, . . . , ⌧m/↵m]X Ai Bb �HbQ 2ti2M/2/ iQ
ivT2 b+?2K2b- #mi MQi2 i?�i i?Bb QMHv bm#biBimi2b 7`22 ivT2 p�`B�#H2bX

8↵0
.�[⌧/↵] =

(
8↵0

.� B7 ↵0 = ↵

8↵0
.�[⌧/↵] Qi?2`rBb2

⌧ [⌧/↵] = ⌧ [⌧/↵] Uam#biBimBQM QM ivT2V

Ai b?QmH/ MQi #2 +QM7mb2/ rBi? BMbi�MiB�iBQM- r?2`2 i?2 #QmM/ ivT2 p�`B�#H2b
8↵1, . . . ,↵n �`2 bm#biBimi2/ BMbB/2 i?2 ivT2 Q7 � ivT2 b+?2K2X AMbi�MiB�iBQM Bb MQi
� 7mM+iBQM i?Qm;?- Bi Bb � `2H�iBQM � > ⌧ BM r?B+? r2 b�v � +�M #2 BMbi�MiB�i2/
iQ ⌧ X

� > ⌧

/QK(s) = {↵1, . . . ,↵n} ⌧
0[s] = ⌧

8↵1, . . . ,↵n.⌧
0
> ⌧
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h?2 /QK�BM Q7 � bm#biBimiBQM- /QK(s)- Bb i?2 b2i Q7 ivT2 p�`B�#H2b i?�i Bi rBHH
`2TH�+2- 7Q` 2t�KTH2,

/QK([⌧1/↵, ⌧2/�]) = {↵,�}

AMbi�MiB�iBQM +�M i?2M #2 `2�/ �b- B7 i?2`2 2tBbib � bm#biBimiBQM s i?�i bm#biBimi2b
2t�+iHv �HH i?2 #QmM/ ivT2 p�`B�#H2b BM i?2 ivT2 b+?2K2 8↵1, . . . ,↵n.⌧

0 iQ ;Bp2
i?2 ivT2 ⌧ - i?2M 8↵1, . . . ,↵n.⌧

0
> ⌧ X

6m`i?2`KQ`2 r2 /2}M2 i?2 `2H�iBQM � > �
0 QM ivT2 b+?2K2b �b r2HH- �M/ b�v

i?�i � Bb KQ`2 ;2M2`�H i?�M �
0 B7 7Q` �HH ⌧ - �0

> ⌧ ! � > ⌧ X
am#biBimiBQM UMQi BMbi�MiB�iBQMV Bb �HbQ /2}M2/ QM +QMi2tibX am#biBimiBQM QM

+QMi2tib QMHv bm#biBimi2b 7`22 ivT2 p�`B�#H2bX

⇧[⌧/↵] = ⇧
(�, x : �)[⌧/↵] = �[⌧/↵], x : �[⌧/↵]

h?2`2 �HbQ 2tBbi i2`K@H2p2H bm#biBimiBQMb r?B+? K�T p�`B�#H2b iQ Qi?2` i2`Kb-
�M/ +�M #2 �TTHB2/ �b 7QHHQrb,

⇤[v/↵] = ⇤

↵
0[v/↵] =

(
v B7 ↵0 = ↵

↵
0 Qi?2`rBb2

(e e
0)[v/↵] = e[v/↵] e0[v/↵]

�x.e[v/↵] =

(
�x.e B7 x = ↵

�x.(e[v/↵]) Qi?2`rBb2

H2i x = e
0 BM e[v/↵] =

(
H2i x = (e0[v/↵]) BM e B7 x = ↵

H2i x = (e0[v/↵]) BM (e[v/↵]) Qi?2`rBb2
(e1 ⇥ e2)[v/↵] = e1[v/↵]⇥ e2[v/↵]

(⇡i e)[v/↵] = ⇡i(e[v/↵])i=1,2

[[e]][v/↵] = [[e[v/↵]]]

[[e]]r[v/↵] = [[e[v/↵]]]r

(e >>= e
0)[v/↵] = e[v/↵] >>= e

0[v/↵]

(e1 g e2)[v/↵] = e1[v/↵]g e2[v/↵]

jXRXk "�`2M/`2;iǶb p�`B�#H2 +QMp2MiBQM
aQK2iBK2b- r2 rBHH 2M/ mT BM � b+2M�`BQ rBi? irQ b2T�`�i2 2tT`2bbBQMb bm+? �b
�x.x �M/ (y x)X q2 FMQr i?�i i?2 x BMbB/2 i?2 }`bi 2tT`2bbBQM Bb /BbiBM+i 7`QK
i?2 x BM i?2 b2+QM/ 2tT`2bbBQM- #mi r?2M rQ`FBM; rBi? T`QQ7b r2 rBHH M22/ iQ
b?Qr i?Bb bQK2?QrX q2 rBHH mb2 i?2 "�`2M/`2;i p�`B�#H2 +QMp2MiBQM (R) iQ /2�H
rBi? i?Bb, A7 r2 r�Mi iQ b?Qr i?�i i?2 x BMbB/2 �x.x Bb /Bz2`2Mi 7`QK i?2 x

BM (y x)- r2 +�M mb2 �HT?� +QMp2`bBQM iQ `2M�K2 x iQ z �M/ ;2i �z.zX h?Bb
M2r 2tT`2bbBQM Bb BM 7�+i 2[mBp�H2Mi iQ �x.x- �M/ r2 +�M �Hr�vb +?QQb2 � M2r
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mMB[m2 M�K2 iQ �pQB/ +QHHBbBQMb rBi? �Mv 7`22 p�`B�#H2bX h?2 "�`2M/`2;i p�`B�#H2
+QMp2MiBQM b�vb i?�i r?2M2p2` r2 ?�p2 � #QmM/ p�`B�#H2 U�M x BMbB/2 � �x.e Q`
H2i x = e

0 BM eV- r2 +�M Dmbi �bbmK2 i?�i r2 ?�p2 T2`7Q`K2/ �HT?� +QMp2`bBQM
QM Bi bQ i?�i i?2 p�`B�#H2 M�K2 Bb mMB[m2X

jXk ai�iB+ b2K�MiB+b
Pm` bi�iB+ b2K�MiB+b #2;BM rBi? i?2 bvMi�t@/B`2+i2/ `mH2b Q7 i?2 >BM/H2v@.�K�b@
JBHM2` bvbi2K 7Q` i?2 ivTBM; `2H�iBQM � ` e : ⌧ X

x : � 2 � � > ⌧

� ` x : ⌧
o�`

� ` e : ⌧ 0 ! ⌧ � ` e
0 : ⌧ 0

� ` e e
0 : ⌧

�TT

�, x : ⌧ 0 ` e : ⌧

� ` �x.e : ⌧ 0 ! ⌧
�#b

� ` e
0 : ⌧ 0 �, x : �(⌧ 0) ` e : ⌧

� ` H2i x = e
0 BM e : ⌧

G2i

GBF2 #27Q`2- � Bb /2}M2/ �b

�(⌧) = 8↵1 . . .↵n.⌧ r?2`2 {↵1, . . . ,↵n} = 6ho(⌧) \ 6ho(�)

h?2 ivTBM; `mH2 7Q` ⇤ 2tT`2bbBQMb BMi`Q/m+2b i?2 KQMQKQ`T?B+ ivT2- �M/
i?2 `mH2 7Q` T`Q/m+ib BMi`Q/m+2b e⇥ e

0X

� ` ⇤ : ⇤ lMBi
� ` e : ⌧ � ` e

0 : ⌧ 0

� ` e⇥ e
0 : ⌧ ⇥ ⌧ 0

S`Q/m+i

S`Q/m+i ivT2b �HbQ ?�p2 irQ 2HBKBM�iQ`b- r?B+? T`QD2+i Qmi i?2 BMM2` ivT2X

� ` e : ⌧ ⇥ ⌧ 0

� ` ⇡1e : ⌧
S`QDR

� ` e : ⌧ ⇥ ⌧ 0

� ` ⇡2e : ⌧ 0
S`QDk

LQr r2 BMi`Q/m+2 i?2 KQM�/B+ T�`ib Q7 i?2 H�M;m�;2X Pm` H�M;m�;2 QMHv ?�b
QM2 ivT2 Q7 KQM�/- i?2 AP KQM�/- r?B+? Bb T�`�K2i2`Bb2/ #v #Qi? Bib ?2�T ⇢

�M/ Bib 2M+�TbmH�i2/ ivT2X JQM�/B+ p�Hm2b +�M #2 BMi`Q/m+2/ BMiQ i?2 H�M;m�;2
rBi? [[e]]- r?B+? HB7ib � Tm`2 i2`K BMiQ �Mv r2HH 7Q`K2/ ?2�TX

� ` e : ⌧ QF ⇢
� ` [[e]] : AP⇢⌧

GB7i

q2 M22/ iQ #2 +�`27mH r?�i ?2�Tb r2 �HHQr i2`Kb iQ #2 HB7i2/ BMiQ- �b i?2 2MiB`2
TQBMi Q7 i?Bb bvbi2K Bb iQ �pQB/ ?2�Tb +QMi�BMBM; /mTHB+�i2 `2bQm`+2bX Ai rQmH/
#2 �HH iQQ 2�bv iQ BMi`Q/m+2 � MQMb2MbB+�H ivT2 HBF2 AP6BH2[6BH2⌧ rBi? GB7i- B7 Bi
r2`2 MQi 7Q` i?2 T`2KBb2 QF ⇢X

QF ⇢ Bb � M2r `2H�iBQM r2 /2}M2 BM 6B;m`2 jXk iQ 2bi�#HBb? r?�i ?2�Tb r2
+QMbB/2` iQ #2 r2HH 7Q`K2/- BM � bBKBH�` p2BM iQ E`Bb?M�br�KB (N)X �HH ?2�Tb
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QF ⇢ QF qQ`H/ QF r

QF ⇢ QF ⇢0 ⇢ \ ⇢0 = ;
QF ⇢ [ ⇢0

6B;m`2 jXk, _mH2b 7Q` ?2�T r2HH 7Q`K2/M2bbX

+QMbBbiBM; Q7 � bBM;H2 `2bQm`+2 �`2 r2HH 7Q`K2/- �b r2HH �b ?2�Tb K�/2 #v K2`;BM;
irQ Qi?2` r2HH 7Q`K2/ ?2�Tb i?�i �`2 /BbiBM+i- BX2X i?2v /Q MQi b?�`2 �Mv Q7 i?2
b�K2 `2bQm`+2bX

q?BHbi GB7i H2ib mb +QMbi`m+i KQM�/b BM �Mv ?2�T- r2 rBHH 2p2Mim�HHv r�Mi iQ
?�p2 +QMbi`m+iQ`b 7Q` AP KQM�/b i?�i mb2 bT2+B}+ `2bQm`+2bX q?2M }`bi /2bB;MBM;
i?2 bvbi2K- r2 mb2/ TH�+2?QH/2` 7mM+iBQMb i?�i Dmbi mb2/ }t2/ `2bQm`+2b,

� ` `2�/6BH2 : AP6BH2⇤ � ` `2�/L2irQ`F : APL2irQ`F⇤

`2�/6BH2 �M/ `2�/L2i �`2 2t�KTH2b Q7 ivTB+�H QT2`�iBQMb i?�i +�M +QMbmK2 �
bT2+B}+ `2bQm`+2 ě i?2B` ?2�T +QMbBbib Q7 Dmbi � bBM;H2 `2bQm`+2X h?Bb r�b i?2M
;2M2`�HBb2/ iQ [[e]]r- r?B+? HB7ib �Mv Tm`2 i2`K BMiQ �M AP KQM�/ rBi? � ?2�T
+QMbBbiBM; Q7 i?2 `2bQm`+2 rX

� ` e : ⌧

� ` [[e]]r : APre
lb2

LQi2 i?�i Bi QMHv mb2b � bBM;H2 `2bQm`+2- MQi �Mv �`#Bi`�`v ?2�TX � ?2�T rBi?
Dmbi QM2 `2bQm`+2 Bb �Hr�vb r2HH 7Q`K2/- bQ i?2`2 Bb MQ M22/ 7Q` �M QF r T`2KBb2X
lb2 Bb K2�Mi iQ #2 mb2/ iQ �MMQi�i2 i2`Kb rBi? i?�i � +QKTmi�iBQM M22/b 7Q`
Bib2H7- r?BHbi QM i?2 Qi?2` ?�M/ GB7i Bb 7Q` #`BM;BM; Tm`2 2tT`2bbBQMb BMiQ �
KQM�/B+ +QKTmi�iBQMX

PM+2 r2 ?�p2 �M AP p�Hm2- r2 +�M b2[m2M+2 +QKTmi�iBQM #v #BM/BM; Bi rBi?
� 7mM+iBQM i?�i `2im`Mb �MQi?2` APX

� ` e : AP⇢⌧
0 � ` e

0 : ⌧ 0 ! AP⇢⌧

� ` e >>= e
0 : AP⇢⌧

"BM/

LQi2 i?�i i?2 ivT2b Q7 i?2 irQ APb Kmbi mb2 i?2 b�K2 `2bQm`+2bX >Qr2p2`- r2
r�Mi 2tT`2bbBQMb bm+? �b

[[⇤]]6BH2 >>= �x.[[⇤]]L2i

iQ �HbQ #2 r2HH ivT2/X AM T�`iB+mH�`- r2 r�Mi i?2 �#Qp2 2tT`2bbBQM iQ #2 Q7
ivT2 AP6BH2[L2i⇤X "mi B7 "BM/ `2[mB`2b i?2 ?2�Tb iQ #2 i?2 b�K2- r2 Kmbi }`bi
bQK2?Qr ǳ+�biǴ `2�/6BH2 �M/ `2�/L2i iQ i?2 b�K2 ivT2X h?Bb Bb i?2 Tm`TQb2 Q7
i?2 am# Ubm#bmKTiBQMV `mH2,

� ` e : AP⇢0⌧ ⇢
0 �: ⇢ QF ⇢

� ` e : AP⇢⌧
am#

kk



⇢
0 �: ⇢

qQ`H/ �: ⇢ hQT
⇢ �: ⇢

_27H
⇢
0 �: ⇢

⇢
0 [ ⇢00 �: ⇢

lMBQMG
⇢
0 �: ⇢

⇢
00 [ ⇢0 �: ⇢

lMBQM_

6B;m`2 jXj, am#?2�T `mH2b

qQ`H/

6BH2 L2i .�i�#�b2

.�i�#�b2 [ L2i6BH2 [ L2i

6B;m`2 jX9, �M 2t�KTH2 Q7 bQK2 ?2�Tb �M/ i?2B` bm#?2�T Q`/2`BM;bX

Ai H2ib bQK2i?BM; Q7 ivT2 AP⇢0⌧ #2+QK2 � AP⇢⌧ - T`QpB/2/ i?�i i?2 ?2�T ⇢ Bb �
bm#?2�T Q7 ⇢0X h?2 bm#?2�T `mH2b 7Q` ?2�Tb- b?QrM BM };m`2 jXj- /2}M2 i?2 �:
`2H�iBQMX

AMimBiBp2Hv- � ?2�T � +�M i?Qm;?i Q7 #2BM; � bm#?2�T Q7 �MQi?2` ?2�T �0- B7 �0

bm#bmK2b �- bBKBH�`Hv iQ ?Qr bm#ivTBM; rQ`FbX 6Q` 2t�KTH2- L2i �: L2i [ 6BH2-
bBM+2 L2i [ 6BH2 ǳQp2`H�TbǴ rBi? i?2 ?2�T L2iX

A7 QM2 pB2rb i?Bb `2H�iBQM �b �M Q`/2`BM;- i?2M r2 ?�p2 qQ`H/ /2}M2/ �b
i?2 H2�bi mTT2` #QmM/ ě i?Bb `2T`2b2Mib mbBM; �HH TQbbB#H2 `2bQm`+2b- �M/ �b
K2MiBQM2/ 2�`HB2` APqQ`H/ +�M #2 i?Qm;?i Q7 �b i?2 IO KQM�/ BM >�bF2HH- r?2`2
b2[m2M+BM; BMi2`�+ib rBi? i?2 bi�i2 Q7 i?2 2MiB`2 rQ`H/X AM � b2Mb2 i?Bb +QmH/
#2 pB2r2/ �b � 7Q`K Q7 bm#ivTBM;- #mi #v +QMbi`�BMBM; Bi iQ Dmbi `2bQm`+2b �M/
MQi �+im�H ivT2b- r2 �pQB/ i?2 2ti`� Qp2`?2�/ �M/ +QKTH2tBiv bm#ivTBM; rQmH/
MQ`K�HHv ;Bp2 mb BM i?2 T`2b2M+2 Q7 ivT2 BM72`2M+2 (8)X

h?2 bm#?2�TBM; `2H�iBQM Bb #Qi? `2~2tBp2 U#v /2}MBiBQMV- �M/ i`�MbBiBp2X

h?2Q`2K RX 6Q` �HH a- b- c- B7 c �: b �M/ b �: a i?2M c �: aX

S`QQ7X "v BM/m+iBQM QM c �: bX a22 T`QQ7 "XR BM i?2 �TT2M/BtX

h?2 Tm`TQb2 Q7 i?Bb ivT2 bvbi2K Bb iQ �HHQr T`Q;`�Kb iQ #2 `mM +QM+m``2MiHv-
#mi `2D2+i i?2 QM2b i?�i +QM+m``2MiHv �++2bb i?2 b�K2 `2bQm`+2X AM i?Bb `2;�`/-
i?2 *QM+ `mH2 Bb i?2 ?2�`i �M/ bQmH Q7 i?2 bvbi2KX Ai i�F2b irQ KQM�/B+ 2tT`2b@
bBQMb- K2`;2b i?2B` ?2�Tb �M/ `2im`Mb � T`Q/m+i Q7 i?2B` irQ BMM2` ivT2b- BMbB/2
APX

� ` e1 : AP⇢1⌧1 � ` e2 : AP⇢2⌧2 QF ⇢1 [ ⇢2
� ` e1 g e2 : AP⇢1[⇢2 ⌧1 ⇥ ⌧2
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� ` H2i x = e
0 BM e : ⌧
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� ` ⇤ : ⇤ lMBi

� ` e : ⌧ � ` e
0 : ⌧ 0

� ` e⇥ e
0 : ⌧ ⇥ ⌧ 0

S`Q/m+i
� ` e : ⌧ ⇥ ⌧ 0

� ` ⇡1 : ⌧
S`QDR

� ` e : ⌧ ⇥ ⌧ 0

� ` ⇡2 : ⌧ 0
S`QDk

� ` e : ⌧ QF ⇢
� ` [[e]] : AP⇢⌧

GB7i
� ` e : ⌧

� ` [[e]]r : APr⌧
lb2

� ` e : AP⇢⌧
0 � ` e

0 : ⌧ 0 ! AP⇢⌧

� ` e >>= e
0 : AP⇢⌧

"BM/

� ` e1 : AP⇢1⌧1 � ` e2 : AP⇢2⌧2 QF ⇢1 [ ⇢2
� ` e1 g e2 : AP⇢1[⇢2 ⌧1 ⇥ ⌧2

*QM+

� ` e : AP⇢0⌧ ⇢
0 �: ⇢ QF ⇢

� ` e : AP⇢⌧
am#

6B;m`2 jX8, h?2 ivTBM; `mH2b 7Q` Qm` `2bQm`+27mH H�M;m�;2X

h?2 T`2KBb2b 2Mbm`2 i?�i i?2 M2r K2`;2/ ?2�T Kmbi #2 r2HH 7Q`K2/- �b r2 /Q
MQi r�Mi iQ �HHQr T`Q;`�Kb i?�i i`v iQ mb2 i?2 b�K2 `2bQm`+2 +QM+m``2MiHv- bm+?
�b

[[⇤]]6BH2 g [[⇤]]6BH2

q2 /Q ?Qr2p2`- r�Mi iQ �HHQr T`Q;`�Kb i?�i `mM irQ 2tT`2bbBQMb i?�i /Q MQi
b?�`2 �Mv `2bQm`+2b,

[[⇤]]6BH2 g [[⇤]]L2i : AP6BH2[L2i

�HH iQ;2i?2` i?2b2 `mH2b /2}M2 i?2 ivTBM; `2H�iBQM- �M/ �`2 /BbTH�v2/ BM 7mHH
BM 6B;m`2 jX8X hQ ;Bp2 � #2ii2` B/2� Q7 ?Qr i?2v �`2 mb2/ BM T`�+iB+2- r2 rBHH
HQQF �i bQK2 2t�KTH2b Q7 p�`BQmb T`Q;`�Kb �M/ i?2B` ivT2bX
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jXkXR 1t�KTH2b
JQM�/B+ #BM/BM;
>2`2 r2 b?Qr � T`QQ7 i`22 7Q` i?2 2tT`2bbBQM

H2i x = �y.[[⇤]] BM (x ⇤) >>= �z.[[z]]6BH2

h?2 HB7i QT2`�iQ` BM �y.[[⇤]] +�M HB7i BMiQ �Mv ?2�TX "mi i?2 bK�HH2bi ?2�T r2 +�M
mb2 7Q` i?Bb Qp2`�HH T`Q;`�K Bb 6BH2- r?B+? Bb M22/2/ #v �z.[[z]]6BH2X aQ r?2M r2
+?QQb2 � ?2�T iQ HB7i ⇤ BMiQ- r2 HB7i Bi BMiQ 6BH2X

⇧, y : ↵ ` ⇤ : ⇤
⇧, y : ↵ ` [[⇤]] : AP6BH2⇤

QF 6BH2

⇧ ` �y.[[⇤]] : ↵! AP6BH2⇤ (R)

⇧, x : ↵! AP6BH2⇤ ` x : ↵! AP6BH2⇤
⇧, x : ↵! AP6BH2⇤ ` ⇤ : ⇤

⇧, x : ↵! AP6BH2⇤ ` x ⇤ : AP6BH2⇤

z : ↵ 2 ⇧, x : ↵! AP6BH2⇤, z : ↵ ↵ > ⇤
⇧, x : ↵! AP6BH2⇤, z : ↵ ` z : ⇤

⇧, x : ↵! AP6BH2⇤, z : ↵ ` [[z]]6BH2 : AP6BH2⇤
⇧, x : ↵! AP6BH2⇤ ` �z.[[z]]6BH2 : AP6BH2⇤

⇧, x : ↵! AP6BH2⇤ ` (x ⇤) >>= �z.[[z]]6BH2 : AP6BH2⇤ (k)

(R) (k)
⇧ ` H2i x = �y.[[⇤]] BM (x ⇤) >>= �z.[[z]]6BH2 : AP6BH2⇤

G2i TQHvKQ`T?BbK
h?Bb 2t�KTH2 /Q2bMǶi +QMi�BM �Mv `2bQm`+27mH 2H2K2Mib- #mi Bb Dmbi �M 2t�KTH2
Q7 ?Qr H2i TQHvKQ`T?BbK �HHQrb i?2 b�K2 p�`B�#H2 iQ #2 ;Bp2M /Bz2`2Mi ivT2b �i
2�+? +�HH bBi2X LQi2 ?Qr i?2 T`2KBb2b BM (R) �M/ (k) �bbB;M x /Bz2`2Mi ivT2bX

., x : ↵! ↵ ` x : (⇤! ⇤)! (⇤! ⇤) ., x : ↵! ↵ ` x : ⇤! ⇤
⇧, x : ↵! ↵ ` x x : ⇤! ⇤ (R)

., x : ↵! ↵ ` x : ⇤! ⇤ ., x : ↵! ↵ ` ⇤ : ⇤
⇧, x : ↵! ↵ ` x ⇤ : ⇤ (k)

y : ↵ 2 ⇧, y : ↵ ↵ > ↵

⇧, y : ↵ ` y : ↵

⇧ ` �y.y : ↵! ↵

(R) (k)
⇧, x : ↵! ↵ ` (x x) (x ⇤) : ⇤

⇧ ` H2i x = �y.y BM (x x) (x ⇤) : ⇤

*QM+m``2M+v
>2`2 Bb Qm` }`bi 2t�KTH2 Q7 �++2bbBM; irQ `2bQm`+2b +QM+m``2MiHv ě rBi? �
#Bi Q7 BK�;BM�iBQM QM2 +�M i?BMF Q7 i?Bb �b `2�/BM; � }H2 7`QK � /BbF r?BHbi
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bBKmHi�M2QmbHv 72i+?BM; /�i� Qp2` i?2 M2irQ`FX

⇧, x : ↵ ` x : ↵ QF 6BH2
⇧, x : ↵ ` [[x]]6BH2 : AP6BH2↵

⇧ ` �x.[[x]]6BH2 : ↵! AP6BH2↵
⇧ ` ⇤ : ⇤

⇧ ` (�x.[[x]]6BH2) ⇤ : AP6BH2⇤
⇧ ` ⇤ : ⇤ QF L2i
⇧ ` [[⇤]]L2i : APL2i⇤

6BH2 \ L2i = ;

⇧ ` (�x.[[x]]6BH2) ⇤)g [[⇤]]L2i : AP6BH2[L2i⇤⇥⇤

am#bmKTiBQM
�bbmK2 i?2`2 Bb � 7mM+iBQM BMbB/2 Qm` +QMi2ti +�HH2/ r`Bi26BH2 rBi? i?2 ivT2
⇤! AP6BH2⇤X q2 +�M bm#bmK2 Bib ?2�T iQ #2 T�`i Q7 � H�`;2` ?2�T- HBF2 6BH2[L2iX
q2 rBHH b?Qr i?Bb rBi? i?2 2tT`2bbBQM

[[⇤]]6BH2 g [[⇤]]L2i >>= �x.r`Bi26BH2 (⇡1 x)

� = ⇧,r`Bi26BH2 : ⇤! AP6BH2⇤

� ` ⇤ : ⇤
� ` [[⇤]]6BH2 : AP6BH2⇤

� ` ⇤ : ⇤
� ` [[⇤]]L2i : APL2i⇤

6BH2 \ L2i = ;

� ` [[⇤]]6BH2 g [[⇤]]L2i : AP6BH2[L2i⇤ (R)

�, x : ⇤⇥⇤ ` r`Bi26BH2 : ⇤! AP6BH2⇤
�, x : ⇤⇥⇤ ` x : ⇤⇥⇤
�, x : ⇤⇥⇤ ` ⇡1 x : ⇤

�, x : ⇤⇥⇤ ` r`Bi26BH2 (⇡1 x) : AP6BH2⇤ (k)

(R)

(k) 6BH2 �: 6BH2 [ L2i QF 6BH2 [ L2i
�, x : ⇤⇥⇤ ` r`Bi26BH2 (⇡1 x) : AP6BH2[L2i⇤

am#

� ` �x.r`Bi26BH2 (⇡1 x) : AP6BH2[L2i⇤
� ` [[⇤]]6BH2 g [[⇤]]L2i >>= �x.r`Bi26BH2 (⇡1 x) : AP6BH2[L2i⇤

jXj .vM�KB+ b2K�MiB+b
�b b?QrM BM *?�Ti2` k- i?2 /vM�KB+ b2K�MiB+b BM i?2 Q`B;BM�H >BM/H2v@.�K�b@
JBHM2` bvbi2K r�b #�b2/ QM /2MQi�iBQM�H b2K�MiB+bX AM Qm` ivT2 bvbi2K- r2
rBHH mb2 QT2`�iBQM�H b2K�MiB+bX PT2`�iBQM�H b2K�MiB+b �`2 bBKBH�` iQ r?�i r2
?�p2 b22M #27Q`2 BM i?2 /2}MBiBQM Q7 i?2 bi�iB+ b2K�MiB+bX q2 /2}M2 � #mM+?
Q7 BM72`2M+2 `mH2b- �M/ 7`QK i?2b2 #mBH/ mT T`QQ7bX hQ7i2 (Rd) ?�/ i?2 B/2�
Q7 mbBM; QT2`�iBQM�H b2K�MiB+b 7Q` MQi Dmbi i?2 ivTBM; `mH2b- #mi �HbQ 7Q` i?2
/vM�KB+ b2K�MiB+bX q2 +?QQb2 i?Bb �TT`Q�+? Qp2` /2MQi�iBQM�H b2K�MiB+b �b
Bi mMB}2b Qm` �TT`Q�+? iQ ivT2b �M/ 2p�Hm�iBQM- �M/ �b hQ7i2 b�B/- ǳBi b22Kb �
#Bi mM7Q`imM�i2 i?�i r2 b?QmH/ ?�p2 iQ mM/2`bi�M/ /QK�BM i?2Q`v iQ #2 �#H2 iQ
BMp2biB;�i2 r?2i?2` � ivT2 BM72`2M+2 bvbi2K �/KBib 7�mHiv T`Q;`�KbǴX

ke



p�Hm2 e

p�Hm2 ⇤
p�Hm2 e1 p�Hm2 e2

p�Hm2 e1 ⇥ e2 p�Hm2 [[e]] p�Hm2 [[e]]r p�Hm2 �x.e

6B;m`2 jXe, h2`KBM�H p�Hm2b

jXjXR o�Hm2b
"27Q`2 r2 +�M i�HF �#Qmi ?Qr r2 2p�Hm�i2 � T`Q;`�K- r2 M22/ iQ /2}M2 r?�i
+QMbiBimi2b � 7mHHv 2p�Hm�i2/ T`Q;`�KX h?�i Bb- r?�i i2`Kb �`2 � `2bmHi Q7 �
+QKTH2i2/ +QKTmi�iBQMX q2 /2}M2 � mM�`v `2H�iBQM +�HH2/ p�Hm2- �M/ ;Bp2 `mH2b
/2b+`B#BM; r?�i i2`Kb +�M #2 +QMbB/2`2/ p�Hm2b BM 6B;m`2 jXeX

6Q` 2t�KTH2- r2 +�MMQi 2p�Hm�i2 i?2 mMBi ivT2 �Mv 7m`i?2`- i?2`27Q`2 �HH
⇤b �`2 +QMbB/2`2/ p�Hm2bX h?2 b�K2 ;Q2b 7Q` T`Q/m+i ivT2b- #mi QMHv B7 #Qi?
BMM2` +QKTQM2Mib �`2 p�Hm2b i?2Kb2Hp2b, ⇤⇥⇤ Bb � }MBb?2/ p�Hm2- #mi f e⇥⇤
KB;?i biBHH ?�p2 2p�Hm�iBQM H27i iQ /QX � H�K#/� QM Bib QrM Bb � p�Hm2 iQQX
qBi?Qmi #2BM; �TTHB2/ iQ �M �`;mK2Mi Bi +�MMQi #2 2p�Hm�i2/ �Mv 7m`i?2`, h?2
+QKTmi�iBQM BMbB/2 Q7 Bi Bb bmbT2M/2/X AM � bBKBH�` 7�b?BQM � HB7i2/ +QKTmi�iBQM
+�MMQi #2 +QKTmi2/ �Mv 7m`i?2` QM Bib QrMX q2 rBHH b22 H�i2` ?Qr #BM/BM; +�M
`mM i?Bb +QKTmi�iBQM- #mi #v Bib2H7 Bi rBHH MQi 2p�Hm�i2 iQ �Mvi?BM;X

jXjXk aK�HH@bi2T b2K�MiB+b
h?2 �TT`Q�+? iQ QT2`�iBQM�H b2K�MiB+b r2 rBHH #2 i�FBM; Bb bK�HH@bi2T QT2`�@
iBQM�H b2K�MiB+bX AM bK�HH@bi2T QT2`�iBQM�H b2K�MiB+b r2 /2}M2 � bi2T `2H�iBQM
a b r?B+? b�vb i?�i BM QM2 ǳbi2TǴ- a `2/m+2b iQ bX b KB;?i i?2M ;Q QMiQ `2/m+2
7m`i?2` B7 Bi Bb �#H2 iQ- Q` Bi +QmH/ #2 � }MBb?2/ p�Hm2X aQ `2/m+iBQM +�M #2
i?Qm;?i Q7 �b 2p�Hm�iBQM Q7 � T`Q;`�K- #Bi #v #BiX aK�HH@bi2T b2K�MiB+b /Bz2`b
7`QK #B;@bi2T b2K�MiB+b- r?2`2 i?2 `2H�iBQM a + b b�vb i?�i �i i?2 2M/ Q7 i?2
/�v- a rBHH `2/m+2 iQ b- �M/ b rBHH MQi `2/m+2 �Mv 7m`i?2`X

�b �M 2t�KTH2- B7 �M 2tT`2bbBQM e1 `2/m+2b iQ e
0
1- BX2X e1  e

0
1- i?2M r2 r�Mi

i?2 �TTHB+�iBQM e1 e2 iQ `2/m+2 �b r2HHX q2 +�M r`Bi2 i?Bb �b

e1  e
0
1

e1 e2  e
0
1 e2

q2 +�HH i?Bb ivT2 Q7 `2/m+iBQM `mH2 r?B+? i�F2b bK�HH2` `2/m+iBQMb �M/ mT@
/�i2b Bi rBi?BM � #B;;2` bi`m+im`2- ⇠@`2/m+iBQMX h?2`2 �`2 ⇠@`2/m+iBQMb 7Q` Qi?2`
2tT`2bbBQMb rBi? bi`m+im`2 BMbB/2- M�K2Hv T`Q/m+i ivT2b- i?2 +QM+m``2Mi QT2`�@
iQ` �M/ i?2 #BM/ QT2`�iQ`X

�MQi?2` ivT2 Q7 `2/m+iBQM `mH2 Bb �@`2/m+iBQM- r?B+? +QK2b 7`QK i?2 H�K#/�
+�H+mHmbX q?2M r2 �TTHv �M �`;mK2Mi iQ �M �#bi`�+iBQM- r2 bm#biBimi2 i?2
#QmM/ p�`B�#H2 BMbB/2 i?2 �#bi`�+iBQM rBi? i?2 �`;mK2MiX h?2 �@`2/m+iBQM `mH2
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/2}M2b i?BbX
p�Hm2 e2

(�x.e1) e2  e1[e2/x]

Ai Bb BKTQ`i�Mi iQ MQi2 i?2 T`2KBb2 ?2`2 i?�i bi�i2b i?2 �`;mK2Mi #2BM;
�TTHB2/ Kmbi #2 � p�Hm2X h?Bb 2M7Q`+2b � bi`B+i 2p�Hm�iBQM Q`/2`- bBM+2 BM Q`/2`
7Q` i?2 �`;mK2Mi iQ #2 � p�Hm2 Bi Kmbi #2 +QKTH2i2Hv `2/m+2/X � H�xBHv 2p�Hm�i2/
b2K�MiB+b KB;?i 7Q`;Q i?Bb 2ti`� `2[mB`2K2Mi- bQ i?�i i?2 �`;mK2Mi +�M #2
`2/m+2/ �7i2` bm#biBimiBQMX

�b K2MiBQM2/ 2�`HB2`- HB7i2/ 2tT`2bbBQMb [[e]] �`2 bmbT2M/2/ Km+? HBF2 H�K#/�b-
�M/ bQ �`2 p�Hm2b bBM+2 i?2v +�MMQi `2/m+2 �Mv 7m`i?2` QM i?2B` QrMX >Qr2p2`-
rBi? i?2 #BM/ QT2`�iQ`- i?2 p�Hm2 BMbB/2 i?2K +�M #2 2ti`�+i2/ Qmi �M/ 72/ BMiQ
�M �#bi`�+iBQMX

[[e]] >>= e
0  e

0
e

lMHBF2 i?2 b2K�MiB+ `mH2 7Q` �@`2/m+iBQM- i?2`2 Bb MQ T`2KBb2 2M7Q`+BM; i?�i [[e]]
Bb � p�Hm2- bBM+2 �HH HB7i2/ i2`Kb �`2 p�Hm2b �Mvr�vX

6Q` �M 2tT`2bbBQM HB7i2/ BMiQ � `2bQm`+27mH AP KQM�/ rBi? [[e]]⇢- QM2 KB;?i #2
i2KTi2/ iQ Dmbi `2/m+2 i?Bb iQ � [[e]]X

[[e]]r  [[e]]

�M/ r2 +QmH/ i?2M �HbQ /2}M2 i?2 `2/m+iBQM 7Q` +QM+m``2M+v HBF2 bQ,

[[v]]g [[w]] [[v ⇥ w]]

>Qr2p2`- i?2 BMi2`K2/B�i2 [[e]] +�M #2 +QM7mbBM;X h?2 Tm`TQb2 Q7 i?2 HB7i QT2`�iQ`
Bb iQ HB7i � Tm`2 p�Hm2 BMiQ �Mv TQbbB#H2 `2bQm`+2 #QmM/ KQM�/X q?2M r2 b22 �
HB7i- r2 i?BMF Q7 i?2 ivTBM; Dm/;2K2Mi HB7i i?�i �HHQrb Bi iQ }i �Mv ?2�T- r?2M
BM 7�+i � mb2 b?QmH/ `2bi`B+i r?�i ?2�Tb Bi +�M ;Q BMiQX 6Q` i?2b2 `2�bQMb- r2
BMbi2�/ /2}M2 Bib `2/m+iBQM B/2MiB+�HHv iQ HB7iX

[[e]]r >>= e
0  e

0
e

*QM+m``2M+v Bb i?2M /2}M2/ �b +?�BMBM; iQ;2i?2` irQ #BM/b- �M/ `2im`MBM; i?2
HB7i2/ T`Q/m+i Q7 i?2 irQ `2bmHibX

v g w  v >>= �v.(w >>= �w.[[v ⇥ w]])

h?Bb KB;?i b22K HBF2 i?2 QTTQbBi2 Q7 +QM+m``2M+v ě 2t2+miBM; i?2 +QKTmi�iBQM
BM b2[m2M+2 ě #mi #2+�mb2 Qm` KQM�/ /Q2b MQi ?�p2 �Mv bi�i2 Ub22 a2+iBQM eX8V-

v >>= �v.(w >>= (�w.[[v ⇥ w]]))

Bb B/2MiB+�H iQ
w >>= �w.(v >>= (�v.[[v ⇥ w]]))

AM 7�+i i?2 T`2pBQmb /2}MBiBQM 7Q` +QM+m``2M+v �b [[v]] g [[w]]  [[v ⇥ w]] rBHH
?�p2 i?2 b�K2 `2/m+iBQM bi2Tb �i i?2 2M/ Q7 i?2 /�vX AM � `2�H@rQ`H/ T`Q;`�K@
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e e
0

e1  e
0
1

e1 e2  e
0
1 e2

e2  e
0
2

e1 e2  e1 e
0
2

p�Hm2 e
0

(�x.e) e0  e[e0/x]

H2i x = e
0 BM e e[e0/x]

e1  e
0
1

e1 ⇥ e2  e
0
1 ⇥ e2

e2  e
0
2

e1 ⇥ e2  e1 ⇥ e
0
2

e e
0

⇡1e ⇡1e
0

e e
0

⇡2e ⇡2e
0

⇡1(e1 ⇥ e2) e1 ⇡2(e1 ⇥ e2) e2

e1  e
0
1

e1 >>= e2  e
0
1 >>= e2

[[v]] >>= e2  e2 v [[e]]r >>= e
0  e

0
e

v g w  v >>= �v.(w >>= �w.[[v ⇥ w]])

6B;m`2 jXd, .vM�KB+ a2K�MiB+b

KBM; H�M;m�;2 BKTH2K2Mi�iBQM- i?2 2p�Hm�iBQM rQmH/ �+im�HHv #2 BKTH2K2Mi2/
+QM+m``2MiHvX

�Hi?Qm;? i?2 vgw KB;?i 2p�Hm�i2 iQ irQ b2T�`�i2 >>=b- i?2 bi�iB+ b2K�MiB+b
Q7 +QM+m``2M+v �M/ #BM/BM; �`2 /Bz2`2MiX 6Q` 2t�KTH2- ;Bp2M � ` [[v]] : AP⇢⌧ r2
�`2 �HHQr2/ iQ #BM/ liftv rBi? Bib2H7,

� ` [[v]] >>= �v.([[v]] >>= (�v.[[v ⇥ v]])) : AP⇢(⌧ ⇥ ⌧)

"mi rBi? i?2 +QM+m``2Mi QT2`�iQ`- i?Bb Bb � ivT2 2``Q`- bBM+2 i?2 T`2KBb2 QF ⇢[⇢
/Q2b MQi ?QH/, h?2`2 Bb MQ ivT2 BM �Mv +QMi2ti i?�i +�M #2 ;Bp2M iQ v g vX

jXjXj h?2 `2~2tBp2 �M/ i`�MbBiBp2 +HQbm`2
q2 +�M ;Q � bi2T 7m`i?2` �M/ /2}M2 ⇣ �b i?2 `2~2tBp2- i`�MbBiBp2 +HQbm`2 Q7
 X q?�i /Q2b i?�i K2�M\ A7  Bb � #BM�`v `2H�iBQM Q7 irQ i2`Kb- i?2M i?2
i`�MbBiBp2 +HQbm`2 ⇣ Bb � M2r `2H�iBQM i?�i K�BMi�BMb �HH i?2 `2H�iBQMb Q7  �M/
Bb i`�MbBiBp2- BX2X B7 a ⇣ b �M/ b ⇣ c- i?2M a ⇣ cX � `2~2tBp2 i`�MbBiBp2 +HQbm`2
2ti2M/b i?Bb bQ i?�i 7Q` �Mv a- a⇣ aX

AMimBiBp2Hv bT2�FBM;- B7 i?2 bK�HH@bi2T BM72`2M+2 `mH2 a b b�vb i?�i a `2/m+2b
iQ b BM 2t�+iHv QM2 bi2T- i?2M a ⇣ b b�vb a `2/m+2b iQ b BM x2`Q Q` KQ`2 bi2TbX
AMbi2�/ Q7 `2/m+BM; QM2 bi2T �i � iBK2- Bi +�M ;Q �HH i?2 r�vX
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� # + � # +

6B;m`2 jX3, G27i, i?2  `2H�iBQMX _B;?i, h?2 `2~2tBp2- i`�MbBiBp2 +HQbm`2 Q7  -
i?2 `2/m+iBQM `2H�iBQM ⇣X

6Q` 2t�KTH2- B7 r2 ?�p2 i?2 2tT`2bbBQM (�x.x ⇤) (�y.y) i?2M ?�p2 i?2 7QH@
HQrBM; `2H�iBQMb,

(�x.x ⇤) (�y.y) (�y.y) ⇤  ⇤
(�x.x ⇤) (�y.y)⇣ ⇤

q2 /Q MQi mb2 i?Bb `2H�iBQM iQ T`Qp2 �Mv T`QT2`iB2b �#Qmi Qm` bvbi2K- #mi Bi
b?2/b HB;?i QM ?Qr Qm` 2tT`2bbBQM H�M;m�;2 2p2Mim�HHv `2/m+2b iQ � p�Hm2 BM i?2
2M/X

jy



*?�Ti2` 9

S`QT2`iB2b

� ivT2 bvbi2K Bb MQ ;QQ/ mMH2bb r2 +�M i`mbi i?�i i?2 T`Q;`�Kb �+im�HHv 2p�Hm�i2
iQ i?2 ivT2 i?2v �`2 ;Bp2MX AM i?Bb b2+iBQM r2 rBHH T`Qp2 � MmK#2` Q7 H2KK�b
�M/ i?2Q`2Kb r?B+? rBHH 2p2Mim�HHv b?Qr i?�i i?2 ivT2 bvbi2K Bb bQmM/X

"27Q`2 r2 #2;BM- r2 M22/ iQ b?Qr � +QmTH2 Q7 T`QT2`iB2b �#Qmi +QMi2tib i?�i
+`QT mT H�i2` QM BM Qm` T`QQ7bX h?2 }`bi bi�i2b i?�i B7 r2 ?�p2 irQ p�`B�#H2b
BM i?2 +QMi2ti rBi? i?2 b�K2 M�K2b #mi /Bz2`2Mi ivT2 b+?2K2b- i?2M r2 +�M
B;MQ`2 i?2 }`bi QM2 �b Bi Bb Qp2`b?�/Qr2/ #v i?2 b2+QM/ ě �Mv `272`2M+2 iQ x

rBHH `2bmHi BM x : �0X

G2KK� R U.`QTVX A7 �, x : �, x : �0 ` e : ⌧ - i?2M �, x : �0 ` e : ⌧

q2 +�M �HbQ b�v i?�i B7 irQ p�`B�#H2b x �M/ y �`2 BM/22/ /Bz2`2Mi- r2 �`2
7`22 iQ T2`Kmi2 i?2K- br�TTBM; i?2K �#QmiX

G2KK� k Uar�TVX A7 x 6= y �M/ �, x : �, y : �0 ` e : ⌧ - i?2M �, y : �0
, x : � ` e : ⌧

�M/ B7 r2 ?�p2 � ivTBM; Dm/;2K2Mi BM �M 2KTiv +QMi2ti- r2 +�M r2�F2M i?2
Dm/;2K2Mi iQ 2ti2M/ i?Bb iQ �Mv Qi?2` +QMi2tiX

G2KK� j Uq2�F2MVX A7 ⇧ ` e : ⌧ - i?2M 7Q` �- � ` e : ⌧ X

q2 rBHH �HbQ M22/ iQ b?Qr i?Bb T`QT2`iv �#Qmi BMbi�MiB�iBQM �M/ i?2 +HQb2
7mM+iBQMX

G2KK� 9X A7 � > �
0 i?2M �, x : �(⌧) > �, x : �0(⌧)X

S`QQ7X q2 T`QpB/2 �M BM7Q`K�H T`QQ7 �b 7QHHQrbX

RX A7 � > �
0- i?2M 7Q` 2p2`v ⌧ i?�i � > ⌧ - �0

> ⌧ X

kX aQ � Kmbi T�`�K2i2`Bb2 Qp2` �i H2�bi i?2 b�K2 MmK#2` Q7 ivT2 p�`B�#H2b B7
MQi KQ`2 i?�M �

0X

jX aQ � ?�b �i H2�bi i?2 b�K2 MmK#2` Q7 7`22 ivT2 p�`B�#H2b B7 MQi H2bb i?�M
�
0X

jR



9X "v /2}MBiBQM Q7 i?2 +HQb2 7mM+iBQM- �, x : �(⌧) rBHH i?2M ?�p2 �i H2�bi i?2
b�K2 MmK#2` Q7 #QmM/ ivT2 p�`B�#H2b B7 MQi KQ`2 i?�M �, x : �0(⌧)X

8X aQ B7 �, x : �0(⌧) +�M #2 BMbi�MiB�i2/ iQ bQK2 ⌧ - i?2M �, x : �(⌧) +�M �HbQ
#2 BMbi�MiB�i2/ iQ i?�i ⌧ - �b Bi ?�b 2MQm;? #QmM/ ivT2 p�`B�#H2b iQ ?�M/H2
2p2`vi?BM; i?2 7Q`K2` +�M ě B7 Bi ?�/ H2bb ivT2 p�`B�#H2b i?�M i?2 7Q`K2`-
i?2M Bi rQmH/ MQi #2 �#H2 iQ BMbi�MiB�i2 i?2b2 ivT2b- #mi 7Q` i?2 +QMp2`b2
2t+2bb ivT2 p�`B�#H2b +�M #2 K�TT2/ iQ r?�i2p2`X

LQr r2 T`Qp2 i?2 ;2M2`�HBb�iBQM i?2Q`2K- r?B+? bi�i2b i?�i B7 � ivT2 b+?2K2
BMbB/2 i?2 +QMi2ti Bb �M BMbi�MiB�iBQM Q7 �MQi?2` ivT2 b+?2K2- i?2M r2 +�M mb2
i?2 KQ`2 ;2M2`�H ivT2 b+?2K2 �M/ T`2b2`p2 ?Qr 2tT`2bbBQMb �`2 ivT2/X h?Bb Bb
�M �/�Ti�iBQM Q7 � H2KK� 7`QK q`B;?i �M/ 62HH2Bb2M (ky- G2KK� 9Xe)- r?B+? Bb
BM im`M �M �/�Ti�iBQM Q7 � H2KK� 7`QK .�K�b �M/ JBHM2`X

h?2Q`2K k U:2M2`�HBb�iBQMVX A7 �, x : �0 ` e : ⌧ �M/ � > �
0- i?2M

�, x : � ` e : ⌧ X

S`QQ7X "2;BM rBi? BM/m+iBQM QM i?2 T`QQ7 7Q` �, x : �0 ` e : ⌧ X

o�` 6`QK i?2 T`2KBb2b r2 ?�p2 x : �0 2 � �M/ �
0
> ⌧ X q2 �HbQ ?�p2 � > �

0

#mi #v /2}MBiBQM Q7 � > �
0- B7 �0

> ⌧ i?2M � > ⌧ X �M/ r2 �HbQ ?�p2 #v
/2}MBiBQM x : � 2 �, x : �X aQ TmiiBM; i?2 TB2+2b iQ;2i?2`- r2 +�M mb2 o�`
iQ ;2i

x : � 2 �, x : � � > ⌧

�, x : � ` x : ⌧

�#b q2 ?�p2 �, x : �0 ` �y.e : ⌧ X q2 r�Mi iQ #2 �#H2 iQ �TTHv i?2 br�T H2KK�-
G2KK� k- bQ r2 +�M ;2i �, y : �00

, x : �0 ` e : ⌧ X "mi 7Q` i?�i r2 M22/ T`QQ7
i?�i x 6= yX Ai Bb TQbbB#H2 iQ +QMbB/2` i?2 +�b2 r?2`2 x = y �M/ T`Qp2
Bi b2T�`�i2Hv- #mi iQ K�F2 HB72 2�bB2` r2 rBHH mb2 i?2 "�`2M/`2;i p�`B�#H2
+QMp2MiBQM �M/ BMbi2�/ �bbmK2 �y.e ?�b mM/2`;QM2 bQK2 ↵@+QMp2`bBQM bm+?
i?�i x 6= yX
LQr rBi? Qm` �, y : �00

, x : �0 ` e : ⌧ - mbBM; i?2 BM/m+iBQM ?vTQi?2bBb `2@
bmHib BM �, y : �00

, x : � ` e : ⌧ X q2 +�M i?2M br�T x #�+F �;�BM iQ ;2i
�, x : �, y : �00 ` e : ⌧ - �M/ i?2M mb2 �#b 7Q` �, x : � ` �y.e : ⌧ �b M22/2/X

G2i 6Q` H2i y = e
0 BM e- r2 ?�p2 �, x : �0 ` e

0 : ⌧ 0 �M/ �, x : �0
, y : �, x : �0(⌧ 0) `

e : ⌧ �M/ r2 �BK iQ b?Qr

�, x : � ` H2i y = e
0 BM e : ⌧

6B`bi Qz- r2 M22/ iQ +QMp2`i i?2 y : �, x : �0(⌧ 0) iQ � y : �, x : �(⌧ 0) bQK2@
?QrX "mi Bi +�M #2 b?QrM i?�i B7 � > �

0- i?2M �, x : �(⌧) > �, x : �0(⌧)
/m2 iQ G2KK� 9X aQ #v i?2 BM/m+iBp2 ?vTQi?2bBb- r2 �`2 �#H2 iQ ;2i
�, x : �0

, y : �, x : �(⌧ 0) ` e : ⌧ X

jk



"2+�mb2 y Bb #QmM/- r2 FMQr i?�i x 6= y 7`QK "�`2M/`2;iǶb p�`B�#H2
+QMp2MiBQMX q2 i�F2 i?2 7QHHQrBM; bi2Tb,

�, x : �0
, y : �, x : �(⌧ 0) ` e : ⌧

�, y : �, x : �(⌧ 0), x : �0 ` e : ⌧ #v br�TTBM;- G2KK� k
�, y : �, x : �(⌧ 0), x : � ` e : ⌧ #v BM/m+iBp2 ?vTQi?2bBb
�, x : �, y : �, x : �(⌧ 0) ` e : ⌧ #v br�TTBM; �;�BM

�M/ T`Q+22/ iQ +QMbi`m+i i?2 T`QQ7 7Q` G2i �b T`2pBQmbHvX

�TT 6`QK i?2 T`2KBb2b r2 ?�p2 �, x : �0 ` e : ⌧ 0 ! ⌧ �M/ �, x : �0 ` e
0 : ⌧ 0X

q2 rBb? iQ b?Qr �, x : � ` e e
0 : ⌧ X q2 �TTHv i?2 BM/m+iBQM ?vTQi?2bBb iQ

;2i �, x : � ` e : ⌧ 0 ! ⌧ �M/ �, x : � ` e
0 : ⌧ X h?2M mb2 �TT iQ #mBH/ mT �

T`QQ7 Q7 �, x : � ` e e
0 : ⌧ X

h?2 `2K�BMBM; +�b2b h?2 `2bi Q7 i?2 TQbbB#H2 T`QQ7b 7Q` �, x : �0 ` e : ⌧
+�M �HH #2 T`Qp2/ #v �TTHvBM; i?2 BM/m+iBQM ?vTQi?2bBb QM i?2B` bi`m+im`2-
Km+? HBF2 i?2 +�b2 7Q` �TT- �M/ bQ �`2 QKBii2/ 7Q` #`2pBivX

A7 � +QMi2ti ?�b �HH i?2 b�K2 ivT2 b+?2K2b 7Q` 2�+? 7`22 p�`B�#H2 BM �M 2tT`2b@
bBQM �b �MQi?2` +QMi2ti- i?2M r2 +�M K�F2 i?2 b�K2 ivTBM; Dm/;2K2Mib rBi?
i?�i Qi?2` +QMi2tiX AM Qi?2` rQ`/b- r2 �`2 7`22 iQ B;MQ`2 2ti`� p�`B�#H2b MQi
mb2/ #v i?2 2tT`2bbBQMX

G2KK� 8X A7 7Q` �HH x 2 6o(e) r?2`2 x : � 2 �- x : � 2 �- �M/ B7 � ` e : ⌧
i?2M � ` e : ⌧ X

q2 +�M �HbQ b?Qr i?�i r2 +�M �TTHv � bm#biBimiBQM iQ #Qi? i?2 +QMi2ti �M/
ivT2 ;Bp2M BM � Dm/;2K2MiX

G2KK� eX A7 � ` e : ⌧ - i?2M 7Q` �Mv bm#biBimiBQM s- �[s] ` e : ⌧ [s]X

�M BKTQ`i�Mi H2KK� i?�i r2 M22/ iQ b?Qr Bb i?2 bm#biBimiBQM H2KK�- r?B+?
`2H�i2b iQ bm#biBimiBM; � p�`B�#H2 7Q` �M 2tT`2bbBQM- r?Qb2 ivT2 r2 +�M T`Qp2X
h?2 7QHHQrBM; T`QQ7 Bb i�F2M 7`QK q`B;?i �M/ 62HH2Bb2M (ky)X

G2KK� d Uam#biBimiBQMVX A7 � ` e : ⌧ �M/ �, x : 8↵1, . . . ,↵n.⌧ ` e
0 : ⌧ 0- �M/

x /2 /QK(�) �M/ ↵1, . . . ,↵n \ 6ho(�) = ;- i?2M � ` e
0[e/x] : ⌧ 0X

LQi2 i?�i i?2 /QK�BM Q7 � +QMi2ti /QK(⇧, x1 : �1, . . . , xn : �n) Bb /2}M2/ �b
{x1, . . . , xn}X

S`QQ7X "2;BM rBi? BM/m+iBQM QM i?2 T`QQ7 Q7 �, x : 8↵1 . . .↵n.⌧ ` e
0 : ⌧ 0X

o�` q2 ?�p2 �, x : 8↵1 . . .↵n ` y : ⌧ 0 �M/ r�Mi iQ b?Qr � ` y[e/x] : ⌧ 0X
A7 y 6= x- i?2M #v /2}MBiBQM y[e/x] = y- bQ r2 Dmbi M22/ iQ b?Qr � ` y : ⌧ 0X
6`QK i?2 T`2KBb2b r2 �HbQ ?�p2 y : ⌧ 0 2 �, x : 8↵1 . . .↵n- #mi bBM+2 y 6= x

r2 ?�p2 y : ⌧ 0 2 �X �M/ 7`QK ?2`2 r2 +�M mb2 o�` iQ ;2i � ` y : ⌧ 0X

jj



A7 y = x- i?2M r2 M22/ iQ b?Qr � ` x : ⌧ 0X qBi? i?2 T`2KBb2

�, x : 8↵1 . . .↵n.⌧ ` x : ⌧ 0

r2 �HbQ FMQr 8↵1 . . .↵n.⌧ > ⌧
0- bQ i?2`2 2tBbib � bm#biBimiBQM s r?B+?

`2TH�+2b 2t�+iHv ↵1, . . . ,↵n- bm+? i?�i ⌧ [s] = ⌧
0X

q2 +�M mb2 G2KK� e iQ ;2i �[s] ` e : ⌧ [s]- Q` �[s] ` e : ⌧ 0X �M/ 7m`i?2`@
KQ`2- #2+�mb2 ↵1, . . . ,↵n \ 6ho(�) = ;- �TTHvBM; s iQ � rBHH /Q MQi?BM;
bBM+2 �Ƕb 7`22 ivT2 p�`B�#H2b �`2 /BbiBM+i- BX2X � = �[s]X G2�pBM; mb rBi?
� ` e : ⌧ 0 �b `2[mB`2/X

�#b q2 ?�p2 �, x : 8↵1 . . .↵n ` �y.e0 : ⌧1 ! ⌧2 �M/ r�Mi iQ b?Qr

� ` (�y.e0)[e/x] : ⌧1 ! ⌧2

y Bb #QmM/- bQ #v +QMp2MiBQM y 6= xX 6`QK i?2 T`2KBb2b r2 ?�p2

�, x : 8↵1 . . .↵n.⌧, y : ⌧1 ` e
0 : ⌧2

q2 bi�`i #v +?QQbBM; � bm#biBimiBQM s- r?B+? K�Tb ↵1, . . . ,↵n iQ 7`2b? ivT2
p�`B�#H2b ↵0

1, . . . ,↵
0
nX �//BiBQM�HHv- i?2v �`2 /BbiBM+i �b 7QHHQrbX

6ho(�) \ ↵1, . . . ,↵n \ ↵0
1, . . . ,↵

0
n = ;

LQr r2 K�MBTmH�i2 i?2 T`2KBb2 BM i?2 7QHHQrBM; Q`/2`X

�, y : ⌧1, x : 8↵1 . . .↵n.⌧ ` e
0 : ⌧2 #v br�TTBM;- G2KK� k

(�, y : ⌧1, x : 8↵1 . . .↵n.⌧)[s] ` e
0 : ⌧2 #v G2KK� e

�, y : ⌧1[s], x : (8↵1 . . .↵n.⌧)[s] ` e
0 : ⌧2 bBM+2 �[s] = �

�M/ bBM+2 i?2 `�M;2 Q7 s Bb 2t�+iHv ↵1, . . . ,↵n- r2 ?�p2 (8↵1 . . .↵n.⌧)[s] =
8↵1 . . .↵n.⌧ ě bm#biBimiBQM QMHv bm#biBimi2b 7`22 ivT2 p�`B�#H2b- MQi #QmM/
ivT2 p�`B�#H2b- �M/ ?2`2 �Mv TQbbB#H2 7`22 ivT2 p�`B�#H2b �`2 #2BM; b?�/@
Qr2/X

�, y : ⌧1[s], x : 8↵1 . . .↵n.⌧ ` e
0 : ⌧2 U9XRV

q2 +�M �TTHv G2KK� 8 iQ � ` e : ⌧ - ;BpBM; mb

�, y : ⌧1[s] ` e : ⌧ U9XkV

�M/ r?2M r2 +QK#BM2 x /2 /QK(�) rBi? i?2 7�+i i?�i x 6= y- r2 ;2i

x /2 /QK(�, y : ⌧1[s]) U9XjV

"2+�mb2 Q7 ?Qr r2 +?Qb2 s- r2 �HbQ ?�p2R

6ho(�, y : ⌧1[s]) \ ↵1, . . . ,↵n = ; U9X9V
Ry Bb /BbiBM+i ?2`2 #2+�mb2 Q7 i?2 "�`2M/`2;i p�`B�#H2 +QMp2MiBQMX

j9



1p2Mim�HHv- r2 mb2 U9XkV- U9XRV- U9XjV �M/ U9X9V rBi? i?2 BM/m+iBQM ?vTQi?@
2bBb iQ �``Bp2 �i

�, y : ⌧1[s] ` e
0[e/x] : ⌧2[s]

"mi s Bb � #BD2+iBQM /m2 iQ ?Qr r2 +?Qb2 Bi, h?�i K2�Mb �M BMp2`b2- s�1

2tBbibX q2 ǳ�TTHv Bi iQ #Qi? bB/2bǴ rBi? G2KK� e

(�, y : ⌧1[s])[s
�1] ` e

0[e/x] : (⌧2[s])[s
�1]

(�, y : ⌧1[s])[s
�1] ` e

0[e/x] : ⌧2

�[s�1], y : ⌧1[s][s
�1] ` e

0[e/x] : ⌧2

�[s�1], y : ⌧1 ` e
0[e/x] : ⌧2

�M/ #2+�mb2 ↵0
1, . . . ,↵

0
n \ 6ho(�) = ;- r2 +�M ;2i `B/ Q7 i?�i H�bi bm#biB@

imiBQM �M/ �``Bp2 �i �, y : ⌧1 ` e
0[e/x] : ⌧2X 6`QK ?2`2- r2 #mBH/ Qm` r�v

#�+F mT rBi? �#bX

� ` �y.(e0[e/x]) : ⌧1 ! ⌧2

� ` (�y.e0)[e/x] : ⌧1 ! ⌧2 #2+�mb2 x 6= y

G2i q2 ?�p2 i?2 T`QQ7 �, x : � ` H2i y = e1 BM e2 : ⌧ 0 �M/ r�Mi iQ b?Qr

� ` (H2i y = e1 BM e2)[e/x] : ⌧
0

h?2 }`bi T`2KBb2 +�M #2 72/ /B`2+iHv BMiQ i?2 BM/m+iBQM ?vTQi?2bBb

�, x : 8↵1 . . .↵n.⌧ ` e1 : ⌧1

� ` e1[e/x] : ⌧1 U9X8V

aBM+2 y Bb #QmM/ �M/ i?mb y 6= x- r2 mb2 i?2 br�T H2KK� rBi? i?2 b2+QM/
T`2KBb2 iQ ;2i

�, y : �, x : 8↵1 . . .↵n.⌧(⌧1), x : 8↵1 . . .↵n.⌧ ` e2 : ⌧ 0 U9XeV

�M/ bBM+2 r2 ?�p2 � ` e : ⌧ - 7`QK G2KK� 8 i?2`2 Bb

�, y : �, x : 8↵1 . . .↵n.⌧(⌧1) ` e : ⌧ U9XdV

LQr r2 r�Mi iQ +�HH i?2 BM/m+iBp2 ?vTQi?2bBb QM U9XeV �M/ U9XdV- #mi i?�i
K2�Mb r2 }`bi M22/ iQ b?Qr

{↵1, . . . ,↵n} \ 6ho(�, y : �, x : 8↵1 . . .↵n.⌧(⌧1)) = ;

j8



q2 /Q i?Bb �b 7QHHQrb,

{↵1, . . . ,↵n} \ 6ho(�, y : �, x : 8↵1 . . .↵n.⌧(⌧1))

✓ {↵1, . . . ,↵n} \ (6ho(�) [ 6ho(�, x : 8↵1 . . .↵n.⌧(⌧1)))

= {↵1, . . . ,↵n} \ (6ho(�, x : 8↵1 . . .↵n.⌧(⌧1)))

= {↵1, . . . ,↵n} \ (6ho(⌧1) \ (6ho(⌧1) \ 6ho(�, x : 8↵1 . . .↵n.⌧)))

= {↵1, . . . ,↵n} \ 6ho(⌧1) \ 6ho(�, x : 8↵1 . . .↵n.⌧)

✓ {↵1, . . . ,↵n} \ 6ho(�, x : 8↵1 . . .↵n.⌧)

= {↵1, . . . ,↵n} \ (6ho(�) [ 6ho(8↵1 . . .↵n.⌧))

= {↵1, . . . ,↵n} \ 6ho(8↵1 . . .↵n.⌧)

= {↵1, . . . ,↵n} \ 6ho(⌧) \ {↵1, . . . ,↵n}
= ;

�M/ i?2M r2 +�M mb2 Bi iQ �``Bp2 �i
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⇧ ` v g w : AP⇢1[⇢2⌧1 ⇥ ⌧2

h?2`2 Bb �HbQ QMHv QM2 TQbbB#H2 `2/m+iBQM i?�i +QmH/ ?�p2 Q++m``2/

v g w  v >>= �v.(w >>= �w.[[v ⇥ w]])

aQ r2 M22/ iQ b?Qr ⇧ ` v >>= �v.(w >>= �w.[[v ⇥ w]]) : AP⇢1[⇢2⌧1 ⇥ ⌧2 ě
MQi 2t�+iHv i?2 T`2iiB2bi Dm/;2K2Mi ě r?B+? r2 +�M +QMbi`m+i 2p2Mim�HHv
7`QK � "BM/X
hQ #2;BM- r2 rBHH }`bi b?Qr i?�i #Qi? v �M/ w +�M #2 bm#bmK2/ BMiQ i?2
H�`;2` +QK#BM2/ ?2�T- ⇢1 [ ⇢2X

⇧ ` v : AP⇢1⌧1 7`QK T`2KBb2b
⇢1 �: ⇢1 [ ⇢2 #v lMBQMG

QF ⇢1 [ ⇢2 7`QK T`2KBb2b
⇧ ` v : AP⇢1[⇢2⌧1 #v am#

⇧ ` w : AP⇢2⌧2 7`QK T`2KBb2b
⇧, v : ⌧1 ` w : AP⇢2⌧2 #v G2KK� j

⇢2 �: ⇢1 [ ⇢2 #v lMBQM_
QF ⇢1 [ ⇢2 7`QK T`2KBb2b

⇧, v : ⌧1 ` w : AP⇢1[⇢2⌧2 #v am#

h?2M r2 b?Qr i?�i r2 +�M K�F2 � H�K#/�- i�FBM; � Tm`2 ⌧2- �M/ K�FBM;
� ⌧1 ⇥ ⌧2 BMbB/2 i?�i M2r AP KQM�/X

⇧, v : ⌧1, w : ⌧2 ` v : ⌧1 ⇧, v : ⌧1, w : ⌧2 ` w : ⌧2

⇧, v : ⌧1, w : ⌧2 ` v ⇥ w : ⌧1 ⇥ ⌧2
⇧, v : ⌧1, w : ⌧2 ` [[v ⇥ w]] : AP⇢1[⇢2⌧1 ⇥ ⌧2
⇧, v : ⌧1 ` �w.[[v ⇥ w]] : ⌧2 ! AP⇢1[⇢2⌧1 ⇥ ⌧2

q2 i?2M i�F2 i?Bb H�K#/� �M/ #BM/ Qm` KQM�/B+ w iQ Bi

⇧, v : AP⇢1⌧1 ` w : AP⇢1[⇢2⌧2
⇧, v : ⌧1 ` �w.[[v ⇥ w]] : ⌧2 ! AP⇢1[⇢2⌧1 ⇥ ⌧2
⇧, v : ⌧1 ` w >>= (�w.[[v ⇥ w]]) : AP⇢1[⇢2⌧1 ⇥ ⌧2

LQr r2 +�M K�F2 �MQi?2` H�K#/�- i?Bb iBK2 i�FBM; BM i?2 Tm`2 ⌧1

⇧, v : ⌧1 ` w >>= (�w.[[v ⇥ w]]) : AP⇢1[⇢2⌧1 ⇥ ⌧2
⇧ ` �v.w >>= (�w.[[v ⇥ w]]) : ⌧1 ! AP⇢1[⇢2⌧1 ⇥ ⌧2
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�M/ i?2M r2 }M�HHv #BM/ Bi rBi? Qm` KQM�/B+ v

⇧ ` v : AP⇢1[⇢2⌧1 ⇧ ` �v.w >>= �w.[[v ⇥ w]] : ⌧1 ! AP⇢1[⇢2⌧1 ⇥ ⌧2
⇧ ` v >>= (�v.w >>= (�w.[[v ⇥ w]])) : AP⇢1[⇢2⌧1 ⇥ ⌧2

h?2 T`QQ7 Bb [mBi2 HQM;- #mi bBM+2 Qm` ivTBM; bvbi2K Bb bvMi�t /B`2+i2/- Bi
+HQb2Hv K�i+?2b i?2 2tT`2bbBQM Bi `2/m+2b iQ- K�FBM; Bi 2�bB2` iQ +QMbi`m+iX

am# G�bi #mi MQi H2�bi- r2 ?�p2 � bm#bmKTiBQM ivTBM; Dm/;2K2Mi

am#
⇧ ` e : AP⇢0⌧ ⇢ �: ⇢0 QF ⇢

⇧ ` e : AP⇢⌧

>Qr2p2` #2+�mb2 r2 FMQr MQi?BM; Q7 i?2 bvMi�t Q7 e- e +QmH/ `2/m+2 iQ
�Mvi?BM; �M/ r2 �`2 H27i rBi? bQK2 e

0- bm+? i?�i e  e
0X L2p2`i?2H2bb-

�TTHvBM; i?2 BM/m+iBQM ?vTQi?2bBb rBi? ⇧ ` e : AP⇢0⌧ �M/ e e
0 ;Bp2b mb

⇧ ` e
0 : AP⇢0⌧

q?B+? r2 +�M biB+F #�+F BMiQ am# iQ ;2i

⇧ ` e
0 : AP⇢⌧

hQ;2i?2` i?2b2 irQ T`QT2`iB2b +�M 2Mbm`2 i?�i MQ 2tT`2bbBQM +�M ;Q r`QM;-
r?B+? rBi?BM QT2`�iBQM�H b2K�MiB+b K2�Mb Bi +�MMQi ;2i bim+FX � bim+F 2tT`2b@
bBQM Bb �M 2tT`2bbBQM r?B+? +�MMQi #2 `2/m+2/ �Mv 7m`i?2` UBM Bib MQ`K�H 7Q`KV
�M/ Bb MQi � p�Hm2X h?2 T`Q;`2bb i?2Q`2K ?�b b?QrM i?�i 2p�Hm�iBQM Q7 �Mv
r2HH@ivT2/ 2tT`2bbBQM +�MMQi 2M/ mT BM i?Bb bi�i2- bQ Bi /Q2b BM/22/ 2p�Hm�i2
iQ bQK2i?BM; BM i?2 2M/X �M/ i?2 T`2b2`p�iBQM i?2Q`2K ;m�`�Mi22b mb i?�i i?2
ivT2 Q7 i?2 }M�H p�Hm2 rBHH `2K�BM i?2 b�K2X h?2`27Q`2 r2 ?�p2 b?QrM i?2
QT2`�iBQM�H 2[mBp�H2Mi Q7 i?2 /2MQi�iBQM�H

� ` e : ⌧ ! � � e : ⌧
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*?�Ti2` 8

J2+?�MBb�iBQM BM �;/�

AM i?Bb +?�Ti2`- r2 rBHH HQQF �i ?Qr i?2 T`QQ7b BM *?�Ti2` 9 r2`2 K2+?�MB+�HHv
7Q`K�HBb2/ ě BM Qi?2` rQ`/b- T`Qp2/ rBi?BM � T`QQ7 �bbBbi�MiX h?2 T`QQ7b r2`2
K2+?�MBb2/ rBi?BM �;/� (Rk)- � /2T2M/2MiHv ivT2/ T`Q;`�KKBM; H�M;m�;2 rBi?
�M JG bvMi�t- bBKBH�` iQ i?�i Q7 >�bF2HHǶbX Ai +�M #2 mb2/ 7Q` ;2M2`�H Tm`TQb2
T`Q;`�KKBM;- #mi bBM+2 Bi Bb `QQi2/ BM J�`iBM@Gƺ7 BMimBiBQMBbiB+ ivT2 i?2Q`v (Ry)-
Bi +�M �HbQ #2 mb2/ �b � T`Qp2 7Q`K�H T`QT2`iB2bX

S`QT2`iB2b �`2 T`Qp2M BM �;/� #v r`BiBM; T`Q;`�Kb i?�i b�iBb7v ivT2bX h?Bb
�TT`Q�+? i�F2b �/p�Mi�;2 Q7 i?2 *m``v@>Qr�`/ +Q``2bTQM/2M+2- r?B+? Bb i?�i
T`QTQbBiBQMb �`2 �M�HQ;Qmb iQ ivT2b- �M/ T`QQ7b �`2 �M�HQ;Qmb iQ T`Q;`�Kb i?�i
7mH}H i?�i ivT2X q2 }`bi +`2�i2 ivT2b i?�i `2T`2b2Mi Qm` T`QTQbBiBQMbX h?2M r2
+�M i?2M T`Qp2 Qm` T`QTQbBiBQMb #v +QMbi`m+iBM; � p�Hm2 7Q` i?2 T`Q;`�K i?�i
b�iBb}2b i?2 ivT2 ě ?2M+2 r?v BMimBiBQMBbiB+ HQ;B+ Bb �HbQ FMQrM �b +QMbi`m+iBp2
HQ;B+X

�b � #`B27 2t�KTH2- � T`QTQbBiBQM Q7 i?2 7Q`K 8a.a ! b- i`�MbH�i2b BMiQ �
T`Q;`�K Q7 ivT2 ޯ a ݁ bX A7 vQm `2�/ i?2 T`QTQbBiBQM �b ǳB7 �- i?2M #Ǵ- i?2M vQm
+�M `2�/ i?2 ivT2 �b ǳ;Bp2M �Mv T`QQ7 Q7 �- i?2M A +�M +QMbi`m+i � T`QQ7 Q7 #ǴX
�M/ i?�i Bb BM/22/ r?�i i?2 T`Q;`�K b?QmH/ /Q, Ai Bb � 7mM+iBQM i?�i i�F2b �M
�`;mK2Mi Q7 a- �M/ `2im`Mb bQK2i?BM; Q7 ivT2 bX

h?2 p�bi K�DQ`Biv Q7 i?2 rQ`F BM K2+?�MBbBM; r�b BM i?2 T`QQ7b `2H�i2/ iQ
TQHvKQ`T?BbK BM i?2 >BM/H2v@.�K�b@JBHM2` bvbi2K- MQi i?2 `2bQm`+27mH T�`ibX
h?2 bvMi�t@/B`2+i2/ >BM/H2v@.�K�b@JBHM2` bvbi2K ?�b #22M bm++2bb7mHHv 7Q`@
K�HBb2/ BM *Q[ (e)- �M/ � 7Q`K�HBb�iBQM 7Q` avbi2K 6 r�b `2+2MiHv +`2�i2/ BM
�;/� (k)X >Qr2p2` �b Bi bi�M/b- r2 �`2 MQi �r�`2 Q7 �Mv 7Q`K�HBx�iBQMb Q7
>BM/H2v@.�K�b@JBHM2` rBi?BM �;/�X _2;�`/H2bb- i?2 i2+?MB[m2b �M/ �TT`Q�+?2b
?2`2 �`2 bBKBH�`- �M/ r2 #�b2 Km+? Q7 i?2 rQ`F QM i?2 T`QQ7b BM (ky)X

8XR .2}MBiBQMb
h?2 7`�K2rQ`F rBi?BM �;/� 7Q` rQ`FBM; rBi? i?2 ivT2 bvbi2K Bb #mBHi mTQM i?2
7Q`K�HBb�iBQM Q7 i?2 bBKTHv ivT2/ H�K#/� +�H+mHmb BM �;/� #v EQFF2 2i �HX (3)
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daWa Term : SHW ZKHUH
`_ : Id ݁ Term
ŝ_ށ_ : Id ݁ Term ݁ Term
_y_ : Term ݁ Term ݁ Term
lW_ݿ_in'_ : Id ݁ Term ݁ Term ݁ Term
<<_>> : Term ݁ Term
_>>=_ : Term ݁ Term ݁ Term
ढ़ : Term
Xse : ResoXrce ݁ Term ݁ Term
_�_ : Term ݁ Term ݁ Term
̅۸ : Term ݁ Term
̅۹ : Term ݁ Term
_g_ : Term ݁ Term ݁ Term

daWa Heap : SHW ZKHUH
World : Heap
`_ : ResoXrce ݁ Heap
_ߏ_ : Heap ݁ Heap ݁ Heap

daWa T\pe : SHW ZKHUH
`_ : Id ݁ T\pe
_ށ_ : T\pe ݁ T\pe ݁ T\pe
IO : Heap ݁ T\pe ݁ T\pe
ढ़ : T\pe
_�_ : T\pe ݁ T\pe ݁ T\pe

daWa T\peScheme : SHW ZKHUH
V_y_ : Id ݁ T\peScheme ݁ T\peScheme
`_ : T\pe ݁ T\peScheme

GBbiBM; R, :`�KK�` /2}MBiBQMbX LQi2 i?�i bQK2 Q7 i?2 MQi�iBQM U2X;X 8V ?�/ iQ
#2 bm#biBimi2/ /m2 iQ Qp2`H�Tb rBi? F2vrQ`/b BM �;/�X

Ai #2;BMb rBi? i?2 ;`�KK�`- b?QrM BM GBbiBM; RX
6Q` `2H�iBQMb- bm+? �b i?2 ?2�T r2HH@7Q`K2/ `2H�iBQM QF ⇢- r2 mb2 � T�ii2`M Q7

/2}MBM; � M2r /�i� ivT2X h?2 ivT2 i?2M �+ib �b � T`QTQbBiBQM i?�i i?2 `2H�iBQM
?QH/b- �M/ +`2�iBM; �M BMbi�M+2 Q7 i?2 /�i� ivT2 +QMbiBimi2b �b T`QpB/BM; T`QQ7X
6m`i?2`KQ`2- i?2 +QMbi`m+iQ`b 7Q` i?2 /�i� ivT2 /B`2+iHv +Q``2bTQM/ iQ i?2 `mH2b
7Q` i?2 `2H�iBQMX

daWa Ok : Heap ݁ SHW ZKHUH
OkZ : ޯ ^r`

--------
݁ Ok (` r)

OkS : ޯ ^a b`
݁ Ok a
݁ Ok b
݁ a ߎ b ޴=

----------
݁ Ok (a ߏ b)

OkWorld : --------
Ok World

q2 �HbQ /2}M2 � /�i� ivT2 iQ `2T`2b2Mi T`QQ7 i?�i � ?2�T Bb � bm#?2�T Q7 �MQi?2`
?2�TX aBM+2 bm#?2�TBM; Bb � #BM�`v `2H�iBQM Qp2` irQ ?2�Tb- i?2 /�i� ivT2 Bb
�HbQ T�`�K2i2`Bb2/ Qp2` irQ ?2�Tb- r?B+? �TT2�` BM i?2 ivT2X
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daWa _߽:_ : Heap ݁ Heap ݁ SHW ZKHUH
߽:World : ޯ ^̆` ݁ World ߽: ̆
߽:refl : ޯ ^̆` ݁ ̆ ߽: ̆
ɺߏ:߽ : ޯ ^̆ ̆' ̆''`

݁ ̆' ߽: ̆
------------

݁ ̆' ߏ ̆'' ߽: ̆
ɘߏ:߽ : ޯ ^̆ ̆' ̆''`

݁ ̆' ߽: ̆
------------

݁ ̆'' ߏ ̆' ߽: ̆

A7 r2 r�Mi2/ iQ b?Qr i?�i L2i[6BH2 �: L2i- r2 rQmH/ 7QHHQr i?2 b�K2 bi2Tb i?�i
r2 rQmH/ +�``v Qmi BM � T`QQ7 i`22- BM Q`/2` iQ +QMbi`m+i � p�Hm2 i?�i BM?�#Bib
i?2 ivT2 ` NeW ߏ ` File ߽: ` NeWX

_ : ` NeW ߏ ` File ߽: ` NeW
_ = ɺߏ:߽ ߽:refl lMBQMG

_27H L2i �,L2i
L2i [ 6BH2 �: L2i

h?2 KQbi BKTQ`i�Mi `2H�iBQM ?Qr2p2`- Bb i?2 ivTBM; `2H�iBQMX qBi? �;/�Ƕb
lMB+Q/2 bmTTQ`i r2 �`2 �#H2 iQ /2}M2 i?2 `mH2b- b?QrM BM GBbiBM; k- rBi? �
MQi�iBQM bBKBH�` iQ r?�i r2 mb2/ BM *?�Ti2` jX hvTBM; Dm/;2K2Mib +�M #2 +�M
+QMbi`m+i2/ �b 7QHHQrb,

_ : ޴ ` ŝ "[" ށ ` "[" ܺ (` "˶" ށ ` "˶")
_ = `ŝ (`` Z (InsW SZ refl refl))

�#b
o�`

x : ↵ 2 ⇧, x : ↵ ↵ > ↵

⇧, x : ↵ ` x : ↵

⇧ ` �x.x : ↵! ↵

q?2`2 InsW SZ refl refl Bb T`QQ7 i?�i i?2 ivT2 b+?2K2 ↵ +�M #2 BMbi�MiB�i2/
iQ i?2 ivT2 ↵ U#v MQi BMbi�MiB�iBM; �Mvi?BM; ivT2 p�`B�#H2b �i �HHVX

daWa _>_ : T\peScheme ݁ T\pe ݁ SHW ZKHUH
InsW : ޯ ^̈ ̉`
݁ (s : SXbsWiWXWion)
݁ sXbDomain s ߹ TSYars ̈
݁ sXbT s (TSW\pe ̈) ߹ ̉
-------------------
݁ ̈ > ̉
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h?2 bK�HH@bi2T `2H�iBQM Bb /2}M2/ BM � bBKBH�` r�v iQ i?2 ivTBM; `2H�iBQMX

daWa _݌_ : Term ݁ Term ݁ SHW ZKHUH
̃-y۸ : ޯ ^e۸ e۹ e۸'`

݁ e۸ ݌ e۸'
------------------

݁ e۸ y e۹ ݌ e۸' y e۹

̃-y۹ : ޯ ^e۸ e۹ e۹'`
݁ e۹ ݌ e۹'

------------------
݁ e۸ y e۹ ݌ e۸ y e۹'

˷-ŝ : ޯ ^[ e e'`
݁ ValXe e'

------------------
݁ (ŝ [ ށ e) y e' ݌ e [ [ := e' ]

-- and so on ...

8Xk hvT2 b+?2K2b �M/ ivT2 p�`B�#H2b
PM2 Q7 i?2 K�BM /2bB;M /2+BbBQMb K�/2 2�`Hv QM r�b ?Qr iQ `2T`2b2Mi ivT2
b+?2K2bX Zm�MiB}2/ ivT2 p�`B�#H2b BM ivT2 b+?2K2b �`2 Q7i2M `2T`2b2Mi2/ �b �
b2[m2M+2 8↵1, . . . ,↵n · ⌧ X h?Bb 2tT�M/b Qmi iQ 8↵1 · 8 . . . · 8↵n · ⌧ BM i?2 2M/-
�M/ Bb ?Qr ivT2 b+?2K2b �`2 mHiBK�i2Hv /2}M2/ BM i?2 ;`�KK�`X "mi r2 M22/
iQ #2 �#H2 iQ `2�bQM �#Qmi ivT2 p�`B�#H2b BM i?2 b2[m2M+2 7Q`K�i 7Q` bQK2 Q7
i?2 T`QQ7bX � ?2HT2` 7mM+iBQM VV r�b +`2�i2/ 7Q` i?Bb `2�bQMX Ai �HHQrb 7Q` ivT2
b+?2K2b iQ #2 +`2�i2/ �M/ K�MBTmH�i2/ BM i2`Kb Q7 HBbibX

VV : LisW Id ݁ T\pe ݁ T\peScheme
VV (˶ ь ˶s) ̉ = V ˶ y (VV ˶s ̉)
VV [] ̉ = ` ̉

LQr r2 +�M `2r`Bi2 T`QTQbBiBQMb- bm+? �b i?2 bm#biBimiBQM H2KK� UG2KK� dV- BM
� r�v i?�i H2ib mb #BM/ i?2 HBbi Q7 [m�MiB}2/ ivT2 p�`B�#H2b �M/ mb2 Bi 2Hb2r?2`2X

sXbsW : ޯ ^˙ [ e e' ˶s ̉ ̉'`
݁ ˙ ` e ܺ ̉
݁ ˙ , [ ܺ VV ˶s ̉ ` e' ܺ ̉'
݁ DisjoinW ˶s (FTVC ˙)

----------------------
݁ ˙ ` e' [ [ := e ] ܺ ̉'

h?2`2 �`2 �HbQ 7mM+iBQMb iQ 2ti`�+i i?2 [m�MiB}2/ ivT2 p�`B�#H2b �M/ ivT2 7`QK
� ivT2 b+?2K2- �M/ 2[mBp�H2M+2 T`QQ7b i?�i +�M #2 mb2/ iQ +QMpBM+2 i?2 ivT2
+?2+F2` i?�i i?2v �`2 2[mBp�H2Mi iQ i?2B` VV 7Q`KX
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daWa _`_ܺ_ : ConWe[W ݁ Term ݁ T\pe ݁
SHW ZKHUH,!

`` : ޯ ^˙ [ ̈ ̉`
݁ [ ܺ ̈ ޷ ˙
݁ ̈ > ̉

---------
݁ ˙ ` ` [ ܺ ̉

`ŝ : ޯ ^˙ [ ̉' ̉ e`
݁ ˙ , [ ܺ ` ̉' ` e ܺ ̉

------------------
݁ ˙ ` ŝ [ ށ e ܺ (̉' ށ ̉)

`y : ޯ ^˙ e e' ̉ ̉'`
݁ ˙ ` e ܺ ̉' ށ ̉
݁ ˙ ` e' ܺ ̉'

--------------
݁ ˙ ` e y e' ܺ ̉

`lW : ޯ ^˙ e e' ̉ ̉' [`
݁ ˙ ` e' ܺ ̉'
݁ ˙ , [ ܺ close ˙ ̉' ` e ܺ ̉

---------------------
݁ ˙ ` lW [ ݿ e' in' e ܺ ̉

`� : ޯ ^˙ e e' ̉ ̉'`
݁ ˙ ` e ܺ ̉
݁ ˙ ` e' ܺ ̉'

--------------------
݁ ˙ ` e � e' ܺ ̉ � ̉'

`̅۸ : ޯ ^˙ e ̉ ̉'`
݁ ˙ ` e ܺ ̉ � ̉'

--------------
݁ ˙ ` ̅۸ e ܺ ̉

`̅۹ : ޯ ^˙ e ̉ ̉'`
݁ ˙ ` e ܺ ̉ � ̉'

--------------
݁ ˙ ` ̅۹ e ܺ ̉'

`ढ़ : ޯ ^˙`

---------
݁ ˙ ` ढ़ ܺ ढ़

-- Monadic rules

`<<>> : ޯ ^˙ e ̉ ̆`
݁ ˙ ` e ܺ ̉
݁ Ok ̆
----------------

݁ ˙ ` << e >> ܺ IO ̆ ̉

`Xse : ޯ ^˙ e ̉ r`
݁ ˙ ` e ܺ ̉
---------------

݁ ˙ ` Xse r e ܺ IO (` r) ̉

`>>= : ޯ ^˙ e e' ̉ ̉' ̆`
݁ ˙ ` e ܺ (IO ̆ ̉')
݁ ˙ ` e' ܺ (̉' ށ IO ̆ ̉)
-------------------

݁ ˙ ` e >>= e' ܺ IO ̆ ̉

`g : ޯ ^˙ e۸ e۹ ̉۸ ̉۹ ̆۸ ̆۹`
݁ ˙ ` e۸ ܺ IO ̆۸ ̉۸
݁ ˙ ` e۹ ܺ IO ̆۹ ̉۹
݁ Ok (̆۸ ߏ ̆۹)
-----------------------

݁ ˙ ` e۸ g e۹ ܺ IO (̆۸ ߏ ̆۹) (̉۸
� ̉۹),!

`sXb : ޯ ^˙ e ̉ ̆ ̆'`
݁ ˙ ` e ܺ IO ̆' ̉
݁ ̆ ߽: ̆'
݁ Ok ̆

--------------
݁ ˙ ` e ܺ IO ̆ ̉

GBbiBM; k, h?2 ivTBM; `mH2b �b i?2v �`2 /2}M2/ BM �;/�X
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TSW\pe : T\peScheme ݁ T\pe
TSW\pe (V _ y ̈) = TSW\pe ̈
TSW\pe (` ̉) = ̉

TSYars : T\peScheme ݁ LisW Id
TSYars (V ˶ y ̈) = ˶ ь TSYars ̈
TSYars (` ̉) = []

TSW\pe߹ : ޯ ^˶s ̉` ݁ TSW\pe (VV ˶s ̉) ߹ ̉
TSW\pe߹ ^[]` ^̉` = refl
TSW\pe߹ ^˶ ь ˶s` ^̉` = TSW\pe߹ ^˶s`

TSYars߹ : ޯ ^˶s ̉` ݁ TSYars (VV ˶s ̉) ߹ ˶s
TSYars߹ ^[]` = refl
TSYars߹ ^˶ ь ˶s` = cong (_ь_ ˶) TSYars߹

8Xj S`QT2`iB2b
h?2 ivT2 T`2b2`p�iBQM i?2Q`2K Uh?2Q`2K 9V Bb T`Qp2M rBi? i?2 7QHHQrBM; 7mM+@
iBQM ě ;Bp2M T`QQ7 i?�i e ?�b ivT2 ⌧ BM i?2 2KTiv +QMi2ti- �M/ T`QQ7 i?�i e

`2/m+2b iQ e
0 BM QM2 bi2T- i?2M r2 +�M T`QpB/2 T`QQ7 i?�i e

0 �HbQ ?�b i?2 ivT2 ⌧
BM i?2 2KTiv +QMi2tiX

preserYaWion : ޯ ^e e' ̉`
݁ ޴ ` e ܺ ̉
݁ e ݌ e'
----------

݁ ޴ ` e' ܺ ̉

6Q` T`Q;`2bb Uh?2Q`2K jV- r2 M22/ iQ #2 �#H2 iQ b�v 2Bi?2` i?2 2tT`2bbBQM Bb �
p�Hm2 Q` Bi `2/m+2b iQ bQK2i?BM; 2Hb2X q2 +`2�i2 � M2r /�i� ivT2 iQ `2T`2b2Mi
i?2 irQ +�b2b r?2`2 i?Bb +�M ?�TT2MX

daWa Progress (e : Term) : SHW ZKHUH
sWep : ޯ ^e'`

݁ e ݌ e'
------

݁ Progress e
done : ValXe e

----------
݁ Progress e

progress : ޯ ^e ̉`
݁ ޴ ` e ܺ ̉
----------

݁ Progress e
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8X9 SQbimH�iBQMb
h?2`2 �`2 MmK#2` Q7 T`QT2`iB2b i?�i �`2 TQbimH�i2/ i?`Qm;?Qmi- �M/ i?2b2 b?QmH/
2p2Mim�HHv #2 T`Qp2M �i bQK2 TQBMiX SQbimH�iBQMb /Q MQi `2[mB`2 �Mv T`QQ7b �M/
�`2 Dmbi �bbmK2/ #v �;/� iQ #2 i`m2- bQ i?2v �`2 mb2/ bT�`BM;Hv ?2`2X h?2v �`2
K�BMHv mb2/ BM +�b2b r?2`2 r2 FMQr bQK2i?BM; iQ #2 i`m2 i?�i Bb mbm�HHv M22/2/
iQ T`Qp2 �MQi?2` T`QT2`iv- #mi i?2 T`QQ7 7Q` i?2K Bb H�`;2 �M/ MQM@i`BpB�HX

PM2 bm+? 2t�KTH2 Bb r?2M /2�HBM; rBi? i?2 "�`2M/`2;i p�`B�#H2 �M/ +QM@
p2MiBQMX PM T�T2` Bi Bb }M2 iQ BKTHB+BiHv �bbmK2 �HH #QmM/ p�`B�#H2b �`2 mMB[m2-
#mi �;/� Bb MQi bQ H2MB2MiX q2 M22/ iQ 2tTHB+BiHv T2`7Q`K i?2 �HT?� +QMp2`bBQM
�M/ b?Qr i?�i i?2 M2r p�`B�#H2 Bb /BbiBM+i 7`QK �Mv 7`22 p�`B�#H2 �M/ i?�i i?2
irQ 2tT`2bbBQMb �`2 2[mBp�H2Mi

˶-conY : ޯ ^[ e`
݁ ]޲ \ ] ((ޯ ^e'` ݁ \ ޸ FV e') ݁ (ŝ [ ށ e ߹ ŝ \ ށ (e [ [ := ` \ ])))

qQ`FBM; rBi? 2tBbi2MiB�H [m�MiB}+�iBQM �M/ i?2b2 MQM@i`BpB�H 2[mBp�H2M+2b +�M
;2i T`2iiv mMrB2H/Hv- bQ BM bQK2 T`QQ7b r2 bBKTHv Dmbi K�F2 i?2 TQbimH�iBQM

SRVWXOaWH FVY޸] : [ ޸ FV Y

8y



*?�Ti2` e

1p�Hm�iBQM �M/ 7m`i?2`
rQ`F

eXR a2T�`�iBQM HQ;B+
AM a2+iBQM kXR r2 #`B2~v iQm+?2/ b2T�`�iBQM HQ;B+- #mi MQr i?�i r2 ?�p2 /2}M2/
Qm` bvbi2K r2 +�M HQQF �i bQK2 T�`�HH2Hb #2ir22M i?2KX h�F2 i?2 7`�K2 `mH2
�;�BM- r?B+? �HHQrb �//BiBQM�H T`2/B+�i2b iQ #2 BM72``2/ BM � bT2+B}+�iBQM- mM/2`
i?2 +QM/BiBQM i?�i i?2 +Q/2 /Q2b MQi mb2 �Mv Q7 i?2 p�`B�#H2b BM i?2 T`2/B+�i2X

{p} +Q/2 {q}
{p ⇤ r} +Q/2 {q ⇤ r}

r?2`2 MQ p�`B�#H2 Q++m``BM; 7`22
BM ` Bb KQ/B}2/ #v +Q/2

Pm` r2HH@7Q`K2/ ?2�T Dm/;2K2Mi ?�b � `mH2 i?�i �HHQrb ?2�Tb iQ #2 K2`;2/-
mM/2` i?2 +QM/BiBQM i?�i i?2v /Q MQi Qp2`H�T,

QF ⇢ QF ⇢0 ⇢ \ ⇢0 = ;
QF ⇢ [ ⇢0

h?Bb KB``Q`b i?2 B/2� BM b2T�`�iBQM HQ;B+ i?�i r2 QMHv M22/ iQ rQ``v �#Qmi i?2
p�`B�#H2b `2H2p�Mi iQ Qm` +Q/2- Q` BM Qm` i2`KBMQHQ;v- i?2 `2bQm`+2b `2H2p�Mi iQ
Qm` ivT2X aQ Qm` bm#bmKTiBQM `mH2- am#- i?�i H2ib ?2�Tb ;2i T`QKQi2/ iQ �
H�`;2` ?2�T- 2M/b mT #2BM; Qm` p2`bBQM Q7 i?2 7`�K2 `mH2X �M/ i?2 +QM+m``2M+v
`mH2 7`QK b2T�`�iBQM HQ;B+

{p1} +Q/21 {q1} {p2} +Q/22 {q2}
{p1 ⇤ p2} +Q/21 || +Q/22 {q1 ⇤ q2}

1M/b mT #2+QKBM; Qm` +QM+m``2M+v ivTBM; `mH2- +QM+X h?2 T`2+QM/BiBQMb �M/
TQbi+QM/BiBQMb �`2 i?2 ?2�Tb BM i?2 AP ivT2- �M/ i?2 b2T�`�iBM; +QMDmM+iBQM ⇤
Bb Qm` mMBQM [X

� ` e1 : AP⇢1⌧1 � ` e2 : AP⇢2⌧2 QF ⇢1 [ ⇢2
� ` e1 g e2 : AP⇢1[⇢2 ⌧1 ⇥ ⌧2
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eXk q2HH 7Q`K2/ ?2�Tb
q2 ?�p2 T`Qp2/ i?2 bvbi2K /2}M2/ BM *?�Ti2` j Bb bQmM/- �M/ KQ`2Qp2` r2
+�M b?Qr i?�i 2p2`v +QM+m``2Mi 2tT`2bbBQM ?�b � r2HH 7Q`K2/ ?2�T ě i?�i Bb �
`2bQm`+2 Bb MQi mb2/ KQ`2 i?�M QM+2 BM i?2 ?2�T- �M/ i?mb MQi �++2bb2/ +QM+m`@
`2MiHvX

h?2Q`2K 8 U*QM+m``2Mi ?2�T Bb r2HH 7Q`K2/VX A7 � ` e1 g e2 : AP⇢⌧ - i?2M QF ⇢

S`QQ7X "v BM/m+iBQM QM i?2 TQbbB#H2 T`QQ7b 7Q` � ` e1 g e2 : AP⇢⌧ X

*QM+ q2 M22/ iQ b?Qr QF ⇢1 [ ⇢2- �M/ 7`QK i?2 T`2KBb2b r2 ?�p2 QF ⇢1 [ ⇢2X

am# q2 M22/ iQ b?Qr QF ⇢0 �M/ 7`QK i?2 T`2KBb2b- r2 �HbQ ?�p2 QF ⇢0X

�b vQm +�M b22- i?Bb Dmbi 7QHHQrb 7`QK i?2 /2}MBiBQM Q7 i?2 +QM+m``2M+v �M/
bm#bmKTiBQM `mH2bX q?�i r2 rQmH/ `2�HHv HBF2 iQ T`Qp2 Bb i?�i �HH KQM�/B+
2tT`2bbBQMb ?�p2 r2HH 7Q`K2/ ?2�TbX

*QMD2+im`2 RX A7 ⇧ ` e : AP⇢⌧ - i?2M QF ⇢

h?Bb Bb � bi`QM;2` p2`bBQM Q7 h?2Q`2K 8X >Qr2p2` i?Bb Bb MQi K�/2 2�bv
BM i?2 bvbi2K �b Bi bi�M/b- 7Q` QM2 bBKTH2 v2i �MMQvBM; `2�bQM, hvT2b �`2 MQi
M2+2bb�`BHv r2HH 7Q`K2/- �M/ �#b �HHQrb �Mv ivT2 iQ #2 BMi`Q/m+2/X h?Bb +�M
#2 2�bBHv b?QrM rBi? i?2 B/2MiBiv 7mM+iBQMX

x : AP6BH2[6BH2⌧ 2 ⇧, x : AP6BH2[6BH2⌧ AP6BH2[6BH2⌧ > AP6BH2[6BH2⌧

⇧, x : AP6BH2[6BH2⌧ ` x : AP6BH2[6BH2⌧
o�`

⇧ ` �x.x : AP6BH2[6BH2⌧ ! AP6BH2[6BH2⌧
�#b

�#b �+ib �b � K2+?�MBbK iQ ;2M2`�i2 ivT2b rBi? K�H7Q`K2/ ?2�Tb- bm+? �b �M
AP KQM�/ i?�i +QMi�BMb irQ 6BH2b BM Bib ?2�TX AM `2�HBiv i?Bb Bb MQi �M Bbbm2-
�b i?2`2 Bb MQ r�v iQ +QMbi`m+i � p�Hm2 iQ T�bb BMiQ i?Bb H�K#/�X "2+�mb2 Q7
i?Bb A #2HB2p2 i?�i *QMD2+im`2 R Bb biBHH T`Qp�#H2- #mi QMHv r?2M i?2 +QMi2ti QMHv
+QMi�BMb r2HH 7Q`K2/ ivT2 b+?2K2b- �M/ ?2M+2 r?v Bi QMHv �TTHB2b 7Q` i?2 2KTiv
+QMi2tiX

q2 +�M 2ti2M/ i?Bb iQ BM+Hm/2 � `2H�iBQM 7Q` r2HH 7Q`K2/ +QMi2tib �M/ r2HH
7Q`K2/ ivT2b- �M/ mb2 i?Bb BM Qm` /2}MBiBQMX
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QF �

QF ⇧
QF � QF �

QF �, x : �

QF �

QF ⌧
QF 8↵1, . . . ,↵n · ⌧

QF ⌧

QF ⇤ QF ↵
QF ⌧ QF ⌧ 0

QF ⌧ ! ⌧
0

QF ⌧ QF ⌧ 0
QF ⌧ ⇥ ⌧ 0

QF ⌧ QF ⇢
QF AP⇢⌧

*QMD2+im`2 kX A7 QF � �M/ � ` e : AP⇢⌧ - i?2M QF ⇢

aQ 7�` irQ H2KK�b ?�p2 #22M T`Qp2M iQ �B/ BM i?2 T`QQ7 Q7 i?2 �#Qp2 +QMD2+@
im`2X

G2KK� 3X A7 QF ⌧ i?2M 7Q` �Mv bm#biBimiBQM s- QF ⌧ [s]

G2KK� NX A7 QF � �M/ � > ⌧ - i?2M QF ⌧

h?Bb B/2� Q7 r2HH 7Q`K2/ ivT2b �//b [mBi2 � #Bi Q7 2ti`� Qp2`?2�/ iQ i?2
bvbi2K- bQ Bi Bb H27i �b 7m`i?2` rQ`FX

eXj G2i TQHvKQ`T?BbK
�HH i?Bb i?2Q`v r�b KQiBp�i2/ #v � p2`v T`�+iB+�H +�mb2, iQ T`QpB/2 bQK2 bBKTH2
+QM+m``2M+v ;m�`�Mi22b �i i?2 ivT2 H2p2H BM � T`Q;`�KKBM; H�M;m�;2X h?mb i?2
BMi2MiBQM Bb i?�i bQK2 Q7 i?Bb K�v 2p2Mim�HHv K�F2 Bib r�v BMiQ � ivT2 bvbi2K
Q7 �M 2tBbiBM; Q` MQp2H H�M;m�;2X

aQ BMbi2�/ Q7 bi�`iBM; rBi? i?2 bBKTHv ivT2/ H�K#/� +�H+mHmb- i?2 bvbi2K
r�b #�b2/ Qz Q7 i?2 >BM/H2v@.�K�b@JBHM2` bvbi2K rBi? Bib TQHvKQ`T?B+ ivT2
/Bb+BTHBM2X Ai +�MMQi #2 mM/2`bi�i2/ i?2 �KQmMi Q7 2ti`� +QKTH2tBiv �M/ rQ`F
i?Bb BMi`Q/m+2/ BMiQ i?2 T`QQ7b 7Q` bQmM/M2bb- #mi TQHvKQ`T?BbK Bb �M 2bb2MiB�H
72�im`2 BM iQ/�vǶb KQ/2`M 7mM+iBQM�H T`Q;`�KKBM; H�M;m�;2bX h?2 H2i TQHvKQ`@
T?BbK /Q2b MQi BMi2`�+i Km+? rBi? i?2 KQM�/B+ �M/ `2bQm`+27mH T�`ib Q7 i?2
ivT2 bvbi2K- #mi Bi Bb /2bB`�#H2 iQ b?Qr i?�i i?2 irQ �`2 +QKT�iB#H2 rBi? 2�+?
Qi?2` `2;�`/H2bbX
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x : ⌧ 2 �
⌧ > ⌧

�, x : ⌧ ` x : ⌧
o�`

� ` �x.x : ⌧ ! ⌧
�#b

z : ⌧ ! ⌧ 2 �
⌧ ! ⌧ > ⌧ ! ⌧

�, z : ⌧ ! ⌧ ` z : ⌧ ! ⌧
o�`

z : ⌧ ! ⌧ 2 �
⌧ ! ⌧ > ⌧ ! ⌧

�, z : ⌧ ! ⌧ ` z : ⌧ ! ⌧
o�`

�, z : ⌧ ` z z : ⌧ ! ⌧
�TT

� ` H2i z = �x.x BM z z : ⌧ ! ⌧
G2i

H2i z = �x.x BM z z

�x.x z z

x z z

H2i

�#b �TT

p�` p�` p�`

6B;m`2 eXR, >Qr bvMi�t /B`2+i2/ ivTBM; `mH2b K2�M i?�i i?2 T`QQ7 i`22 Bb BbQ@
KQ`T?B+ iQ i?2 bvMi�t i`22X

eX9 �HKQbi bvMi�t /B`2+i2/
�b K2MiBQM2/ 2�`HB2`- i?2 bvbi2K r�b #�b2/ Qz � bvMi�t /B`2+i2/ i`2�iK2Mi Q7
>BM/H2v@.�K�b@JBHM2`X h?�i K2�Mi i?�i i?2`2 r2`2 QMHv 7Qm` `mH2b BMbi2�/ Q7
i?2 mbm�H bBt- r?2`2 BMbi�MiB�iBQM �M/ ;2M2`�HBb�iBQM �`2 `QHH2/ BMiQ o�` �M/ G2i
`2bT2+iBp2HvX h?2 K�BM #2M2}i Q7 i?Bb r�b i?�i Bi K2�Mi i?2`2 r�b 2t�+iHv QM2
ivTBM; Dm/;2K2Mi 7Q` 2�+? 7Q`K Q7 bvMi�t- bQ +QMbi`m+iBM; T`QQ7b 7Q` � T`Q;`�K
r�b � #`22x2 ě vQm Dmbi 7QHHQr i?2 +Q``2bTQM/BM; `mH2b 7Q` 2�+? i2`KX 6Q`
2t�KTH2- BM i?2 2tT`2bbBQM H2i z = �x.x BM z z- � H2i +QMbBbiBM; Q7 �M �#bi`�+iBQM
�M/ �M �TTHB+�iBQM- i?2 T`QQ7 #2;BMb rBi? � G2i- i?2M i?2 T`2KBb2b �#b �M/
�TT �b b?QrM BM };m`2 eXRX

AM Qm` bvbi2K ?Qr2p2`- i?2 bm#bmKTiBQM `mH2 bm# T`2p2Mib i?BbX 6Q` 2p2`v
ivTBM; Dm/;2K2Mi Q7 i?2 7Q`K � ` e : AP⇢⌧ - i?2`2 �`2 irQ TQbbB#H2 T`QQ7b i?�i
+�M #2 +QMbi`m+i2/ 7Q` Bi, i?2 T`QQ7 +Q``2bTQM/BM; iQ i?2 bvMi�t Q7 e- �M/ bm#X
6m`i?2`KQ`2- #2+�mb2 i?2 bm#?2�T `2H�iBQM Bb `2~2tBp2- Bib TQbbB#H2 iQ ?�p2 �M
BM}MBi2 T`QQ7 i`22 rBi? `2T2�i2/ �TTHB+�iBQMb Q7 bm# �b b?QrM BM };m`2 eXkX
q?2M rQ`FBM; rBi? T`QQ7b i?Bb /B/ MQi im`M Qmi iQ #2 iQQ #B; Q7 �M Bbbm2- #mi
Bi Bb mM/Qm#i2/Hv � HBiiH2 #Bi mMb�iBb7vBM; iQ HQb2 bm+? � MB+2 T`QT2`iv Q7 i?2
bvbi2KX

eX8 JQ/2HHBM; bi�i2 rBi?BM i?2 KQM�/
h?2 KQ/2HHBM; Q7 i?2 AP KQM�/ Bb 2ti`2K2Hv bBKTHB}2/- �M/ /Q2b MQi?BM; KQ`2
i?�M b2[m2M+2 +QKTmi�iBQMX hQ BHHmbi`�i2 i?Bb TQBMi- i?2 `2/m+iBQM `mH2 7Q`
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am#
am#
am#

XXX 6BH2 �: 6BH2 QF 6BH2
� ` [[⇤]]6BH2 : AP6BH2⇤ 6BH2 �: 6BH2 QF 6BH2

� ` [[⇤]]6BH2 : AP6BH2⇤ 6BH2 �: 6BH2 QF 6BH2
� ` [[⇤]]6BH2 : AP6BH2⇤

[[⇤]]6BH2

⇤ bm#

6B;m`2 eXk, >Qr �M BM}MBi2 +?�BM Q7 bm# +�M #2 T`Q/m+2/- H2�/BM; MQr?2`2X

+QM+m``2M+v Bb +QKTH2i2Hv b2[m2MiB�HX

v g w  v >>= �v.(w >>= �w.[[v ⇥ w]])

AM i?2 `2�H rQ`H/- i?Bb rQmH/ #2 TQBMiH2bbX q2 r�Mi iQ #2 �#H2 iQ +QKTmi2
i?2b2 2tT`2bbBQMb +QM+m``2MiHv- bQ `2r`BiBM; 2p2`vi?BM; BM i2`Kb Q7 >>= rQMǶi
+mi BiX "v KQ/2HHBM; i?2 bi�i2 Q7 i?2 rQ`H/- HBF2 r?�i �+im�HHv ?�TT2Mb BM i?2
IO KQM�/ Q7 >�bF2HH- r2 +�M T2`7Q`K KQ`2 �/p�M+2/ `2�bQMBM; �#Qmi i?BM;b
bm+? �b +QM+m``2M+vX PM2 bm+? TQbbB#H2 K2i?Q/ rQmH/ #2 iQ +`2�i2 � M2r `mH2
7Q` `2/m+iBQM Q7 KQM�/B+ +QKTmi�iBQMb- i?�i T�bb2b �#Qmi bi�i2X h?2M i?2
+QM+m``2M+v `mH2 +QmH/ #2 r`Bii2M bQK2i?BM; HBF2 i?Bb,

he, si he0, s0i he1, si he01, s01i he2, si he02, s02i
he1 g e2, si he01 ⇥ e

0
2, s

0
1 [ s

0
2i

q2 +QmH/ i?2M `2�bQM 7m`i?2` �#Qmi ?Qr i?2 irQ bi�i2b s
0
1 [ s

0
2 �`2 K2`;2/ ě

bQK2i?BM; i?�i b2T�`�iBQM HQ;B+ +QmH/ #2 mb2/ 7Q`X

eXe 1ti2M/BM; i?2 BM72`2M+2 �H;Q`Bi?K
PM2 Q7 i?2 K�BM +QMi`B#miBQMb Q7 i?2 >BM/H2v@.�K�b@JBHM2` bvbi2K r�b i?2
BM+HmbBQM Q7 � ivT2 BM72`2M+2 �H;Q`Bi?K- �H;Q`Bi?K q (RR)X � ivT2 bvbi2K QM Bib
QrM QMHv H2ib mb �b+2`i�BM i?�i � T`Q;`�K Bb r2HH@ivT2/- ;Bp2M i?�i r2 bmTTHv
Bi �M 2tT`2bbBQM �M/ � ivT2X "mi i?2 /2bB;M Q7 >BM/H2v@.�K�b@KBHM2` K�/2 Bi
TQbbB#H2 7Q` i?2 ivT2 iQ #2 BM72``2/ �H;Q`Bi?KB+�HHv- 7`QK i?2 T`Q;`�K �HQM2X
�H;Q`Bi?K q �HbQ �Hr�vb BM72`b i?2 T`BM+BT�H ivT2, i?2 KQbi ;2M2`�H- TQHvKQ`@
T?B+ ivT2 �M 2tT`2bbBQM +QmH/ ?�p2X �H;Q`Bi?K q 7`22/ JG T`Q;`�KK2`b 7`QK
?�pBM; iQ 2tTHB+BiHv r`Bi2 ivT2 �MMQi�iBQMb- �M/ Bb QM2 Q7 Bib KQbi B+QMB+ 72�@
im`2bX L�im`�HHv- r2 b?QmH/ 2tTHQ`2 2ti2M/BM; �H;Q`Bi?K q iQ ?�M/H2 Qm` M2r
`2bQm`+27mH ivT2bX
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eXd >2�T TQHvKQ`T?BbK
Ai rQmH/ #2 +QMp2MB2Mi B7 r2 r2`2 �#H2 iQ ?�p2 2tT`2bbBQMb HBF2 i?2 7QHHQrBM;
r2HH@ivT2/,

� = ⇧, f : ⇤! AP6BH2⇤, g : ⇤! APL2i⇤
� ` H2i x = [[⇤]] BM (x >>= f)g (x >>= g) : AP6BH2[L2i⇤⇥⇤

h?Bb Bb MQi TQbbB#H2 BM i?2 +m``2Mi ivT2 bvbi2K, x M22/b iQ #2 #Qi? AP6BH2 �M/
APL2i bBKmHi�M2QmbHv5 h?Bb Bb p2`v Km+? i?2 b�K2 [m2biBQM i?�i >BM/H2v- .�K�b
�M/ JBHM2` b2i Qmi iQ bQHp2- 2t+2Ti BMbi2�/ Q7 TQHvKQ`T?B+ ivT2b r2 r�Mi iQ
?�p2 TQHvKQ`T?B+ ?2�TbX h?2 #�bB+ B/2� 7Q` i?Bb rQmH/ BMpQHp2 2ti2M/BM; i?2
/2}MBiBQM Q7 � ?2�T iQ �HHQr 7Q` p�`B�#H2 HQQFmT- ?,

?2�T ⇢ ,,4 r % � [ �0 % qQ`H/ % ?

�M/ i?2M `2/2}MBM; bm#biBimiBQMb iQ #2 T�B`b Q7 � K�T 7`QK ivT2 p�`B�#H2b iQ
ivT2b- �M/ � K�T 7`QK ?2�T p�`B�#H2b iQ ?2�TbX

S : (↵ 7! ⌧ ⇥ h 7! ⇢)

h?2M BM i?2 /2}MBiBQM Q7 bm#biBimiBQM- r?2M2p2` � K�TTBM; 7`QK � ?2�T p�`B�#H2
iQ ?2�T Bb 2M+QmMi2`2/ r2 rQmH/ �TTHv i?2 bm#biBimiBQMX

(AP⇢0⌧)[h/⇢] = AP⇢0[h/⇢]⌧

r[h/⇢] = r

(⇢1 [ ⇢2)[h/⇢] = ⇢1[h/⇢] [ ⇢2[h/⇢]
qQ`H/[h/⇢] = qQ`H/

h
0[h/⇢] =

(
⇢ B7h0 = h

h
0 Qi?2`rBb2

eX3 .2T2M/2MiHv ivT2/ `2bQm`+2b
aQ 7�` Qm` `2bQm`+2b ?�p2 Dmbi #22M bBKTH2 bi�iB+ TH�+2?QH/2`b i?�i `2T`2b2Mi2/
bvbi2K `2bQm`+2b- 7Q` 2t�KTH2 i?2 }H2bvbi2K �M/ i?2 M2irQ`FX h?Bb Bb Dmbi 7Q`
i?2 b�F2 Q7 �`;mK2Mi, `2bQm`+2b +�M #2 �b ;2M2`�H Q` �b bT2+B}+ �b Bb M22/2/ 7Q`
i?2 T`Q;`�KK2`Ƕb mb2 +�b2X

amTTQb2 � T`Q;`�KK2` r�Mi2/ iQ T2`7Q`K KmHiBTH2 +QM+m``2Mi QT2`�iBQMb QM
p�`BQmb }H2bX � `2bQm`+2 `2T`2b2MiBM; i?2 2MiB`2 }H2bvbi2K rQmH/ #2 iQQ +Q�`b2@
;`�BM2/ 7Q` i?Bb Tm`TQb2X AMbi2�/ i?2v KB;?i r�Mi iQ ?�p2 � b2T�`�i2 `2bQm`+2
7Q` 2�+? }H2X

`2bQm`+2 r ,,4 7QQXiti % #�`Xiti % #�xXiti Ę

"mi i?Bb Bb p2`v bi�iB+X A7 i?2 T`Q;`�KK2` r`Bi2b bQK2 +Q/2 i?�i QT2`�i2b QM
� M2r }H2- i?2M i?2 M2r }H2 rQmH/ M22/ iQ #2 �TT2M/2/ iQ i?2 HBbi Q7 i?2b2

8e



T`2/2}M2/ `2bQm`+2bX �M/ r?�i B7 i?2v /QMǶi FMQr r?�i }H2b i?2v rBHH #2
iQm+?BM; �i ivT2+?2+F iBK2\ AMbi2�/- Bi rQmH/ #2 Km+? KQ`2 M�im`�H B7 i?2
T`Q;`�KK2` +QmH/ r`Bi2 T`Q;`�Kb HBF2

`2�/6BH2 ǳ7QQXitiǴ : AP7QQXitiai`BM;
r`Bi26BH2 ǳ#�`XitiǴ : ai`BM;! AP#�`Xiti⇤

�M/ ?�p2 i?2 }H2 �miQK�iB+�HHv HB7i2/ 7`QK i?2 2tT`2bbBQM �M/ BMiQ i?2 ?2�T Q7
i?2 ivT2X h?Bb Bb � DQ# 7Q` /2T2M/2Mi ivT2b, ?�pBM; i?2 ivT2 /2T2M/ QM i?2
i2`KX >Qr2p2` BM Qm` bvbi2K- Qm` `2bQm`+2b �M/ ivT2b �`2 MQi mMB}2/X AM �
/2T2M/2MiHv ivT2/ H�K#/� +�H+mHmb- i?2 ⇧ `mH2 bm#biBimi2b p�Hm2b BMiQ ivT2b HBF2
bQR

� ` ⇧(x : ⌧ 0).⌧ : ? �, x : ⌧ 0 ` e : ⌧

� ` �x.e : ⇧(x : ⌧ 0).⌧

� ` e : ⇧(x : ⌧ 0).⌧ e
0 : ⌧ 0

� ` e e
0 : ⌧ [e0/⌧ 0]

q2 rQmH/ M22/ iQ +QK#BM2 i?2 bvMi�t2b 7Q` `2bQm`+2b �M/ ivT2b iQ;2i?2` 7Q` i?Bb
`mH2- Q` ~2b? Qmi ivT2b iQ BM+Hm/2 ivT2 +QMbi`m+iQ`b i?`Qm;? r?B+? `2bQm`+2b �M/
?2�Tb +QmH/ #2 2K#2//2/ BMX �Hi2`M�iBp2Hv- r2 +QmH/ #2 H�xv �M/ �pQB/ i?Bb #v
K�FBM; Bi /2T2M/2Mi QMHv BM i?2 ?2�TX q2 +QmH/ BMi`Q/m+2 � ivT2 Q7 H�K#/�
7Q` AP KQM�/b i?�i i�;b Bi rBi? � TH�+2?QH/2` `2bQm`+2- r?B+? ;2ib bm#biBimi2/
r?2M �M �`;mK2Mi Bb �TTHB2/X

�, x : ⌧ 0 ` e : ⌧

� ` (�APx.e) : ⌧
0 !AP ⌧

� ` e : ⌧ 0 !AP ⌧ o�Hm2 e
0 � ` e

0 : ⌧ 0

� ` e e
0 : APe0⌧

Ai rQmH/ #2 rBb2 iQ `2bi`B+i i?Bb iQ p�Hm2b- bQ r2 �`2MǶi ;QBM; �#Qmi i�;;BM;
`2bQm`+2b rBi? ?�H7@2p�Hm�i2/ +QKTmi�iBQMbX q2 rQmH/ �HbQ M22/ � MQiBQM Q7
2[m�HBiv 7Q` p�Hm2b bQ i?�i r2 +�M b�72Hv i2HH r?�i p�Hm2b �`2 /BbDQBMi rBi?BM
� ?2�TX h?Bb rBHH TQb2 bQK2 BMi2`2biBM; +?�HH2M;2b BM T`�+iB+2- HBF2 FMQrBM;
bi�iB+�HHv r?�i p�`B�#H2 2tT`2bbBQMb KB;?i `2T`2b2Mi i?2 b�K2 `2bQm`+2X .Q2b
i?2 ivT2+?2+F2` ?2`2 FMQr i?�i x = y\

x `2�/GBM2
`2�/6BH2 x

H2i y = x BM r`Bi26BH2 y ǳ?2HHQǴ
R� ` ⌧ : ? Bb � Dm/;2K2Mi b�vBM; i?�i ⌧ Bb � ivT2 BM bQK2 mMBp2`b2X
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eXN *�biBM; ?2�Tb
q2 ?�p2 QMHv #22M T�bbBM; �#Qmi i?2 T`BKBiBp2 mMBi ivT2- #mi `2�HBbiB+�HHv r2
�`2 ;QBM; iQ r�Mi iQ ?�p2 7mM+iBQMb i?�i �+im�HHv ?�p2 7mM+iBQM�HBiv- HBF2 i?2
�7Q`2K2MiBQM2/

`2�/6BH2 : ai`BM;! AP⇢ai`BM;
� 7mM+iBQM HBF2 i?Bb Bb MQi ;QBM; iQ #2 #mBHi@BM- BMbi2�/ Bi rBHH T`Q#�#Hv #2 T�`i Q7
� bi�M/�`/ HB#`�`vX aQ ?Qr rBHH Bi #2 BKTH2K2Mi2/\ h?2 2�bB2bi bQHmiBQM rQmH/
#2 iQ r`�T �`QmM/ �M 2tBbiBM; 7mM+iBQM i?�i `2�/b }H2b BM � TH�BM AP KQM�/X
_2K2K#2` i?�i TH�BM AP Bb 2[mBp�H2Mi iQ APqQ`H/,

`2�/6BH2Ƕ : ai`BM;! APqQ`H/ai`BM;

>Qr /Q r2 #`BM; i?2 AP KQM�/ BMiQ � 6BH2 ?2�T\ A7 Bi r2`2 � Tm`2 +QKTmi�iBQM-
i?2M r2 +QmH/ ?�p2 Dmbi mb2/ i?2 mb2 QT2`�iQ`,

�s! [[`2�/6BH2Ƕ s]]6BH2

"mi BiǶb � KQM�/B+ +QKTmi�iBQM- bQ r2 rQmH/ 2M/ mT rBi? � /Qm#Hv M2bi2/
KQM�/ HBF2 AP6BH2(APqQ`H/ai`BM;)X *�M r2 bm#bmK2 Bi\ LQ5 "2+�mb2 qQ`H/ Bb
�i i?2 iQT Q7 i?2 bm#@?2�T +?�BMX Ai �H`2�/v mb2b �HH TQbbB#H2 `2bQm`+2b- �M/
r2 +�MǶi +H�BK i?�i Bi mb2b H2bb i?�M r?�i Bi �+im�HHv /Q2b5 h?2 ivT2 Bb Qp2`Hv
+�miBQmb BM i?Bb +�b2X

AM �M B/2�H rQ`H/- bi�M/�`/ HB#`�`v 7mM+iBQMb rQmH/ #mBHi mT 7`QK � ?�M/7mH
Q7 #mBHi@BMb 7Q` 2ti`2K2Hv HQr H2p2H T`BKBiBp2b- i?�i F22T i`�+F Q7 i?BM;b HBF2 }H2
/2b+`BTiQ`bX h?2M r?2M i?2v �`2 Tmi iQ;2i?2`- r2 +QmH/ bm#bmK2 i?2K iQ F22T
i`�+F Q7 ?B;?2`@H2p2H `2bQm`+2bX 6Q` 2t�KTH2- �7i2` QT2MBM; b2p2`�H }H2 /2b+`BT@
iQ`b- r2 +QmH/ b�v r2 �`2 mbBM; i?2K iQ �++2bb � /�i�#�b2X "mi T`�+iB+�HHv- r2
�`2 ;QBM; iQ ?�p2 iQ TQ`i 7mM+iBQMb i?�i mb2 i?2 7mHH APqQ`H/ KQM�/ iQ- � KQM�/
i?�i mb2b QMHv i?2 `2bQm`+2b i?�i r2 FMQr i?2 7mM+iBQM Bb �++2bbBM;X

>�bF2HHǶb base HB#`�`v +QMi�BMb i?2 XnsafePerformIO 7mM+iBQM- r?B+? ?�b i?2
#H�bT?2KQmb ivT2 bB;M�im`2 IO a -> aX "mi Bi T`QpB/2b �M 2b+�T2 K2+?�MBbK 7Q`
HB#`�`v �mi?Q`b iQ i2HH i?2 ivT2 +?2+F2` i?�i bQK2i?BM; `2�HHv /Q2bMǶi ?�p2 �Mv
bB/2 2z2+ib- �M/ Bb b�72 iQ mb2 �b bm+?X A7 r2 �`2 iQ �HHQr HB#`�`v �mi?Q`b iQ
�MMQi�i2 i?2B` ?2�Tb +Q``2+iHv- QM2 bm+? bQHmiBQM rQmH/ #2 iQ T`QpB/2 �M mMb�72
7mM+iBQM HBF2 i?Bb- 2t+2Ti BMbi2�/ Q7 /Bb+�`/BM; i?2 AP T�`i- Bi rQmH/ /Bb+�`/ ?2�T
�MMQi�iBQMbX

mMb�72*�bi>2�T : AP⇢↵! AP⇢0↵

h?2`2 Bb �M BKTHB+Bi 2H2K2Mi Q7 i`mbi ?2`2 i?�i i?Bb rBHH #2 mb2/ b2H2+iBp2Hv
#v HB#`�`v �mi?Q`b- QMHv r?2M i?2v FMQr i?�i � 7mM+iBQM �++2bb2b � bT2+B}+ b2i
Q7 `2bQm`+2b- �M/ QMHv i?Qb2 `2bQm`+2bX

�MQi?2` KQ`2 `�/B+�H �TT`Q�+? iQ i?Bb rQmH/ #2 iQ ~BT qQ`H/ QM Bib ?2�/,
AMi`Q/m+2 � MQiBQM Q7 �M ǳ2KTivǴ ?2�T r?B+? +QMi�BMb MQ `2bQm`+2b- �M/ �b bm+?
Bb /BbiBM+i 7`QK �HH Qi?2` ?2�TbX 1tBbiBM; +Q/2 BM � TH�BM AP KQM�/ rQmH/ ?�p2
i?Bb 2KTiv ?2�T #v /27�mHi- �M/ r?2M � HB#`�`v �mi?Q` r�Mib iQ i�; `2bQm`+2b �
7mM+iBQM KB;?i mb2- i?2v rQmH/ bm#bmK2 Bi mTr�`/b BMiQ i?2 ?2�T i?2v r�MiX
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*?�Ti2` d

*QM+HmbBQM

q2 ?�p2 T`2b2Mi2/ � T`�;K�iB+ �TT`Q�+? iQ `2�bQMBM; �#Qmi +QM+m``2Mi �++2bb Q7
`2bQm`+2b rBi?BM � ivT2 bvbi2KX q2 #mBH/ mTQM i?2 >BM/H2v@.�K�b@JBHM2` ivT2
bvbi2K- BM+Q`TQ`�iBM; i?2 B/2� Q7 KQ/2HHBM; 2z2+ib rBi? KQM�/b- �M/ 2ti2M/ Bi
rBi? Qm` `2bQm`+27mH +QMbi`m+ibX q2 +�M T`Qp2 Bi `2i�BMb ivT2 bQmM/M2bb- �M/ BM
i?2 T`Q+2bb Q7 /QBM; bQ r2 ?�p2 �HbQ +`2�i2/ � 7`�K2rQ`F 7Q` K2+?�MBbBM; i?2
T`QQ7 Q7 >.JǶb bQmM/M2bb rBi?BM �;/�X 6m`i?2`KQ`2- r?�i r2 ?�p2 #mBHi ?2`2
b2`p2b �M 2t+2HH2Mi #�bBb 7Q` 7mim`2 rQ`FX h?2`2 �`2 K�Mv /Bz2`2Mi �TT`Q�+?2b
v2i iQ 2tTHQ`2 i?�i +QmH/ 2ti2M/ i?2 bvbi2K BM BMi2`2biBM; /B`2+iBQMbX

"v �HHQrBM; ?2�Tb iQ #2 K2`;2/ �M/ bm#bmK2/ BMiQ mbBM; KQ`2 `2bQm`+2b
i?�M M2+2bb�`v- r2 /`�r T�`�HH2Hb iQ i?2 HQ+�H `2�bQMBM; Q7 b2T�`�iBQM HQ;B+Ƕb
7`�K2 `mH2X h?2 7`�K2 `mH2 Bb r?�i �HHQrb b2T�`�iBQM HQ;B+ iQ b+�H2 r2HH- �M/
bQ r2 �HbQ ?�p2 ;QQ/ `2�bQM iQ #2HB2p2 i?�i Qm` bvbi2K rBHH b+�H2 7Q` i?2 b�K2
`2�bQMbX

�M/ �Hi?Qm;? Bi Bb bBKTH2- i?2 bvbi2K Q++mTB2b � TQBMi BM i?2 /2bB;M bT�+2
i?�i }ib r2HH BMiQ 2tBbiBM; 7mM+iBQM�H T`Q;`�KKBM; H�M;m�;2b- T`QpB/BM; � HQi
Q7 miBHBiv 7Q` p2`v HBiiH2 +QKTH2tBivX *QM+m``2Mi T`Q;`�KKBM; Bb � MQiQ`BQmbHv
/B{+mHi i�bF- bQ � ivT2 bvbi2K i?�i +�M ?2HT r?BiiH2 /QrM +�b2b Q7 +QM+m``2Mi
`2bQm`+2 �++2bb K2�Mb Bib QM2 H2bb i?BM; i?2 T`Q;`�KK2` M22/b iQ rQ``v �#QmiX
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"B#HBQ;`�T?v

(R) "�`2M/`2;i- >X SX h?2 H�K#/� +�H+mHmb- pQHX jX LQ`i?@>QHH�M/ �Kbi2`@
/�K- RN39X

(k) *?�TK�M- CX- EB`22p- _X- L2bi2`- *X- �M/ q�/H2`- SX avbi2K 7 BM
�;/�- 7Q` 7mM �M/ T`Q}iX AM avbi2K 6 BM �;/�- 7Q` 7mM �M/ T`Q}i UkyRNV-
pQHX AMi2`M�iBQM�H *QM72`2M+2 QM J�i?2K�iB+b Q7 S`Q;`�K *QMbi`m+iBQM-
aT`BM;2`- TTX k88ĜkNdX

(j) .�K�b- GX hvT2 �bbB;MK2Mi BM T`Q;`�KKBM; H�M;m�;2bX S?. i?2bBb- h?2
lMBp2`bBiv Q7 1/BM#m`;?- RN39X

(9) .�K�b- GX- �M/ JBHM2`- _X S`BM+BT�H ivT2@b+?2K2b 7Q` 7mM+iBQM�H
T`Q;`�KbX AM S`BM+BT�H hvT2@a+?2K2b 7Q` 6mM+iBQM�H S`Q;`�KbX URN3kV-
pQHX SPSG 3k- �*J- TTX kydĜkRkX

(8) .QH�M- aX- �M/ Jv+`Q7i- �X SQHvKQ`T?BbK- bm#ivTBM;- �M/ ivT2 BM@
72`2M+2 BM KHbm#X AM S`Q+22/BM;b Q7 i?2 99i? �*J aA:SG�L avKTQbBmK
QM S`BM+BTH2b Q7 S`Q;`�KKBM; G�M;m�;2b UkyRdV- TTX eyĜdkX

(e) .m#QBb- *X S`QpBM; KH ivT2 bQmM/M2bb rBi?BM +Q[X AM S`QpBM; JG ivT2
bQmM/M2bb rBi?BM *Q[ UkyyyV- pQHX AMi2`M�iBQM�H *QM72`2M+2 QM h?2Q`2K
S`QpBM; BM >B;?2` P`/2` GQ;B+b- aT`BM;2`- TTX RkeĜR99X

(d) 1Bb2M#2`;- _X �X .2T2M/2Mi ivT2b BM ?�bF2HH, h?2Q`v �M/ T`�+iB+2X lMB@
p2`bBiv Q7 S2MMbvHp�MB�- kyReX

(3) EQFF2- qX- aB2F- CX :X- �M/ q�/H2`- SX S`Q;`�KKBM; H�M;m�;2
7QmM/�iBQMb BM �;/�X a+B2M+2 Q7 *QKTmi2` S`Q;`�KKBM; UkykyV- Ryk99yX

(N) E`Bb?M�br�KB- LX a2T�`�iBQM HQ;B+ 7Q` � ?B;?2`@Q`/2` ivT2/ H�M;m�;2X
AM a2T�`�iBQM HQ;B+ 7Q` � ?B;?2`@Q`/2` ivT2/ H�M;m�;2 UkyyeV- TTX djĜ3kX
S`2b2Mi2/ �i qQ`Fb?QT QM a2K�MiB+b- S`Q;`�K �M�HvbBb �M/ *QKTmiBM;
1MpB`QMK2Mib 7Q` J2KQ`v J�M�;2K2Mi- aS�*1 kyyeX

(Ry) J�`iBM@Gƴ7- SX- �M/ a�K#BM- :X AMimBiBQMBbiB+ ivT2 i?2Q`v- pQHX NX
"B#HBQTQHBb L�TH2b- RN39X

(RR) JBHM2`- _X � i?2Q`v Q7 ivT2 TQHvKQ`T?BbK BM T`Q;`�KKBM;X CQm`M�H Q7
+QKTmi2` �M/ bvbi2K b+B2M+2b Rd- j URNd3V- j93Ĝjd8X
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(Rk) LQ`2HH- lX .2T2M/2MiHv ivT2/ T`Q;`�KKBM; BM �;/�X AM �/p�M+2/ 6mM+@
iBQM�H S`Q;`�KKBM;, G2+im`2 LQi2b BM *QKTmi2` a+B2M+2X aT`BM;2` "2`HBM
>2B/2H#2`;- "2`HBM- >2B/2H#2`;- kyyN- TTX kjyĜkeeX

(Rj) Pǰ>2�`M- SX _2bQm`+2b- +QM+m``2M+v- �M/ HQ+�H `2�bQMBM;X h?2Q`2iB+�H
+QKTmi2` b+B2M+2 jd8- R@j UkyydV- kdRĜjydX

(R9) Pǰ>2�`M- SX a2T�`�iBQM HQ;B+X *QKKmMB+�iBQMb Q7 i?2 �*J ek- k UkyRNV-
3eĜN8X

(R8) S2viQM CQM2b- aX GX- �M/ q�/H2`- SX AKT2`�iBp2 7mM+iBQM�H T`Q;`�K@
KBM;X AM AKT2`�iBp2 7mM+iBQM�H T`Q;`�KKBM; URNNjV- pQHX S`Q+22/BM;b Q7 i?2
kyi? �*J aA:SG�L@aA:�*h bvKTQbBmK QM S`BM+BTH2b Q7 T`Q;`�KKBM;
H�M;m�;2b- TTX dRĜ39X

(Re) _2vMQH/b- CX *X a2T�`�iBQM HQ;B+, � HQ;B+ 7Q` b?�`2/ Kmi�#H2 /�i� bi`m+@
im`2bX AM a2T�`�iBQM HQ;B+, � HQ;B+ 7Q` b?�`2/ Kmi�#H2 /�i� bi`m+im`2b UkyykV-
pQHX S`Q+22/BM;b Rdi? �MMm�H A111 avKTQbBmK QM GQ;B+ BM *QKTmi2` a+B@
2M+2- A111- TTX 88Ĝd9X

(Rd) hQ7i2- JX PT2`�iBQM�H b2K�MiB+b �M/ TQHvKQ`T?B+ ivT2 BM72`2M+2X S?.
i?2bBb- h?2 lMBp2`bBiv Q7 1/BM#m`;?- RN33X

(R3) q�/H2`- SX JQM�/b 7Q` 7mM+iBQM�H T`Q;`�KKBM;X AM JQM�/b 7Q` 7mM+@
iBQM�H T`Q;`�KKBM; URNN8V- pQHX AMi2`M�iBQM�H a+?QQH QM �/p�M+2/ 6mM+@
iBQM�H S`Q;`�KKBM;- aT`BM;2`- TTX k9Ĝ8kX

(RN) q2B`B+?- aX- oQBx�`/- �X- /2 �KQ`BK- SX >X �X- �M/ 1Bb2M#2`;-
_X �X � bT2+B}+�iBQM 7Q` /2T2M/2Mi ivT2b BM ?�bF2HHX S`Q+22/BM;b Q7 i?2
�*J QM S`Q;`�KKBM; G�M;m�;2b R- A*6S UkyRdV- jRX

(ky) q`B;?i- �X EX- �M/ 62HH2Bb2M- JX � bvMi�+iB+ �TT`Q�+? iQ ivT2 bQmM/@
M2bbX AM7Q`K�iBQM �M/ +QKTmi�iBQM RR8- R URNN9V- j3ĜN9X

eR



�TT2M/Bt �

.2MQi�iBQM�H b2K�MiB+b Q7
>BM/H2v@.�K�b@JBHM2`

h?2 b2K�MiB+ /QK�BM Q7 i?2 2tT`2bbBQM H�M;m�;2 /2}M2b i?2 TQbbB#H2 p�Hm2b �M
2tT`2bbBQM +�M ?�p2X Ai Bb � +QKTH2i2 T�`iB�H Q`/2`- /2}M2/ �b

V = B0 + · · ·+ Bn + F+W
F = V! V
W = {·}

F Bb i?2 b2i Q7 7mM+iBQMb- W Bb i?2 b2i Q7 2``Q` p�Hm2b �M/ V Bb i?2 b2i Q7 TQbbB#H2
p�Hm2bX B0, . . . ,Bn `2T`2b2Mi i?2 b2ib Q7 ǳ#�bB+Ǵ p�Hm2b- bm+? �b #QQH2�Mb �M/
M�im`�HbX

� +QKTH2i2 T�`iB�H Q`/2` U+TQV Bb � T�B` (D,v) +QMbBbiBM; Q7 � b2i D �M/ �
T�`iB�H Q`/2` v U� 7mM+iBQM i?�i Q`/2`b 2H2K2Mib BM D- #mi MQi M2+2bb�`BHv �HH Q7
i?2K- ?2M+2 i?2 i2`K T�`iB�HV- bm+? i?�i

RX i?2`2 Bb � H2�bi 2H2K2Mi ?

kX 2�+? /B`2+i2/ bm#b2i x0 v . . . v xn v . . . ?�b � H2�bi mTT2` #QmM/ UHm#V

aBM+2 V `2T`2b2Mib �HH TQbbB#H2 /�i� p�Hm2b- r2 +�M 2ti`�+i �M B/2�H Q7 Bi iQ
KQ/2H i?2 p�Hm2b Q7 +2`i�BM ivT2bX � bm#b2i I Q7 Qm` +TQ V Bb +�HH2/ �M B/2�H- Bz
Bi b�iBb}2b i?2 7QHHQrBM; T`QT2`iB2b,

RX Bi Bb /QrMr�`/b +HQb2/, 8v0 2 V, v1 2 V, v0 v v1 ! v0 2 I ! v1 2 IX

kX Bi Bb +HQb2/ mM/2` Hm#b Q7 !@+?�BMb Uv0 v v1 v v2 v . . .V

"QiiQK ? Bb mb27mH 7Q` `2T`2b2MiBM; T`Q;`�Kb i?�i /Q MQi i2`KBM�i2- HBF2
#2HQr,

H2i x = �y.y BM x x

ek



q?�i ivT2 /Q2b b?QmH/ i?Bb T`Q;`�K ?�p2\ Ai b?QmH/ �bbmK2 i?2 ivT2 Q7 r?�i@
2p2` Bb M22/2/X 6Q` BMbi�M+2- r2 rQmH/ 2tT2+i i?Bb T`Q;`�K iQ ?�p2 � ivT2 Q7 ⇤
�b i?2 �`;mK2Mi Bb MQi mb2/X

(�z.⇤) (H2i x = �y.y BM x x) : ⇤

�M 2MpB`QMK2Mi ⌘ Bb /2}M2/ �b � K�T 7`QK B/2MiB}2`b iQ p�Hm2b

1MpB`QMK2Mi : A/! V

h?2 b2K�MiB+ 2[m�iBQM 7Q` i?2 2tT`2bbBQM H�M;m�;2 /2b+`B#2b ?Qr i?2 bvMi�t
U2M+HQb2/ BM [[ ]]V Bb 2p�Hm�i2/ BM � ;Bp2M 2MpB`QMK2MiX

E : 1tT`2bbBQM! 1MpB`QMK2Mi! V
E [[x]]⌘ = ⌘[[x]]

E [[e1e2]]⌘ =

8
><

>:

? B7 v1 = ?
(v1|F)v2 B7 v1 F
r`QM; Qi?2`rBb2

r?2`2 vi = E [[ei]]⌘, i = {1, 2}
E [[�x. e]]⌘ = (�v. E [[e]]⌘[v/x]) BM V

E [[H2i x = e1 BM e2]]⌘ = E [[e2]] ⌘[E [[e1]]⇢/x]

h?2 MQi�iBQM mb2/ ?2`2 Bb /2b+`B#2/ BM (RR- j)X h?2`2 Bb �HbQ � ivT2 2p�Hm�iBQM
7mM+iBQM T : hvT2! o�Hm�iBQM! V

T [[⇤]] = B⇤
T [["QQH]] = B"QQH

T [[↵]] =  [[↵]]

T [[⌧ ! ⌧
0]] = T [[⌧ ]] ! T [[⌧ 0]] 

q?2`2 V Bb i?2 b2i Q7 �HH B/2�Hb BM V i?�i /Q MQi +QMi�BM r`QM;X :Bp2M � p�Hm�iBQM-
r2 +�M /2}M2 � `2H�iBQM #2ir22M p�Hm2b �M/ ivT2bX

v : ⌧ () v 2 T [[⌧ ]] 

qBi? Bi- r2 +�M �HbQ /2}M2 � `2H�iBQM #2ir22M 2MpB`QMK2Mib ⌘ �M/ ivT2 2MpB@
`QMK2Mib � U+QMi2tibV- i?�i b�vb �M 2MpB`QMK2Mi `2bT2+ib � ivT2 2MpB`QMK2Mi
B7 2�+? #BM/BM; BM i?2 +QMi2ti ?�b i?2 b�K2 ivT2 BM i?2 2MpB`QMK2MiX

⌘ : � () 8x : ⌧ 2 � ⌘[[x]] : ⌧

6BM�HHv- r2 +�M i?2M /2}M2 r?�i b2K�MiB+ 2Mi�BHK2Mi K2�Mb ;Bp2M � ivT2 2MpB@
`QMK2Mi- 2tT`2bbBQM �M/ ivT2X

� ✏ e : ⌧ () 8 8⌘ ⌘ : �! E [[e]]⌘ : ⌧

ej



�TT2M/Bt "

S`QQ7b

"XR h`�MbBiBpBiv Q7 i?2 bm#?2�T `2H�iBQM
S`QQ7X q2 r�Mi iQ b?Qr c �: aX S`Q+22/ rBi? BM/m+iBQM QM c �: bX
hQT c Kmbi #2 qQ`H/- bQ 7`QK hQT r2 ?�p2 c �: aX
_27H "v /2}MBiBQM Q7 _27H- b = c- �M/ bQ r2 ;2i c �: a 7`QK b �: aX
lMBQMG c Bb Q7 i?2 7Q`K ⇢

0 [ ⇢00- �M/ 7`QK i?2 T`2KBb2 r2 ?�p2 ⇢0 �: bX lb2
i?2 BM/m+iBQM ?vTQi?2bBb rBi? b �: a �M/ ⇢

0 �: b iQ ;2i ⇢0 �: a- �M/ i?2M
lMBQMG ;Bp2b mb ⇢0 [ ⇢00 �: aX

lMBQM_ c Bb Q7 i?2 7Q`K ⇢
00 [ ⇢0- �M/ 7`QK i?2 T`2KBb2 r2 ?�p2 ⇢00 �: bX lb2

i?2 BM/m+iBQM ?vTQi?2bBb rBi? b �: a �M/ ⇢00 �: b iQ ;2i ⇢00 �: a- �M/ i?2M
lMBQM_ ;Bp2b mb ⇢00 [ ⇢0 �: aX

"Xk >2HT2` H2KK�b
G2KK� RyX A7 � ` [[e]] : AP⇢⌧ - i?2M � ` e : ⌧ X
S`QQ7X h?Bb KB;?i b22K Q#pBQmb- #mi #2+�mb2 Q7 bm#bmKTiBQM r2 M22/ iQ mM@
r`�p2H 7Q` i?2 T`QQ7 7Q` Bi }`biX "2;BM rBi? BM/m+iBQM QM � ` [[e]] : AP⇢⌧ X
GB7i ai`�B;?i 7`QK i?2 T`2KBb2b- � ` e : ⌧ X
am# q2 ?�p2 i?2 T`2KBb2 � ` [[e]] : AP⇢0⌧ X Cmbi Tmi i?Bb #�+F BMiQ i?2 BM/m+iBQM

?vTQi?2bBb iQ ;2i � ` e : ⌧ X

G2KK� RRX A7 � ` [[e]]r : AP⇢⌧ - i?2M � ` e : ⌧ X
S`QQ7X A/2MiB+�H iQ i?�i Q7 G2KK� Ry- 2t+2Ti r2 ?�M/H2 i?2 +�b2 lb2 BMbi2�/
Q7 GB7iX

e9
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